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y EXAMPLE 1 Estimate the volume of the solid that lies above the square

2.2) R = [0, 2] X [0, 2] and below the elliptic paraboloid z = 16 — x* — 2y? Divide R into
four equal squares and choose the sample point to be the upper right corner of each
square R;;. Sketch the solid and the approximating rectangular boxes.

o

(L1 SOLUTION The squares are shown in Figure 6. The paraboloid is the graph of
IR Ry f(x,y) = 16 — x? — 2y? and the area of each square is AA = 1. Approximating the
volume by the Riemann sum with m = n = 2, we have

VeSS f(x,y) AA
FIGURE 6 21 Z./(\ ¥)

= f(1, 1) AA + f(1,2) AA + (2, 1) AA + f(2,2) AA
l()] 2=16—x" =2y = 13(1) + 7(1) + 10(1) + 4(1) = 34

This is the volume of the approximating rectangular boxes shown in Figure 7. o
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Fubini’s Theorem If f is continuous on the rectangle

R={xy) |asx<bc<y=<d}
then

H f(x,y)dA = “h “df (x,y)dydx = “d “hf (x,y)dxdy
2 Ja Je Je Ja

More generally, this is true if we assume that f is bounded on R, f is discontin-
uous only on a finite number of smooth curves, and the iterated integrals exist.
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EXAMPLE 5 Evaluate the double integral _|]‘R (x — 3y?)dA, where
R={(x,y) | 0<x<2,1=<y= 2} (Compare with Example 3.)
SOLUTION 1 Fubini’s Theorem gives

1‘ (=3t =" ["w - ayar= [l -] ar

y=1

= -Ndx="-7x|=-12
0 2 0

SOLUTION 2 Again applying Fubini’s Theorem, but this time integrating with respect
to x first, we have

L‘ (= pdA = [ | = ) drdy = Jl [% ) mz] "’

—Pe-e)ay=29-2°] = -12 -

2
'
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EXAMPLE 6 Evaluate J]'R y sin(xy) dA, where R = [1, 2] X [0, ].

SOLUTION If we first integrate with respect to x, we get

Wg ysin(xy) dA = ::T J‘Iz ysin(xy) dx dy

(" 1 i
= |y [—— cos(xy)] dy
y

0
G x=1

= |" (—cos 2y + cosy) dy
0

= —1sin2y + sin y]() =0 a

NOTE In Example 6, if we reverse the order of integration and first integrate with respect
to y, we get

H ysin(xy) dA = j‘lz ‘()” ysin(xy) dy dx

R

but this order of integration is much more difficult than the method given in the example
because it involves integration by parts twice. Therefore, when we evaluate double inte-
grals it is wise to choose the order of integration that gives simpler integrals.
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A plane region D is said to be of type I if it lies between the graphs of two continuous
functions of x, that is,
D= {(.\‘. y|asx<sb gx) sSys g;(.\‘)}

where g, and g, are continuous on [a, b]. Some examples of type I regions are shown in
Figure 5.

Yy =ga(x) Yy =g,(x) ’ Y =4gx)

y=4g,(x)

y=gi(x) y=gi(x)

FIGURE 5

. NOTE For a type I region, the functions g, and g, must be continuous but they do not
Some type I regions

need to be defined by a single formula. For instance, in the third region of Figure 5, g» is
a continuous piecewise defined function.



y y=g,(x) In order to evaluate [f, f(x,y) dA when D is a region of type I, we choose a rect-

\ angle R = [a, b] X [c, d] that contains D, as in Figure 6, and we let F be the function
given by Equation 1; that is, F agrees with f on D and F is 0 outside 1. Then, by Fubini’s
Theorem,

(=)

JJ 1y da = [ Py da = |7 [ Py dy ds

S v

| YT Observe that F(x,y) = 0 if y < g,(x) or y > g,(x) because (x, y) then lies outside D.
0 a X b x Therefore

td *g,(x) (f9,(x)
FIGURE 6 [Py dy = |7 Foey) dy = " e y) dy

because F(x, y) = f(x, y) when gi(x) =< y < g2(x). Thus we have the following formula
that enables us to evaluate the double integral as an iterated integral.

[3] If f is continuous on a type I region D described by
D= {(x, y]asx<sb glx)sys gz(x)}

then ([ £Ceyyda={" [ fixy) dy dx

9,(x)

The integral on the right side of (3) is an iterated integral that is similar to the ones we
considered in Section 15.1, except that in the inner integral we regard x as being constant
not only in f(x, y) but also in the limits of integration, g,(x) and g»(x).

We also consider plane regions of type II, which can be expressed as
D= {(x, Y | esysd hy sxs< hz()‘)}
where /; and &, are continuous. Three such regions are illustrated in Figure 7.
y y y

d————
di=—== d

x=hy) x=h,(y) x=hy(y) D x=hy(y) x=hy(y) x=h,(y)

Gl =i
0 \/ x 7.y B
cbk—————

0 X 0 X

FIGURE7
Some type II regions

Using the same methods that were used in establishing (3), we can show that the fol-
lowing result holds.

(4] If £ is continuous on a type II region D described by
D={(xy | csy<d h(y <x<h()}

then [[reeyyaa = [* [ fx y) dxay

Jhy(y)
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EXAMPLE 1 Evaluate [, (x + 2y) dA, where D is the region bounded by the
parabolas y = 2x?and y = 1 + x?.

y SOLUTION The parabolas intersect when 2x* = 1 + x? thatis, x> = 1,s0 x = *1.
We note that the region D, sketched in Figure 8, is a type I region but not a type II
-1,2) region and we can write
D= {(.\‘.)') | —-Isx<1,2x<sy<1+ .\'2}
Since the lower boundary is y = 2x* and the upper boundary is y = 1 + x? Equa-
D tion 3 gives
|| (x + 2y)dA = "II ‘11:" (x + 2y) dy dx
‘[; “ JZxs
-1 1 x o S
= ‘ I[.x_v +y ]\‘7:‘: dx
FIGURE 8

- ."I. [x(1 + x?) + (1 + x?)* — x(2x?) — (2x*)*] dx

= "II (=3x*=x*+2x2+x+ 1) dx

> x* x? : 32
342+ x| =2
5 4 7% 1
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EXAMPLE 3 Evaluate ([, xy dA, where D is the region bounded by the line y = x — 1
and the parabola y> = 2x + 6.

SOLUTION The region D is shown in Figure 12. Again D is both type I and type II, but
the description of D as a type I region is more complicated because the lower boundary
consists of two parts. Therefore we prefer to express D as a type II region:

D={xy | 2<ys4ly-3<x<y+1}

B4 y

‘ (5.4) §ol~\< Eimes 1t bv‘bL
y=y2x+6 (= 3)
/l/ % R fyr( ] & L. bwt )/Ov\
-3 0 X 0 x cCw CL‘-‘\—& ’H,\_ I;kr}&r n—
/ &_‘_1‘_2’ 1—&-—2
y=—v2x+6 N~ N~

FIGURE 12 (a) D as a type I region (b) D as a type Il region

Then (4) gives

2 x=y+l
[Javaa=[" [ xydxay = j4, [% .v] dy
D A -

x=1y-3

b‘ Mo+ 2= Gy - 3] ay

13—

M-

04 yS
- ‘ <—-— + 4y’ + 292 — 8y | dy
1 ,6 3 4

——|-L 4y 2L 42| =36 ¥
2| 24T 3 s

In Example 3, if we had expressed D as a type I region using Figure 12(a), then the
lower boundary curve would be
) —V2x+6 if 3=x=<-1
x) =
e x—1 if —1<x=
and we would have obtained

+6 "5 [V2xt6
xydydx + ’ : ‘—1 xy dy dx

—V2x+6

[raa=[]
D

x+2y+z=2 which would have involved more work than the other method.
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EXAMPLE 4 Find the volume of the tetrahedron bounded by the planes
x+2y+z=2,x=2y,x=0,and z = 0.
. 2
- {f(e'{'L HM 7(7/,)/\
;L&td/\ f'L\Q Arta  Iwn i/\» Xy - [)/th, 7? 'f(“«(/ x2 -r{ﬁwt,
(n t‘L4 ?"ﬂ’rl""\{
|
9 o } Aa/‘/['f
2= 2-x- 2y
X
2
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tzte L. apper bound : y-‘ (-? ) lower bound: yz g
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[ g | e[ (1) e =5

0 A
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EXAMPLE 5 Evaluate the iterated integral |, |, sin(y?) dy dx.

7Ll‘f)’t '('17 f g'-n“ar.) /{y —~ A Jﬂnlt ,l/hﬂ\-\/ A“J 1o l.hf‘e e l‘t
-H.mé Mmlans L Am—c t (ZGII]( 1‘[\4 o,,,(,,,r uf (',,/(l,/“_t“w‘ m-/ ]f./e ﬁnaf[lcr f?‘
/\/avJ A $/¢ef5L 414 :‘n‘fe ratdn G e

¥

/‘1_’\’ y 4 -
" . Frq(me,erV,F x 4 1

I (‘««-fejrkﬂ frorm HoJc, +L
Fr o F\\(e,‘/{ g_/ x FLT b~ ¢ 10 9, fL,

J’ S, sincyy dy dx JI j?* 5’\“‘97”{"’4?

I
j gm(y“)ﬂg f‘é‘ms“ﬂ . _,i"il"”“)
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We assume that all of the following integrals exist. For rectangular regions D the first
three properties can be proved in the same manner as in Section 5.2. And then for general
regions the properties follow from Definition 2.

5] [ LG + gyl da = [[ £y da + [f glx.y) da
E] “ cf(x,y)dA = ¢ H f(x,y) dA where ¢ is a constant
D D

If f(x,y) = g(x, y) forall (x, y) in D, then
3 ([ £y an = [] oo an
D D

¥ The next property of double integrals is similar to the property of single integrals
given by the equation | f(x) dx = [ f(x) dx + [”f(x) dx (Property 5 in Section 5.2).
If D = D, U D,, where D, and D, don’t overlap except perhaps on their boundaries
(see Figure 17), then

; I e wyan = [ s yan+ [ sis.van

Dy

FIGURE 17
Property 8 can be used to evaluate double integrals over regions 1 that are neither
type I nor type II but can be expressed as a union of regions of type I or type II. Figure 18

illustrates this procedure. (See Exercises 67 and 68.)

y y
0 X 0 X
FIGURE 18 (a) D is neither type I nor type II. (b) D=D, U D,, D, is type I, D, is type IL.

[9] ﬂ 1 dA = A(D)

Figure 19 illustrates why Equation 9 is true: A solid cylinder whose base is 1 and whose
height is 1 has volume A(D) - 1 = A(D), but we know that we can also write its volume
as |[, 1 dA.

Finally, we can combine Properties 6, 7, and 9 to prove the following property. (See
Exercise 73.)
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SECTION 15.2 Double Integrals over General Regions

1059

If m < f(x,y) < M forall (x, y) in D, then

m + A(D) sﬂf(x,y)dAsM-A(D)




EXAMPLE 6 Use Property 10 to estimate the integral ||, e*"*“** dA, where D is the
disk with center the origin and radius 2.

SOLUTION Since —1 <sinx < land —1 < cos y < 1, we have
—1 =< sin x cos y =< 1 and, because the natural exponential function is increasing,

we have
e—l o esinxcosy = el = ¢

Thus, usingm = e ' = 1/e, M = e, and A(D) = (2)* in Property 10, we obtain

¥ D
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32. Under the surface z = 1 + x?y” and above the region
enclosed by x = y*and x = 4
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