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FINAL EXAM (SAMPLE 1)

1. Which of these PDEs is the heat equation, the wave equation, or the Laplace’s
equation? Write the name of the equation next to it.

• utt = 2uxx,

• ut = 3uxx + 3,

• 2ut = 3uxx,

• 2uxx + 2uyy = 0.

2. (a) How many initial data, and how many boundary data do we need to
prescribe for the heat equation

ut = kuxx, x ∈ (0, L), t > 0,

to have a well-defined initial boundary value problem?
(b) List at least one type of boundary data for the heat equation that can

be prescribed at the end points?
3. State the principle of superposition for the non-homogeneous problems
L(u) = f , f 6= 0.
4. (a) Solve the following initial-boundary-value problem for the heat equation:

∂u

∂t
=

∂2u

∂x2
, x ∈ (0, L), t > 0,

u(0, t) = 0,
u(L, t) = 0,

u(x, 0) = sin
2πx
L

+ 2 sin
3πx
L
.

(b) For the initial-boundary-value problem listed above, what is the behavior of
the solution as t→∞?
5. Find the eigenvalues and the corresponding eigenfunctions of the following
eigenvalue problem:

d2φ

dx2
= −λφ, x ∈ (−π, π)

φ(−π) = φ(π),
dφ

dx
(−π) =

dφ

dx
(π).

6. True of false:
(a) Solutions of the wave equation utt = c2uxx decay in time.
(b) Solutions of the heat equation ut = kuxx, k > 0, decay in time.
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7. Using D’Alambert formula, find the solution of the following initial-value
problem for the wave equation:

utt = 9uxx, x ∈ (−∞,∞), t > 0,
u(x, 0) = 3e−x2

,
ut(x, 0) = x2.

8. Find the solution of the following initial-boundary value problem for a
damped spring:

utt = 2uxx − 2ut, x ∈ (0, 1), t > 0,
u(0, t) = u(1, t) = 0,
u(x, 0) = sin(2πx),
ut(x, 0) = 0.

9. What happens with the total energy E of the vibrating string satisfying

utt = uxx, x ∈ (0, L), t > 0

if ∂u
∂x (0, t) = 0 and u(L, t) = 0?

10. Solve the Laplace’s equation inside a rectangle 0 ≤ x ≤ L, 0 ≤ y ≤ H, with
the following boundary conditions:

∂u

∂x
(0, y) = 0, u(L, y) = sin

(
2πy
H

)
, u(x, 0) = 0, u(x,H) = 0.

11. Are solutions of
{
4u = 0 in Ω
u = f(x) on ∂Ω

}
unique? Prove your state-

ment.
12. Solve the Laplace’s equations inside a circular disk of radius 1, with the
prescribed boundary data equal to:

u(1, θ) = 2 + sin(θ) cos(θ), −π ≤ θ < π.

13. When do we say that a given PDE problem is well-posed?
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