
Radial vector fields

We set
r = Èx , yÍ

Then
General definition: A radial vector field is of the form

F = f (x , y) r, with f (x , y) œ R

Fields of special interest:

F = r
|r|p

Definition 1.
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Normal and tangent vectors (1)

Situation: We consider
Function g(x , y) = x

2 + y
2

Circle C : {(x , y); g(x , y) = a
2}

Field F = r
|r|

Problem: For (x , y) œ C , prove that

F(x , y) ‹ tangent line to C at (x , y)
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Normal and tangent vectors (2)

Recall: From level curves considerations, we have

Òg(x , y) ‹ tangent line to C at (x , y)

Computing the gradient: We get

È2x , 2yÍ ‹ tangent line to C at (x , y)

Conclusion: Since È2x , 2yÍ = 2r, we end up with

r ‹ tangent line to C at (x , y)
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Vector field in R3

Definition of vector fields in R3:
Of the form F(x , y , z) = Èf (x , y , z), g(x , y , z), h(x , y , z)Í
For each (x , y , z), F œ R3, namely F is a vector

Radial vector fields: Of the form

F = r
|r|p = Èx , y , zÍ

|r|p

Samy T. Vector calculus Multivariate calculus 15 / 196



Example of vector field in R3
(1)

Definition of the vector field:

F(x , y , z) =
e
x , y , e

≠z
f

Problem:
Give a representation of F
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Example of vector field in R3
(2)

Recall:
F(x , y) =

e
x , y , e

≠z
f

Information about the vector field:
1 xy -trace: F = Èx , y , 1Í

Òæ Radial in the plane, with component 1 in vertical direction
2 In horizontal plane z = z0: F = Èx , y , e

≠z0Í
Òæ Radial in the plane, with smaller component in vert. direction

3 As z æ Œ: F æ Èx , y , 0Í
Òæ Radial in the plane, with 0 component in vertical direction

4 Magnitude increases as we move away from vertical axis

Samy T. Vector calculus Multivariate calculus 17 / 196
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Example of vector field in R3
(3)

Samy T. Vector calculus Multivariate calculus 18 / 196
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Outline

1 Vector fields
2 Line integrals
3 Conservative vector fields
4 Green’s theorem
5 Divergence and curl
6 Surface integrals

Parametrization of a surface
Surface integrals of scalar-valued functions
Surface integrals of vector fields

7 Stokes’ theorem
8 Divergence theorem
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Motivation

Physical situation: Assume we want to compute
Work of gravitational field F
Along the (curved) path C of a satellite

Needed quantity: integral of F along C

Òæ How to compute that?

Samy T. Vector calculus Multivariate calculus 20 / 196

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



Approximation procedure

Notation: We consider
Curve r(t) = Èx(t), y(t)Í
Partition a = t0 < · · · < tn = b of time interval [a, b]
Arc length s of r
Function f defined on R2

Approximation:
Sn =

nÿ

k=1
f (x(tk), y(tk)) �sk
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Approximation procedure: illustration

Recall:
Sn =

nÿ

k=1
f (x(tk), y(tk)) �sk
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Computation of line integrals in R2

We consider
Curve C defined by r(t) = Èx(t), y(t)Í
Time interval [a, b]
Arc length s of r
Function f defined on R2

Then we have
⁄

C
f ds =

⁄ b

a
f (x(t), y(t)) |rÕ(t)|dt

Theorem 2.

Samy T. Vector calculus Multivariate calculus 23 / 196



Computation of line integrals

Recipe:
1 Find parametric description of C

Òæ r(t) = Èx(t), y(t)Í for t œ [a, b]

2 Compute |rÕ(t)| =
Ò

x2(t) + y 2(t)

3 Make substitutions for x and y and evaluate ordinary integral
⁄ b

a
f (x(t), y(t)) |rÕ(t)|dt
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Average temperature (1)

Situation:
Circular plate

R =
Ó
x

2 + y
2 = 1

Ô

Temperature distribution in the plane:

T (x , y) = 100
1
x

2 + 2y
2
2

Problem:

Compute the average temperature on the edge of the plate
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Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



Average temperature (2)
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Average temperature (3)

Parametric description of C : r(t) = Ècos(t), sin(t)Í

Arc length: |rÕ(t)| = 1

Line integral:
⁄

C
T (x , y) ds = 100

⁄ 2fi

0

1
x(t)2 + 2y(t)2

2
|rÕ(t)| dt

= 100
⁄ 2fi

0

1
cos2(t) + 2 sin2(t)

2
dt

= 100
⁄ 2fi

0

1
1 + sin2(t)

2
dt

Thus ⁄

C
T (x , y) ds = 300fi
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Average temperature (4)

Recall: ⁄

C
T (x , y) ds = 300fi

Average temperature: Given by

T =
s

C T (x , y) ds

Length(C)

We get

T = 300fi

2fi
= 150
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