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COMPLETE COINDUCTIVE THEORIES. II

A. H. LACHLAN

ABSTRACT. Let T be a complete theory over a relational language which has an
axiomatization by 3V-sentences. The properties of models of 7' are studied. It
is shown that existential formulas are stable. A theory of forking and indepen-
dence based on Boolean combinations of existential formulas in 3V-saturated
models of T is developed for which the independence relation is shown to sat-
isfy a very strong triviality condition. It follows that T is tree-decomposable in
the sense of Baldwin and Shelah. It is also shown that if the language is finite,
then T has a prime model.

This paper is the second part of a work begun in [9] which will be referred to
as Part 1. The topic is coinductive complete theories over relational languages,
where coinductive means that there is an axiomatization by 3V-sentences. The
section numbers follow consecutively from those in Part I. The introduction to
Part I will also serve for Part II. So here we give only a brief outline of what
follows.

In §6, the first section of Part I, it is shown that 3-formulas are stable. This
strengthens Theorem 2.1 which says that quantifier-free formulas are stable.

A formula is called a 3 : V-formula if it is a Boolean combination of 3-
formulas. In §7, by working within JV-saturated models, we develop a theory
of forking based on 3 : V-formulas. This is made possible by the stability
of 3-formulas and Corollary 3.9 which says that in a 3V-saturated model the
elementary type Tp(@) of a tuple is determined by its 3-type 3-tp(a). It turns
out that the notion of independence based on 3 : V-formulas is trivial in the
sense that, for all subsets 4, C, D of a model and each element b,

AL C(D)=[A1b(CUD)VC |b(AUD).

In §8 we use the triviality of the independence relation to show that complete
coinductive theories are tree-decomposable in the sense of Baldwin and Shelah
[3, p. 253]. An equivalent statement is that any extension of the theory by unary
predicates is stable. In particular, we see that complete coinductive theories are
stable, a result we have been unable to obtain more directly.
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In §9 it is shown that when the language is finite there is always a prime
model, although prime models over sets in general do not exist. In §10 we list
some conjectures which suggest directions for further study.

6. STABILITY OF EXISTENTIAL FORMULAS

We have already seen that quantifier-free formulas are stable. Here we show
that existential formulas are also stable.

6.1. Theorem. Let T be a complete 3IV-theory over a relational language. Then
all existential formulas are stable in T .
Proof. Without loss of generality assume that the language is countable. We
first reduce to the case of an existential formula y(x, y). This is accomplished
by adapting the usual proof that, if 7 is unstable, then some formula y(x, y)
is unstable. To this end suppose that some existential formula y(X,y) of T
is unstable, and choose such (X, y) with /(X) as small as possible. Towards
a contradiction suppose that /(X) = m +1 > 1. Let k be an infinite cardinal
such that k™ = k. We construct a model .# such that:
(1) Forevery n<w, AC M ofsize <k,and /" D, 4 ,every 3V-n-type
over A realized in ./ is also realized in ./ .
(2) There exists B C M of size x such that more than k y- (m + 1)-types
over B are realized in ./ .

Let ab. C M (i < k") realize distinct w-(m + 1)-types over B. By

117 =
assumption, for each existential formula 6(x, Z) the number of §-1-types over

B is < k. Since the language is assumed countable, the number of 3-1-types
over Bis <k =k. By thinning we can suppose that 3-tp(a,|B) = 3-tp(a j|B)
(i < j < k¥). From Corollary 3.9 Tp(a,|B) = Tp(a;|B) (i< j< k™). From
(1) there exist b, € M (i < k") such that 3v-tp(a,h,|B) = 3v-tp(a,b,|B)
(i <x¥). Let y'(¥',7) denote ¥(¥y, X, ..., X, Vys---» V) Then the
5:. realize distinct y'-m-types over B U {a,}. Thus, w'(X',7') is unstable.
This contradicts the choice of w (X, y). We conclude that /(X)=1.

Using compactness and Ramsey’s theorem we can find countable models .4 ,
A~ of T with #~ C, A, a quantifier-free formula ¢(x,y,z) over M,
a countably infinite set /UJ linearly ordered by <, and q,, b ID [ ; (iel,
j €J, i< j) satisfying the following conditions:

R1. Each of I and J is dense in /UJ and there are no end points.

R2. Forall iel and jeJ

(#Eya,b)lei<],
where y(x,y) denotes 3Z¢(x, ¥y, Z), and i < j implies
MEPa;, b, T

R3. Let A={a;:i€l}, B=U{b;:jeJ},and C=U{c,;:i€l, jeJ,

i<j}. Then M = M\(AUBUC).
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R4. I iy < jo <+ <iy, < j, and i6<lj6<~--<i:n<j:n,wherethe i’s
and i ’sarein I and the j’sand j ’s are in J, then the tuple

i 4,0 00 e Cigd Sy

realizes the same type over M~ as

a,-- ai;nbj(, .. bj,'nEi(’)j(', . 'Ei(')j,’n e '_i,,.fm'

Property R4 will be referred to as “the indiscernibility” below.

The whole configuration described above is to be chosen so as to ensure that
[(y) is as small as possible.

By choosing a different formula ¢(x, ¥, Z) if necessary we can suppose that
ab;nc, =@ (iel, jeJ, i<j). By the indiscernibility this means that
aiEj ne, =9 (i,kel, j,le€lJ, k<l). Also, at the cost of adjoining
some elements to M~ if necessary, we can suppose that 5].051 =0 (j,lelJ,
j #1) and ¢;Ne =9 (i,kel, j,ledJ,i#k,or j#1[). From the
indiscernibility it follows that a; ¢ b, (iel, jeJ).

We say that a € M depends on i € I if either a=a, or a € < for some
jeJ, j>i. Similarly, a e M depends on j € J if either a 63]. or a €t
for some i eI, i < j. Clearly, a € M depends on at most one { € I and at
most one j € J, and if on both then i < j. The elements kK € T U J such that
some a € d depends on k are called the coordinates of d .

Let i, i €I and d € M . Suppose that

(VjeNc,nd#@=1i < jl.

The tuple d obtained from d by moving i to i is defined entry by entry: if
the entry dh of d does not depend on i, then d; , the corresponding entry of
3/, is d,; if d, = a;, then d,', =a, ;if d, is an entry of [ then d,', is the
corresponding entry of ¢ i Let j, j € J and suppose that

(vieDc,nd#2=1i<jl
The tuple d obtained from d by moving j to j is defined in the obvious
way.

Claim 1. Let 6(%) be a quantifier-free formula, d € M, i, i’ € I, and

not be a coordinate of 4. If d is obtained from d by moving i to i, then
— —

M EO(d) — 0(d). Similarly with j, ', J replacing i, i', I respectively.

Proof of Claim 1. Consider the part about i and i’ ; the part about j and ;'
is similar. Towards a contradiction suppose that ./Z & 0(3)&—-0(3'). By the
indiscernibility some coordinate of d lies between i and i'. By interpolating
other elements of I between i and i’ we can suppose that there is a unique

coordinate k of d which lies between i and i . There are two cases: i < k < i’
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and i’ < k < i. We treat only the first case; the second case is similar. Thus,
suppose i < k < i'. Reordering 7 if necessary write¢ d = @ f, where @
enumerates the elements of d which depend on i. Choose i, , k, € TUJ
(m < w) suchthat i, el, k, el iff kel,and i<iy,<k,<i <k <
-+ < k. Notice that k is not one of the coordinates of e. Let €, be obtained
from @ by moving i to 7, , and 7n be obtained from f by moving k to k,.
From the indiscernibility

m<n&[#E0E, f)] (m, n<o).
Thus, §(X ,¥') is unstable, contradicting Theorem 2.1.

Claim 2. (i) Let i, i’ € I, i’ < i, and neither i nor i’ be a coordinate of
b. Let a' be obtained from a by moving i to i'. Then .# E y(a, b) —
w(a', b). Moreover, if there is no J-coordinate of b between i’ and i, then
MHEya,b)— y(d,b).

(ii) Similarly with j, j', J, I for i, i', I, J respectively, with the order
reversed.
Proof of Claim 2. It is implicit in the statement of the claim that i is a coordi-
nate of a and hence that i’ is not. Assume that i, i', and b satisfy the hypoth-
esis of (i) and that ./ & w(a, b). There exists ¢ such that .# k ¢(a, b, 7).
By applying Claim 1 if necessary we can suppose that i’ is not a coordinate
of ¢. Let € be obtained by moving i to i'. Then .# & ¢(a’,b,T) by
Claim 1, whence .# E w(a’, b). Now suppose that there is no J-coordinate
of b between i’ and i, and that .# & w(a', b). There exists ¢ such that
M = $(a',b, 7). From Claim 1 we can suppose that ¢, has no J-coordinates
between i’ and i, because any such coordinates can be moved to the right
of i without 4’ or b being affected. Since there are no J-coordinates of ¢
between i’ and i there exists ¢ obtained from ¢ by moving i’ to i. Then
M = $(a, b, T) by Claim 1, whence .£ E y(a, b).

Our strategy in the rest of the proof of the theorem is to investigate the so-
lution sets of formulas of the form w(x, b). Since a considerable amount of
detail seems unavoidable, before going further, we indicate the kind of contra-
diction we are aiming for. Let j, k € J and suppose that 4" = {a;: j<i<k}
is a definable subset of .# . Let /(¥) = m. Consider the family 2 of all sub-
sets of A of the form X(b) = {a € 4": # E y(a, b)}, where b runs through
M™ . From (i) of Claim 2, ignoring the at most m elements a; such that i is
a coordinate of b, X (5) is closed downwards, i.e.,if h, iel, j<h<i<k,
and a, € X(b), then a, € X(b) also. Thus, if [A"\X(b)| > m, then there
exists j' € J such that j < j' <k and X(b) C X (Bj/). Thus, we have

M EFIZ[ANX (D) > m = [|A\X(2)| > m&X(F) € X(2)]].

Let o be a first-order sentence expressing this last property, where we quantify
existentially to eliminate the parameters needed to define 4™ . Then ko, and
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o has only infinite models. Since 7 is 3V, there is a consistent 3V-sentence
7 which implies . But 7 has a finite model as does every 3V-sentence over a
relational language. This is the desired contradiction. The same idea, referred
to as the basic argument below, can be applied whenever a definable set can be
found to play the role of 4.

We now return to our study of the solution sets of the formulas w(x, b).
We need to consider particular entries of the tuples b i and ¢; T Because we

already have subscripts from I and J, the nth entries in 51. and ¢; ; will be
denoted b;' and cfj respectively. We begin with the simplest case in which b
is b i for some j € J. The next two claims follow easily from Claim 2.
Claim 3. If h, j, k € J are distinct and 1 < n < [(b), then
HEY(by, b)) o wb, b))
Claim 4. Fix n, 1 <n <I(c;). Let i run through / and j, k run through
J . One of the following three formulas holds universally:
[i < k&j # k1= [# Fy(c, b)),
[i < k&j #k]=[# F-y(cy, b)),
[i <k&j #k]=[[# Ey(cy,b)]e i< ]l
The next claim is one of the key points in our analysis.
Claim 5. Thereexist Y, Y, Y, C{n:1<n< I(EU)} such that YNY, =,
Y CY,,andforall j € J the intersection of the solution set of w(x, b j) with
M\(M™ U B) is the union of the sets:

{a:iel, i<j},
{chiiel, kel ,i<j,k, j#k,neY},
{chiiel, kel,i<k,j#k, neYy},

{c:'j:iel, i<j,neY}

Proof of Claim 5. Except for Y C Y, the conclusion follows immediately from
Claims 2 and 4. Fix j,, k,, k,, j, allin J and increasing. From the limited
conclusion just mentioned we see that the solution set of the formula

~p(x, b, )&y (x, b )&y (x, by )&y (x, b )
is
n . . .
{CileIEI, Jo<i<ky, neY\Y}.
Choose a minimal nonempty set Z C Y\Y,, if any, such that

{cjri€l, jy<i<ky, neZ}

is definable. This set can play the role of A" in the basic argument. Hence no
such Z exists, which implies that Y C Y.
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The next claim follows immediately from Claims 3 and 5 taking X =Y,
X,=Y,\Y,,and X, =Y \(YUY,).
Claim 6. There exist pairwise disjoint set X', X, X; C {n: 1 < n < [(c, j)}
such that for all j,, j, € J with j, < j, the solution set of the formula
-y (x, bjo)&t//(x, bj])&x ¢ bf'obj.
is the union of the sets:

{a;:i€el, jy<i<J},
{ciiel, jeJ, jy<i<jj,i<j,neX},
{cjri€l, i<jy, n€Xp},
{c;zjl: iel, i<j, neX}
For the rest of the proof let j,, k,, k,, j, € J be fixed such that j, < k, <
k, < j,. Let B® denote the solution set of the formula
-y (x, Bjo)&—u//(x, Bko)&y/(x, Ekl )& (x, le).

From Claim 6
B ={a;,cjiel, ky<i<k,i<j,neX}

Let D denote the set of all b € M™ such that

From now on we are mainly concerned with the sets
Fb)=B"n{aeM: #=y(a,b)} (beD).

Note that b ;€D if and only if k; < j <k, and that an an element of B" is

in F(b ;) if and only if its /-coordinate is less than j.

Claim 7. Let b € D. There exists j € J such that k, < j < k, and j isa
coordinate of each entry of b. Further, if a € B® has I-coordinate i and i
is not a coordinate of b, then a € F(b) ifand only if i< j.

Proof of Claim 7. Fix b € D . Consider the intervals into which the coordinates
of b and k;, k, partition the rest of the set {x € I: j, < x < j,}. Consider

an / in one of these intervals. Whether or not a, € F(b) does not depend
on the garticular I, but only on the interval in which it falls. Since beD,
a,€ F(b) if i <k,,and a;, ¢ F(b) if k; <i. Consider the leftmost interval
for i in which a, ¢ F(b). From Claim 2 this interval is bounded on the left
by a J-coordinate j of b. Clearly, ky<j and j <k, . If there is an entry of

b of which j is not a coordinate, then the formula y'(x,7), obtained from
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w(x,¥) by substituting only such entries of b for the corresponding variables
in ¥, is an existential formula with the order property which contradicts the
choice of ¢(x, ¥, Z) since I(¥') < [(¥). This gives the first part of the claim.

The second part of the claim is obtained as follows. Let n € X, i € I,
kelJ,i<k, ky<i<j,and i notbe acoordinate of b. Choose i’ € I such
that j, < i< k, and i" is not a coordinate of 4. Since b € D, a; and c:fk
are both in F(b). Clearly, b has no J-coordinate between i’ and i. By Claim
2(i), a; and c;'k are both in F(b) also. Now make the same assumptions as
before but with j < i < k, instead of k, < i < j. Choose /' € I and k' € J
such that k, < i’ < k' < j,. Since b € D, neither a, nor ¢}, isin F(b).
Since j is a coordinate of each entry of 5, b has no other J-coordinate and
its I-coordinates are all < j. From Claim 2, moving i to i and then k' to
k, we see that a, ¢ F(b) and ¢} ¢ F(b). This completes the proof of the
claim.

Claim 8. Let n€ X, be D, j € J be the coordinate of b found in Claim 7,
and i >k, be an I-coordinate of b. Then either

(Vke Nli<k#j=c, €F(b)] or (Vkel)li<k#j=c, ¢ F(b)

Proof of Claim 8. From Claim 7 recall that j € J, k, < j < k;, and j is
a coordinate of each entry of . Towards a contradiction suppose that the
conclusion of the lemma fails. By Claim 2(ii) there exist /,, /, € I such that
i<ly<l <j, I isacoordinate of b, and

(Vk, k' e Nily<k<l <k <j=[c) e Fb)sc) ¢ FO)I

The formula y'(x,¥'), obtained from w(x,¥) by substituting the entries of
b of which [, is not a coordinate for the corresponding entries of ¥, has the
order property because it can be used to “cut” a suitably chosen sequence of
elements c;'kh (h=0,1,...) at any point. Since an entry of b which has i

as a coordinate cannot also have /, as a coordinate, [(¥) < I(P) contrary to
the choice of ¢(x, ¥, 2).

In Claims 7 and 8 it is clear that for each b € D there exists j(b) € J, the
unique J-coordinate of b, and

U,V C{iel:iisacoordinate of b} x {n: 1 <n <I(c;,)}
such that F(b) C F(Ej@)) and F(Ej(z))\F(E) is
{ci@: (1, m) e UYU{cp:(i,m) eV, kel, i<k#jb)}

Note that there exists s < @ such that |[U|+|V|<s forall be D.
We now adapt the basic argument to B” as follows. A sentence true in .#
with only infinite models is

(V¥ € D)(3Z € D)[j(¥) < k; — [J(2) < kK, &F (y) C F(Z)]].
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Since B and D are definable, to see that this sentence is first-order it is enough
to show that j(¥) < k, is first-order. But from the form of F ( )\F (b) found
above it is clear that ]( ) < k, is equivalent to

3z,---3z2[Z,,...,Z, € D&F(y) C F(Z|) C--- C F(Z)].

s

This completes the proof of the theorem.

7. FORKING IN MODELS OF COMPLETE 3JV-THOERIES

We wish to develop stability theory for complete 3V-theories over relational
languages. Since we do not know whether all formulas are stable we make do
with knowing that existential formulas are stable. This is possible because by
Corollary 3.9 in 3Jv-saturated models the elementary type of a tuple is deter-
mined by its existential type, and by Lemma 3.1 every model has a V-extension
which is 3v-saturated. In this section we shall often deal with formulas which
are Boolean combinations of existential formulas; such formulas will be called
3 : V-formulas. The stability of such formulas follows immediately from the
stability of existential formulas.

We now sketch some necessary background material. A useful reference here
is the paper [5] of Harnik and Harrington. For the time being let 7 be an
arbitrary first-order theory, #/ E T, B C M, and ¢(X,y) be a formula with
[(X) = m and without parameters. By instances of ¢(X,y) we mean instances
obtained by substituting either parameters or variables not appearing in X, for
the variables 7. A formula 6(X, Z, d) is said to be based on (X, ) if it is
a Boolean combination of instances of ¢(X, 7). Let ¥(X) be an infinite set of
formulas over B. We define ¢-rank and ¢-multiplicity by

¢-RK(¥(X)) = R"(¥(X), ¢, Rg),  ¢-MU¥(X)) = MIt(¥(X), ¢, Ry).

where the notation on the right is from [14, Chapter 2, §1] We will write
¢-(Rk, Mt)(¥(x)) for (¢-Rk(W(X)), ¢-Mt(¥(X))). If ¥(X) = {w(X)} isasin-
gleton, then we write ¢-Rk(yw (X)), ¢-Mt(y (X)) for ¢- Rk(¥ ( ), o-Mt(¥(X)).
We will assume that the reader is familiar with the properties of this rank which
can be found in Shelah [14, Chapter 2].

Let-0(X,T) be a formula over M. A conjugate of 6(X,¢) over B is a
formula of the form 6(X, ¢) such that Tp(¢|B) = Tp(¢|B).

We write ¢ L y as an abbreviation for (¢&-y)V (w&-¢), the symmetric
difference of ¢ and .

A useful property of ¢-rank is

7.1. Lemma. With the above notation, let ¢(xX,7) be stable, 6(x, C) be based
on ¢(x,y), c € M, and ¢-Rk(W(X)U{6(X,7C)}) =r > 0. In some elemen-
tary extension of M there exists a positive Boolean combination x(X,d) of
conjugates of 6(x, ) over B such that

(1) ¢-(Rk, Mt)(¥(X)U{0(X,C) L x(X,d)}) <r
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(2) If d,, d, are tuples realizing Tp(d|B) in an elementary extension of
M , then either y(X, 30) and x(x, 3]) are equivalent in Y (X) or

¢-R(¥(X) U {x(X, dy) L x(%,d)}) =r

This is an application of Theorem 9.3 of [5]. If x(x, d) satisfies (2) we say
that x(x, d) is ¢-normal in ¥Y(X).
Another result we need relates the ranks obtained from different formulas.

7.2. Lemma. With the above notation, let ¢'(X,7') be a stable formula without
parameters such that

M ENTITVE[G(E, F) « ¢'(X, V)],

and let ¥Y(X) be a complete elementary type over B. Let 6(X) be a formula
over M based on ¢'(X,7V'). Then

¢-Rk(¥(X) U {6(%)}) < ¢-Rk(¥(X)) = ¢-Rk(¥(X) U {0(X)}) < ¢ -RK(¥(X)).
Proof. We prove the contrapositive. Let
= ¢'-Rk(¥(¥) U {0(X)}) = ¢'-RK(¥(¥)).

Applying 7.1 to 6(X) and ¢'(X, ¥), we obtain in some elementary extension a
formula x(X) which is a positive Boolean combination of conjugates of 6(X)
over B such that ¢'-Rk(¥(X)U {6(X) L x(%)}) < r'. Of course, x(X) also
has the property that it is ¢'-normal in ¥(X). Since ¢'-Rk(¥(X)&x(X)) =
¢'-Rk(¥(X)), there exist m < w and conjugates xi(X) (i<m) of x(x) over
B such that for every conjugate x'(X¥) of x(X) in an elementary extension
of # there exists i < m such that A¥(X) implies x'(X) — x;(x) is valid.
Since ¥(X) is a complete elementary type over B, the formulas x,(X) (i < m)
cover ¥(X). Since each y,(X) is a positive Boolean combination of conjugates
of 6(x) over B, ¥Y(X) is covered by a finite number of conjugates of 6(X)
over B. It follows that ¢-Rk(¥(X)U {0(X)}) = ¢-Rk(¥(X)), as required.

Applying Lemma 7.1 in the context of complete 3V-theories we obtain

7.3. Lemma. Let T be a complete IV-theory over a relational language and
M = T be IV-saturated. Let BC M, ¢(X,y) be a 3 :V-formula with [(x) =
m, and Y(X) be a set of 3 :V-formulas over B. There exists a finite equivalence
relation E on M™ defined by a 3 : V-formula over B such that for any E-class
C
(1) either
¢-Rk(¥(X) U {X € C}) < ¢-Rk(¥(X))
or
-Mt(Y(x)u{xeC}) =

(2) there is a formula o(X) over M based on ¢(x, y) such that \¥(X)
implies X € C & d(X).

Proof. (1) Let #* 2, # be 3Iv-saturated over B, i.e., for every finite X C N,
every JV-type over BU X is realized in .#". By Corollary 3.9, # < .#". Let
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¢-Rk(¥(X)) = r. Since 3 : V-formulas are stable, there is a formula 6(X, ¢)
over N based on ¢(X,y) such that ¢-(Rk, Mt)(¥(X)u{0(x,?)}) = (r, 1).
Let x(x,d) satisfy the conclusion of Lemma 7.1 with ./ for .# . Since
#-Rk(W(X)&x (X, d)) = ¢-Rk(¥(X)), there exist a least number k < w and
conjugates x(x, 2,.) (i < k) of x(x) over B such that, in an elementary
extension of .# , for every conjugate y'(X) of x(X, d) over B there exists i <
k such that A ¥(x) implies x'(X) « x(X, d) Let I'(%) denote 3-tp(d|B) U
V-tp(d|B) . From Corollary 3.9 I'(%) implies Tp(d|B) in .#" . Thus the set of
formulas

A=T(@y)u---UT(@) U {¥(x;,): i <j <k}
u{x(x ,,,“-)H-'x(x,,, -) i< j<k}
is not satisfiable in .#". Let D (/") denote the V-diagram of .#". Since ./
is JV-saturated over B, AU D, (/") is not satisfiable. By compactness there
exist y(u), a finite conjunction of formulas from I'(#), and w(X), a finite
conjunction of formulas from ¥(X), such that the same is still true if in A we
replace I'(#;) by {y(u,)} and ‘P(YU.) by {t//(f,.j)}.
The formulas

(W (X )&y (X))
v ('//(71)&'//(3?2)&3%l c U IR HIX

%, [N@E): 1< i<k}
&N (& )&(X(X,;, 1) — =x(X;;, U)): 1 < i< j<k}

&/\{x(f, ) - 25w 1 <i< k)] )

and
(W (X)D& W (X)) V (W (X)) &y (X,)&Vuly(u) — x (X, u) « x(X,, W)

define the same finite equivalence relation E on N™. Since one of these
formulas is equivalent to a 3vV-formula and the other to a V3-formula, E is
defined by some 3: V-formula over B by Corollary 3.9. Similarly, 7(X) =
Ju(y(u)&x(x, u)) is equivalent to a 3 : V-formula over B. Now E satisfies
the conclusion of the lemma for W(x U {z(X)}), because we started with the
formula x(X, d) such that ¢-(Rk, Mt)(¥(X)U{x(X, d)}) = (r, 1). Also either
¢-Rk(¥(X)U{-1(xX)}) < ¢-Rk(¥(X)) or¢-Mt(¥(X)U{-7(X)}) < o-Mt(¥(X)) .
In the former case E will do for ‘I’(_) , and in latter we can repeat the whole
argument beginning with ¥(X) U {-7(X)} instead of ¥(X). In a finite number
of steps we obtain a new equlvalence relation E which works for W(X). Thus
(1) is proved except that we worked in ./ instead of .# which does not matter
since £ XV .

(2) Without loss of generality suppose that the search for £ ends in one step.
If a,, a, are solutions of ¥(X), then @, Eq, if and only if F x(@,,d,) «
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x(ay, 3,.) (i < k). Since x(X,d) is based on ¢(X,¥), X € C restricted to
Y(X) is equivalent to a formula based on ¢(X,¥).

Consider a model .# of a complete 3V-theory T. For e M and BC M,
3 : V-tp(a|B) denotes 3-tp(a|B) U V-tp(a|B). More generally, a 3 : V-type
over B is one of the form 3:V-tp(a|B), where 2 € N and .#" O, M. Unless
otherwise specified, 3 : V-types are complete. Here these types play the role of
complete elementary types in ordinary stability theory.

Let F E;": ¢(B) denote the family of all finite equivalence relations on M"™
definable by 3:V-formulas over B. Let 2 € M and /(a) = m. We define

3:V-stp(@|B) = {E(X, a): E € FEJ' (B)}.

This is the 3 : V-strong type of @ over B. In general, a 3 : V-strong type over
B is one of the form 3 : V-stp(a|B) for @ in some V-extension of .# . It is
clear that every 3:V-strong type over B implies a unique 3V-type over B.

7.4. Lemma. Let .# be a IV-saturated model of a complete Iv-theory T .
Let I(X) =m, BC M, ¥Y(X) be a 3 : V-strong type over B, and ©(}) be
the corresponding 3 : V-type over B. Let ¢(x,V) be a 3 : V-formula without
parameters.

() ¢-(Rk, Mt)(¥(¥)) = (¢-Rk(6(¥)), 1).
(2) Let ¢,(x,¥;) (i <k) be 3:V-formulas without parameters and 0, (i <

k) be a formula over M based on ¢,(¥,¥,) such that
¢-Rk(Y(x)U{0,(0)}) < ¢-Rk(¥(X)) (i <k).

Then Y(x)U{-6,(X): i <k} has the same ¢-rank as ¥(Y).

Proof. (1) Towards a contradiction suppose that ¢-Rk(¥(X)) < ¢-Rk(6(X)).
Let @ realize W(X), where @ is in some V-extension of .# . Since ¢-rank has
finite character there exist n <  and E, € FEJ | (B) such that

¢-RK(6(X) U {E,(X, @): i < n}) < ¢-RK(O(%)).
There exists E € FEZ' | (B) such that
M F X VX, [E(xl , Xy) = /\{E,.(Y1 , Xy) i< n}] .

Hence, ¢-Rk(B(X)U{E(X, a)}) < ¢-Rk(O(X)). Since E is a finite equivalence
relation there exist kK < w and @, € M (i < k) realizing ©(X) such that 2, =a
and

M E (/\ e(x)) ~VIEE, 3, i<k)).
A basic property of ¢-rank tells us that for some i < k
¢-Rk(B(X) U{E(X, a;)}) = ¢-Rk(B(X)).

Since each @, realizes the same elementary type over B in ./,

¢-Rk(B(X) U{E(X, @))})
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is the same for all i < k. We now have a contradiction. Thus, ¢-Rk(¥(X)) =
¢-Rk(B(X)) .

It remains to show that ¢-Mt(¥(X)) = 1. From Lemma 7.3 there exists
E € FEZ (B) such that for each m-tuple @ € M either

¢-Rk(B(X) U{E(X, a)}) < ¢-Rk(B(X))
or
¢-Mt(O(X) U{E(X, a)}) = 1.
Let @, € ©(#) (i < n) be representatives of all the E-classes which meet
O(A4) . Since Tp(a,|B) is determined by ©(a,), ¢-(Rk, Mt)(O(X)U{E(X, a,)})
does not depend on i < k. Since O(X) is covered by the formulas E(X, a,)
(i<k),
¢-Rk(B(X)U{E(X, a,)}) = ¢-Rk(B(X)) (i <k).
It follows that ¢-Mt(®(X) U {E(x,a,)}) =1 (i <k). Since A\'¥(x) implies
O(x)U{E(X,a,)} for some i < k and has the same ¢-rank, ¢-Mt(¥(X)) = 1.
(2) Choose a 3: V-formula ¢'(¥,7') without parameters such that
ko VY3V VE[H(X, V) = ¢'(X, 7)]
and forall i <k
— — = [y
Fp V9,3V VX[$,(%, 7)) = ¢/ (X, 7)].
Let ©'(X) be the complete elementary type determined by ©(X) in 3v-saturated
V-extensions of .#. From Lemma 7.3 there is a formula g,(X) over M
based on ¢,(X,¥,) such that ¥(X) contains a formula equivalent to 0,(X),
¢,-Rk(8(X) U {0,(X)}) = ¢,-Rk(O(X)), and ¢,-Mt(O(X) U {g,(X)}) = 1. No-
tice that essentially ©(x) U {g,(X)} € ¥(X). From (1), ¢,-(Rk, Mt)(¥(X)) =
(6,-RK(B(X)), 1). Since ¢-Rk(¥(X) U {6,(%)}) < ¢,-Rk(¥(X)), we have
(*) ¢,-Rk(B(X) U{6,(X), 0,(X)}) < ¢,-RK(O(X)).

Since AO(X) and A©'(X) have the same solution set in every 3V-saturated
v-extension of .# , we can substitute ©'(X) for (X) in (). Applying Lemma
7.2 yields

¢'-Rk(6'(X) U {6,(X), 0,(X)}) < ¢ -Rk(6'(X)).
and reversing the replacements gives
¢'-Rk(¥(X) U {6,(X)}) < ¢-RK(B(X) U {,(), 0,(X)})
< ¢'-Rk(B(X)) = ¢ - Rk(¥(%)).

It follows immediately that ¥(x) U {-6,(X): i < k} has the same ¢'-rank as
¥(X). Towards a contradiction suppose that

¢-RK(W(X) U {~0,(%): i < k}) < ¢-RK(¥(X)).

(#)

Then

& RK(¥(X {/\{ﬂe i< k}}) < ¢-RK(¥(%)).
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Repeating the argument made above we see that W(X) U {~ A{=6,(X): i < k}}
has the same ¢'-rank as ¥(¥), whence ¥(X)U {6,(x)} has the same ¢'-rank
as ¥(x) for some i < k. This contradicts (#) above and completes the proof
of the lemma.

We now have all the underpinnings for what one might call 3 : V-stability
theory. Let T be a complete 3v-theory, #/ F T, BC C C M, [(X) =m,
and ®(X) be a 3 : V-strong type over B. The heir O(X) over C of ®P(X) is
defined as follows. Let /" D, .# be 3V-saturated and
O(x)={E(x,a): E€EF,. (C), ae N, ¢(X,¥)is a 3:V-formula,

E(Xx, a) is based on ¢(X, ), ¢-Rk(®(X) U{E(X, a)}) = ¢-Rk(P(X))}.
From Lemma 7.4 we see that O(X) D ®(X) is a 3 : V-strong type over C and
that ¢-Rk(0O(X)) = ¢-Rk(®P(X)) for every I :V-formula ¢(X, y). Moreover,
B(X) is the unique such 3 : V-strong type.

Let # T and A, B, C C M. Then A and C are independent over
B, written 4 | C (B), if in some 3V-saturated model .#* O, 4, 3 : V-
stp(a|B U C) is the heir of 3 : V-stp(a|B) for all @ € A. By Corollary 3.9
writing “every” for “some” makes no difference. This relation has the familiar
properties:

Finite character A | C (B) if and only if for all finite 4’ C A4 and all finite
C' C C wehave 4' | C' (B). Moreover, if @ and ¢ are dependent over B,
meaning that @ | ¢ (B) fails, then there is a formula (X, Z) over B such
that E 6(a, ¢) and

[6(X, Z)&(X, Z realize 3 : V-stp(a|B), 3 : V-stp(c|B))] — -[X | Z (B)].
(We could replace 3:V-stp by 3:V-tp here which would sharpen the result.)

Transitivity A | CUD (B) ifandonlyif 4 | BUC (B) and A | D
(Bu().

Symmetry A| C (B) ifandonlyif C | 4 (B).

Trivial independence A | C (A).

Let BC M, [(X)=m,and ®(X) bea 3: V-strong type over B. A sequence
(@;: i <a), where a; € N™ and & D, A is a Morley sequence for ®(X) if
3:v- stp(EﬂBUU{Ei: i < j}) is the heir of ®(X) forall j < a. Such a Morley
sequence is said to be over B. The 3 : V-type over B of a Morley sequence
over B is uniquely determined by ®(X), and the set of m-tuples enumerated
by such a sequence is indiscernible with respect to 3 : V-formulas over B.
Given @ € M and o € On, in a suitable V-extension ./~ of .#Z there exists a
Morley sequence (a;: i < a) for 3:V-stp(a|B) with g, =a.

The following lemma relates Morley sequences to dependence and dividing.
Since the situation is exactly parallel to that in ordinary stability theory, the
proof is left to the reader.

7.5. Lemma. Let .# be a model of a complete 3v-theory T. Let B C M,
and ®(x), O(z) be 3 : V-strong types over B realized by a, C respectively.
Let @, a,, ... bea Morley sequence of ®(X).
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(1) @ and ¢ are dependent over B if and only if there exist 3 : V-formulas
&(Z,y) without parameters and w(X,Z) over B such that # F y(a,c) and
¢-Rk(6(2) U {y(@, 2)}) < ¢-Rk(6(2)).

(2) If ¢(Z,y) without parameters and w (X, Z)) over B are 3 :V-formulas
such that ¢-Rk(©(Z) U{y(a, 2)}) < ¢-Rk(6(Z)), then the formulas y(a,, Z)
(i < w) are almost disjoint in ©(Z).

(3) If ¢(Z,y) without parameters and w(X,Zz) over B are 3 :V-formulas
such that the formulas y(a,,Z) (i < w) are almost disjoint in ©(Z), and
w(a, Z) is based on ¢(Z,7), then ¢-Rk(O(Z)U{y(a, Z)}) < ¢-Rk(6(2)).

We now come to the crucial result which will enable us to show that the
theories we are studying are tree-decomposable.

7.6. Lemma (Triviality of independence). Forall # €T, A, C, DC M,
and be M

[AlLC(D)]=[A4lb(CuD)orC|b(AUD)].
Proof. Towards a contradiction let 4, C, D, b constitute a counterexample.
From the finite character of independence we can assume that there are finite
tuples @, ¢ suchthat A =a and C =¢C. Let c realize 3: V-stp(b|CUD) and
clAu{b} (CUD). Clearly, CU{c} | b (AUD) failssince C | b (AUD)
fails. By applying the listed properties of independence, principally transitivity,
we deduce CU{c} | A (D) and

[A1b(CU{c}UD)]=[A4]b(CUD)]

Thus without spoiling the counterexample we can adjoin ¢ to C. So we can
suppose that ¥(y) = 3: V-tp(b|C U D) is equivalent to the 3 : V-strong type of
b over C U D, and similarly with A4 instead of C.

Let &(X) and O(Z) be the 3 : V-strong types over D realized by @ and ¢.
Let @, (=a), a,,... and ¢, (=C),C,... be Morley sequences for ®(x)
and ©(Z) such that

U@, i <o} L|J{b,: i < @} (D).

Since -[4 | b (CUD)], from Lemma 7.5 there is a 3:V-formula o(y, X, Z)
over D such that .# F o(b,a, ) and the formulas a(y, a;,¢) (i < w) are
almost disjoint in ¥(.#) . By compactness there is a formula y(y) € ¥(y) such
that the formulas o(y, a@;,¢) (i < w) are almost disjoint in y (). Thus,
o(y, X, Z) can be chosen so that the formulas a(y, @,, ¢) are almost disjoint
(in ). Similarly we see that there isa 3 : V-formula n(y, X, Z) over D such
that # F n(b, a, ¢) and the formulas n(y, a,¢,;) (i <w) are almost disjoint.
Taking the conjunction of ¢ and n we obtain a 3 :V-formula x(y, X, Z) over
D such that /# F 3yx(y,a, ), and both the formulas x(y,a;,¢) (i < w)
and x(y,a,c;) (i <w) are almost disjoint.

Below we shall show that the configuration afforded by D, the 3 : V-strong
types ®(X) and O(Z), and the formula x(y, X, Z), is not compatible with T
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being a complete 3V-theory. However, before we proceed it is convenient to
replace the language by a finite sublanguage (the relation symbols occurring in
x Wwill suffice), T by its restriction to the new language, D by the finite subset
of elements whose names appear in y, and . by a countable elementary
substructure of the 3v-saturated model considered above. Below, the finite
language chosen will be referred to as L. Thus, assuming that the lemma fails,
we have:

7.6.1. Proposition. There exists a countable 3V-closed model #, D C; M,
3 : V-strong types ®(¥) and O(Z) over D, and a 3 : V-formula x(y, ¥, Z)
over D such that, if (@;:i < w) and (C;: i < w) are mutually independent
Morely sequences for ®(¥) and ©(zZ) in a IV-closed V-extension #' of M ,
then ana;=c¢,Nc;, =0 (i<j<w)), M yxv,a;,c;) (i,j<w), the
formulas x(y,a;, ¢;) (U< w) are almost disjoint in #' for each i, and the
formulas x(y,a,, Ej) (i < w) are almost disjoint in M' for each j.

Let .# , now countable, be elementarily embedded in a highly 3v-saturated
model €. Let constants be introduced naming the elements of .# . Let Q
denote the set of rationals, @, € C\M (g € Q) realize the heir of ®(X) over
MulU{a,: reQ\{q}},and ¢, € C\M (q € Q) realize the heir of 6(z) over
MUU{c,: r € Q\{q}} uU{a,: r € Q}. Without loss of generality @, N¢, =&
(¢, r € Q). Note that the sets {a,: r € Q} and {c,: r € Q} are mutually
independent over M , and hence mutually indiscernible over M in % .

For each formula of L, augmented with names for the elements of M, of
the form

W 00 Vs X e X)
with ¢ quantifier-free, /(X;) = /(X) (1 <j<n), and
%': aylaymd)(y], .. ’ym,al, LR 9an)’
we introduce Skolem functions Fld’ s eees F,‘ﬁ as follows. F;p has arity n-/(X)

and is defined only on tuples of the form qu -, such that ¢, <---<g, in
Q. The values are such that

%k d)(Fld’(Eq‘ Y 2 I F,f,’(aql sy )5 By sy ),
Similarly, for each formula over M of the form
W Wy s Vs 2y s Z)
with v quantifier-free, /(z;) ={(Z) (1<j<n), and
2= )RR | 71 § P R R )
we introduce Skolem functions G!, ..., G¥ .

Let L' be L augmented with names for the elements of M UJ{a, UT,: r €

Q} and symbols ff , gj'.” for the Skolem functions just mentioned. The only
terms allowed are variables, the names just mentioned, and those of the forms
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f‘ba ~-~Eq andgc --‘q,where g, <---<gq,in Q. Let A= (F,G) be
any pa1r of order automorphlsms of Q. We also denote by A the permutation
of the variable-free terms of L' which fixes M pointwise, maps a, to dg,,
C, 10 Coips and the other terms analogously. Enlarging & if necessary, we can
choose a,, c, and the values of the Skolem functions such that, for all order
automorphisms F, G of Q, A = (F, G) preserves the truth-value of atomic
sentences of L'.

Let : be an irrational, 0 <1 < 1, and .#* be the submodel of & such that
N C C is the least set satisfying:

Mua uc, CN (-1<qeqQ)

and
F@a @), G(C, ... T, )EN

whenever there exists kK < w with k-1 <¢q <---<gq, <k-14+1. The
elements of N\M are naturally partitioned into an w-sequence of a-blocks
and an w-sequence of c-blocks. Let @* and ¢ enumerate the kth a-block
and kth c-block respectively in such a way that @, is an initial segement of a ,
C, is an initial segment of ¢, (Ek: k < w) 1is order-indiscernible with respect
to quantifier-free formulas over M U U{Ek: k < w}, and (Ek: k < w) is order-
indiscernible with respect to quantifier-free formulas over M U U{Ek: k< w}.
Thus, assuming the lemma fails, we have:

7.6.2. Proposition. There exist #/, D C M, ®(x), 6(Z), and x(y, X, 2)
satisfying the previous proposition, and /¥ 2, M such that:
(1) There exist tuples @', T (i < w) of length w such that

MM =|J{@ uve:i<w).

The set {@': i < w} is indiscernible in N over MUU{E: i< w}, and {c": i<
w} is indiscernible in N ovr MU U@ i< w}. A

A(2)Leta (ao,al,...), (co,cl,. .), and @;, T, denote (ay, ...,
a,'(;)_l), (co, .. c,(z) 1) respectively. In V', (a;: i < w) is a Morley sequence
for the heir of <I>( ) over M, and (C;: i < w) is a Morley sequence for the heir
of ©(zZ) over M.

Most of the points of the proposition are probably clear. However, one point
is worth stressing. In /" the tuples of the indexed set 4, = {Eq: k-1<qg<
k —1+ 1} satisfy exactly the same 3 :V-formulas over M asin % . This is the
point of Skolem functions. Hence, each member of 4, is independent from
the rest of the set over M. Let F be an order automorphism of Q such that
F(q) =q forall g suchthat g<k—1 or k—1+1 < g. The map a, v~ agg,
(k—1<q<k-—1+1) can be extended to an automorphism of .#* which fixes
MUU{a,;: i < w, i # k} pointwise. Thus forevery ¢, k—1<g<k-1+1,a
realizes the heir of ®(x) over M U{J{Rng(a,): i < w, i # k}. This explains
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why the @,’s form a Morley sequence for the heir of ®(X) over M. The
same argument applies to the © ’s Another point to notice is that the order-
indiscernibility of the @'’s and ¢'’s with respect to quantifier-free formulas
yields indiscernibility because quantifier-free formulas are stable.

We are now ready for the main contradiction argument based on the models
# and 4 of 7.6.2. Let @, T denote @, ¢, respectively. Note that the
Morley sequences (@;: i < w) and (c¢;: i < w) are mutually independent over
M because of the indiscernibility. From the symmetries of .#", any solution of
x(y,a@,c) in J is either a solution of all the formulas x(y,a,c,) (i <w),
or of all the formulas x(y,a,,¢) (i <w). Hence, x(y, @, ¢) has no solution
in ./ . However, by choice of x there is a solution of x(y,a,¢) in every
Jv-closed V-extension of ./ .

Let x(y,X,Z) be Jup(y,x,z, u)&vow(y,Xx,Z,v), where ¢ and y are
quantifier-free formulas over D. Let (D;: i < w) be an increasing sequence of
finite subsets of N such that ac C D,, U,.,D; = N, and forall j, k <i,
D, is invariant under the permutation which switches a2’ and a* and fixes
the rest of N pointwise, and invariant under the permutation which switches
7% and ¢* and fixes the rest of N pointwise. Since x(y, @, ¢) has a solution
in a V-extension of ./, for all i < w there exist b, and e, such that

(%) N EPb,a, ¢, e)&V0 €D, ube)y(b,,a,c,T)

Let A, C denote J{a': i < w}, U{c': i < w} respectively. (The model &
has been forgotten.) Either b, € AUM for infinitely many i, or b, € CUM for
infinitely many i. Without loss of generality, by thinning the sequence (D;: i <
) we may suppose b, € CUM forall i. Let A°% denote U{_Z“rl i< w}.
We stipulate that b, € CUM and e; be chosen such that the number of
entries of €; which fall in @’ is as small as possible consistent with (x). The

number of entries of a tuple ¢ which fall in @’ will be denoted by n(e).
deleting an initial segment of (D,: i < w) we ensure that n(e;) is 1ndependent
of i, equal to s say.

Claim b, and 2, may be chosen such that b, € CUM, (Vj > O)[Ej ne, =
@va@ ND, =], and €N (4\G,) C 4.

Towards establishing the Claim fix i, choose k such that D,NA4 C adua'u

U ‘a‘k and let D(") be obtained from D, by applying the map which takes

a,a,...aw E”k+1 a2, ..., a"* Yk respectively, and fixes CUM UG°

pointwise. Con51der J € w such that

U{D n<l@}CD;
Clearly, for all n < [(u),

N EP(b;,a,c,2)&V0C D" UbZ w(b,,a,T,T).
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Since [e;| < /(#) and
(VA > 0)(¥m, n)[m < n < (@) — @ nD™ =@va' nD" = @),

there exists m < /(%) such that (VA > 0)[a ne,=av a'n D(m) ] . Since

the set {a°, a@', ...} isindiscernible over C UM by switching @" with a™**"

for 1<n<k and fixing all other elements of N, we can map Df. ) onto D,.
Thus, we can choose b; and e, such that b, € CUM and (Vh > 0)[5" ne, =
ova'n D, = @]. By permuting the @" such that £ >0 and @' n D,=J we
can ensure that 2, (4\@") C 4°%.

Let b; and e; be chosen satisfying the conclusion of the Claim. Since b,
and ¢, have been chosen to minimize n(?o) =5, we have

W ENul{¢(b;, a,c, u)&n(u) < s} = (v C DyUub,)~w(b,, a,c, v)].

Let @ be a finite initial segment of a° such that (Dona )ua C @ . Moving the
elements of DN (A\EO) into 4°% while keeping CUM U a° fixed pointwise
we obtain F C C UM U A°* such that for all i

(1) A Evul{é(b;,a,c, u)&n(u) <s}-—:'(HUCFuaub) -~y(b,,a,c,v)].

By deleting an initial segement of (D,: i < w) we ensure that for all
! — - = —
(#) N E(NMeFuabe,)y(b;,a,c, D).

By thinning (D;: i < w) and permuting the entries of % we may suppose
that &, = g,h,, where g, C CUM U A, h, C @° as sets, and /(g,) and
1(71-),. = s do not depend on i. For each i < w let k(i) be the least j > /(@)
such that ﬁ C {ag y .- ao} Keeping b, and g, fixed, rechoose Ei SO as to

of length /(@).

minimize k(i). Let @, denote the initial segement of @

There are now two cases
Case 1. Sup{k(i): i < w} < w. By thinning the sequence (D,: i < w) we may
ensure that 4, = h is fixed for all i . Letﬁ stand in the same relation to @’ as

h to a . Since a map, which switches a@° and @¥ for some Jj <i and fixes
the rest of N pointwise, is an automorphism, from (x) we have

N E (b, ay;, T, Gk, &(VT € D;UbZh, )W (b;,ay;, T, ).

By compactness there is a V-extension of .#" in which the formulas x(y, @, , ¢)
(J < w) have a common solution. This contradicts the almost disjointness
property of .

Case 2. Otherwise. In this case we obtain a contradiction to the stability of

existential formulas. Let .#” C.# be the model defined by

N =MucCuA®™

UFU{al:i<w, j<2i+I@))}.
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Let X be a tuple of distinct variables extending X of length /(@). Let the
formula

Wb, X, T, §WE(YT € FUX bgw)y(b;, X, T, 0)]

be denoted 6(X, T, b,,g;). Since the universal quantifier is restricted to a
specified finite set, this formula is equivalent to an existential one. Let H,
denote {j: NE H(E'zj, c,b,g), ] < w}. Let h[’j denote the image of 4,
under the map which takes @’ to @ . From (x) and (#),

N E b, a,c,e)&vVoe Fuabe)yb,,a,c,d).
Switching @’ and @ and fixing the rest of N pointwise, we get

N EG(b,,ay, T, Th, 1) &V € FUdybgh, ,)w(b,,a,c,0).
Since the set corresponding to H; in ./ is w, H, is the complement of some
finite initial segement of w.

Towards a contradiction suppose j € (\{H,: i < w}. Forall i <@ we have
EZ. € N’ such that

$(b;, @y, T, B )&(VU € FUT,bgh)y(b,,d;,C,T)
is true in .#" and hence also in ./ . In /" we can switch @’ and @’ , keeping
the rest of the model fixed pointwise. This gives /; such that

(+%) N Edb,,a, T, Th)&Y € FURngbZgh)w(b,,a,c,7).

From (1) n(g,h;) = s, whence h, C @ . Since @ is truncated in ./’ and
R, is the image of %, C @ on switching @’ and @,

T 0 0

hi Q {ao, cee s a2j+1(-51)}.
Since {ag e, ag j +,(5/)} C D, for all sufficiently large i, we have E: C D, for
all sufficiently large i. From (x) and (**) it follows that for all sufficiently
large i

N EPb,,a, T, gh,)&VT € D,UbE Wb, a,c, 7).

Thus, for all sufficiently large i, %, is a possible choice for %,. Hence k(i) <

2j + (@) for all sufficiently large i, which contradicts the case hypothesis.
We have shown that N{H,: i < w} = &. It follows easily that the existen-

tial formula 6(X, Z, y, %) is unstable in 7. This completes the proof of the

Lemma 7.6.

7.7. Lemma. Let .# be a model of a complete 3V-theory. Let A, C C M
and ae M.
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(1) The formula x =y V -[x | y (D)] defines an equivalence relation on M .

)[4l C (D)]& (Vae A)(Nce C)alc (D).

(3)ala (D) ifand only if a € acl ,(D) via some existential formula.
Proof. (1) Suppose that —[a | b (D)] and —[b | ¢ (D)]. Towards a contra-
diction suppose that a | ¢ (D). From Lemma 7.6 there are two cases:

Casel. a| b ({c}uD). From a | ¢ (D) we have a | {c;uUD (D). By
transitivity we have a | {b, ¢} (D), whence a | b (D), a contradiction.

Case2. ¢ | b ({a}uD). By the same argument switching a and ¢ we obtain
b | ¢ (D) which is again a contradiction.
(2) It is sufficient to prove that

[Au{b} | C (D)« [4]1C(D)&b|C (D)

From left to right the implication is trivial. For the other direction suppose
A|C (D) and b | C (D). From Lemma 7.6 there are two possibilities:

Casel. Al b CUD). From b | C (D) wehave b | CUD (D). From A | b
(CuD) wehave b | AUC (CUD). From b | CUD (D) and b | AUC
(CUD) by transitivity we have b | AUC (D). Hence, b | C (AUD), and so
C | Au{b} (AUD). Also, C | AUD (D) since 4| C (D). From C | AUD
(D) and C | AU{b} (AU D) by transitivity we get C | AU {b} (D).

Case2. C|b (AUD). In this case we get C | AU{b} (4UD) immediately.
The rest of the argument is the same as in Case 1.

(3) a | a (D) means that a realizes the heir of tp(a|D) over DU{a}. Thisis
the same as saying that, if ./~ D, ./# is JV-saturated, then a € acl (D). From
Theorem 4.1 this is the same as: there exist # < w and an existential formula
¢(x) over D such that #/ E qS(a)&(EIS”x)qS(x). The desired conclusion is now
clear.

Below the equivalence relation obtained in (1) of the last lemma will be
denoted E,.

7.8. Lemma. Let # be a model of a complete Iv-theory, a € M, a € On,
and (A;: i < a) be an increasing chain of subsets of M such that

-[A4;,, La (A4)] foralli<a.

Then o < |L|*.

Proof. Assume the hypothesis. Let ®;(x) = 3 : V-stp(al4;) (i < a). From
Lemma 7.5(a) for each i < o there exists a 3 : V-formula ¢,(x,y;) without
parameters such that ¢,-Rk(®, ,(x)) < ¢,-Rk(®,(x)). Since the value of the
rank is a natural number, a particular 3 : V-formula of L occurs at most a
finite number of times in the sequence (¢;(x,¥): i < ). Hence, a < IL|* as
required.
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8. MONADIC STABILITY AND TREE DECOMPOSITIONS

In their paper [3] on second-order quantifiers and the complexity of theories
Baldwin and Shelah introduced the notion of tree decomposability of theories.
One of their results [3, Theorem 4.2.17] says that, if T is stable and (7,
2nd) £ (T, Mon), then T is tree-decomposable. Using 3 : V-stability instead
of stability and similar, but not identical, reasoning we show that any complete
3v-theory is tree-decomposable.

We begin by adapting four definitions from [3].

8.1.1. Definition. Let .# be a structure for a relational language 4 C M,
and E be an equivalence relation on M\A. Tuples @ = (q, ..., a,) and
b = (by,...,b,) in M\A are called similar with respect to E if m = n,
aiEaj & biEbj (1<i,j<m),and

tp(a, -+-a, |4) = tp(b, b, |4)

,...,a; are all in the same E-class.
1 j

E is called a congruence on M over A if tp(ald) = tp(b|4) whenever a,
b € M\A are similar with respect to E.

whenever 1 < il,...,ij < m and g

8.1.2. Definition. [ is a tree if, for some A and «, I C <¥) and
[ce A& Ctel]l=oel.

o isatipof I if ¢ is maximal in I with respect to C. The set of tips of I

is denoted u(I). The height of I is sup{Dom(g)+1:0 € 1}.

8.1.3. Definition. The L-structure .# is decomposed by the tree I if there
exist L-structures ./, , .4, (n € I) and equivalence relations E_ (7 € I'\u(I))
such that forall n, pe I and 7€ I\u(I):
(i) IV, < |L|+¥,.
(i) If nC p, then NnchgMngn.
(iii) E, isacongruence on .#, over N . The E -classes are the sets M_\N,
such that ¢ is a minimal extension of 7 in I.
(iv) If I(n) is a limit ordinal, then N, = U{N,: 0 C n} and M, =
({M,:0 Cn}.
(v) M, =M=U{N,:0¢l}.

8.1.4. Definition. T is tree-decomposable if every model of T is decomposed
by some tree.

Our notion of .# being decomposed by the tree I is stronger in one respect
than that of [3, Definition 3.2.1]. Since we require that Np\Nr] # & when

n C p, the height of a tree decomposing .# is at most (|L| + N0)+. Since
the same feature can conveniently be added to the definition just cited, this
difference seems inessential. A more significant distinction lies in (iii) which is
weaker here than in [3].
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Let monadic logic be obtained by adjoining variables which range over subsets
of the universe, and corresponding quantifiers, to the apparatus of first-order
logic. We use s, ¢, u possibly with superscripts and subscripts as set variables.
There are new atomic formulas of the form x € s.

8.1.5. Definition. The first-order theory T is monadically unstable if there is
a monadic formula ¢(x, y,5) of the language of T such that for every linear
ordering (I, <) of cardinality > 1 there exist .# £ T and U, a sequence of
subsets of M , suchthat ¢(x, y, U) definesin .# a linear ordering isomorphic
to (I, <) on the solution set of 3y[¢p(x,y, U)Veé(y, x, U)].

In §8 of [3] it is shown that the definition is equivalent if for ¢(x, y,5)
one reads ¢(x,¥,5), where [(X) = [(§) = n. T is monadically stable if it
is not monadically unstable. In the notation of [3] “7T monadically stable” is
rendered “ (Th(<), Mon) <,, (T, Mon)”. From 3.2.4, 4.2.17, and 8.1.6 of
[3] we observe:

T tree-decomposable
= T monadically stable
= [T stable &(T,_, 2nd) £ (T, Mon)]
= T tree-decomposable.

From the proof of Theorem 4.2.17 of [3] it is apparent that the last implication
is true for our notion of tree-decomposable theory. Below we will verify that the
first implication is also valid for our notion. It will then follow that for theories
the two verisons of tree-decomposability are equivalent and the same as monadic
stability. A point which emerges from the equivalence of tree-decomposability
and monadic stability is that the choice of language for a theory makes no
difference to whether the theory is tree-decomposable.

In order to show that tree-decomposability implies monadic stability we make
a brief digression into a particular infinitary version of monadic logic, in the
formulas of which the only free variables are those for subsets of the universe.
When we apply this logic we shall have in mind a particular structure .# and
a particular subset 4 of M. As initial formulas we take those of the form
Ixd(x, 5), where X is a tuple of inidividual variables, 5 a tuple of set vari-
ables, and ®(X, 5) a possibly infinite conjunction of atomic and negated atomic
formulas over 4. Other formulas are built up from initial formulas by nega-
tion, arbitrary conjunctions, and existential quantification of set variables. con-
junctions are restricted to those having only a finite number of free variables.
Formulas constructed in this way are called L (Mon)-formulas over A. Note
that every (finitary) monadic formula over 4 which has no free individual vari-
ables is equivalent to an L_  (Mon)-formula over 4.

Aset {y,(5): i€ J} of L Mon)-formulas is a partitioning set if for every

20 ,(I)(

structure .# such that 4 C M and every tuple U of subsets of M exactly

one of the sentences (//j(U) (jeJ) istruein £ .
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Let .# be a structure, 4 C M, and E be a congruence on .# over A.
Let U be a tuple of subsets of M. Let C(/, E) denote the family of all
substructures .#° C .# such that 4 C N and N\A is an E-class. The next
result is a simplified version of Lemma 3.1.13 of [3].

8.2. Lemma. Let a set A and language L be given. For every L (Mon)-
formula ¢(5) over A there are a partitioning set {t//j(§): j € J} of
L, ,(Mon)-formulas over A and a cardinal i such that for every L-structure
M, with M D A, congruence relation E on # over A, and tuples U, U,
of subsets of M , we have

MUy — ¢(U,)

whenever

AV eC(A,E): N Ey Uyl N} =k
s |{V eCH,E)NE 1,1/].(U1 PN =«
forall jeJ and k < A.
Since the proof of Lemma 8.2 is routine we leave it to the reader.

8.3. Theorem. If T is tree-decomposable, then T is monadically stable.

Proof. Towards a contradiction let 7 be tree-decomposable and monadically
unstable.

Let ¢(x,y,5) be a monadic formula representing all linear orderings of
cardinality > 1 in models of 7. Choose a model .# of T and subsets U of
M such that ¢(x, y, U) representsin .# acardinal y. Let D be the solution
set of Iy[p(x,y, U)Veé(y,x,U)] in A .

Let .# be decomposed by the tree I C 2 according to Definition 8.1.3.
Recall that the height of the tree is at most (|L| + N0)+. For any cardinal ¢
by setting y large enough we ensure that there exists 7 € I'\u(I) such that D
meets at least 0 of the E_-classes. Fix such 7. for any ¢ C 7 let o+ denote
the initial segment of 7 of length /(¢) + 1. We form L by adjoining new
unary relation symbols R, (i < /(1)) to L, and we expand .# to an L’
structure .#" by letting M”,.\MTW ) be the interpretation of R;. Let E be
the equivalence relation on M\N_ defined by

E=EU|J{E, | M\M,,):0C1}.

Claim. E is a congruence relation on .#~ over N,.

Proof of the Claim. Let o, C 6, C --- C g, | C 1. Let b, € M,\M,,
(1<i<n,1<j<k) and Enj € M\N, (1 <j < k,) be such that, for
1 < i < n, any two entries of Eij are E-related, and Eij and b, ;o fall in

different E-classes whenever j # j. Note that, for 1 </ < n, the E-class
of b,; isan E_-class, and the E-class of b, is an E -class. Let ¢;; € M\N,
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(1 £i<n, 1< j<k) be tuples falling in distinct E-classes such that
tp(b; let) = tp(c; ler) . To prove the Claim we have to show the concatenation
of the ¢, i realizes the same type as the concatenation of the b, ; over N_. Let
a e Nai\Ndi—l (1<i<n),and a, € NT\NU,._. . It is sufficient to prove that
the concatenation of the @; and ¢, i realizes the same type as the concatenation

of the @; and the b, over N, .
Because of the way in which .# was expanded to .#~ we see that ;€
\ (0)+ (1 <i<n) and C,j € MA\N, . Since E_ is a congruence relation
on /f over N_, the concatenation ¢, of the ¢, ; (1 £Jj < k,) realizes the

same type over N, as the concatenation En of the En ;- Hence tp(c,a,|N, l) =
tp(5n5n|Na ). For 1 < i < n let ¢, denote the concatenation of the [
n—1

(1 <j<k,),and b, the concatenation of the b, ; (1<i<k,). By downward
induction on / we now see that

tp(cac _,a, ,- |N tp(b. @ b

n“n-n—1"n-1 z+lz nnnlnl"z+l

b. |N
for 1 <i<n-1. In the mductlon step we apply: E_ is a congruence re-

lation on M over Na , ¢,a,C,_,a,_,--a;,, and b anbn 1@y_y -4, are

in M(,,A) + Wthh is an E ~class disjoint from Rng(c;), and these tuples real-

ize the same type over N , - Taking [ = 1 we see that ¢,---¢,a,---a, and
b,---b,a, -a
the Claim.

Let ¢*(¢t, u,5) be an L .,(Mon)-formula equivalent to the monadic for-
mula

, realize the same type over N_ . This completes the proof of
1

IxIy[x € t&y € u&eop(x, y, 3)l.

We are now apply Lemma 8.2 to the formula ¢*(¢, u, 5), the structure .Z~,
and the congruence E. Let {c//j(t, u,5): j € J} be the partitioning set of
formulas and A the cardinal which result. It is crucial that § should be larger
than |J|. In this regard note that the partitioning set can be determined before
we form .#~ . (We form L" by adjoining |L|+ R, new unary relation symbols
to L. In expanding .# to .#" we use as many of the new unary relations as
we need, interpreting the rest as &. We also set aside |L| + X, constants as
names of the elements in N_. If |N | < |L|+ X, some elements of N, have
more than one name.) Let a, € D (i < J) fall in different E -classes. For each
[ <J let M, denote N, U (a,/E) and j, the unique j € J such that /ﬁi* E
v;({a;}, 9, Ut M,). Since |J| <4, we can fix distinct i, k < such that
J; = J; - It now follows from the conclusion of Lemma 8.2 that

A E o ({a}, {a,}. U) = 6"}, {a;}, U}),

whence £ F ¢(a;, a,, U) — ¢(a,, a,, U). Since a; # a, , this contradicts the
assumption that ¢(x, y, U) defines a linear ordering in .# . This completes
the proof of the theorem.
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In [3, Theorem 3.2.4] it was shown that stable theories which satisfy (7,
2nd) ¢ (T, Mon) are tree-decomposable. Using the 3 : V stability theory
worked out in the last section we now show that complete 3V-theories are tree-
decomposable.

Let A& , #/ be structures with . # C ¥ . AC M is called an a-subset of #
with respect to # if forall m, 1 <m < w, and every E € FE;":V(A) in the
sense of .#~ each E-class represented in M" is represented in A™. A C M
is an a-subset of # 1if it is an a-subset of .# with respect to .# .

In the next lemma E, denotes the equivalence relation on N\A defined by
x=yV-[x ]y (A4)] in the sense of /.

8.4. Lemma. Let T be a complete 3V-theory over the language L. Let /' E T
and V' be the expansion of /' to L', where L' is formed from L by adjoining
a new relation symbol for each existential formula. Let #' C V', # = #' | L,
A C M be an a-subset of # with respect to /¥, and E be the restriction of
E, to M\A. Then E is a congruence on #' over A.

Proof. 1t is sufficient to prove that, if @,, @,, by, b, € M\4, 1(@,) = I(b,)
(i<2), '

(Rng(a,)/E) N (Rng(a,)/E) = (Rng(a,)/E) N (Rng(a,)/E) =T,
and tp ,(d;/4) = tp ,(b,|4) (i<?2) , then tp (@3, |4) = tp (Db, |4) . In
A we have 3:V-tp(a,|4) = 3 :V-tp(b,|4) (i < 2), and from Lemma 7.7(2)
Rng(a,) | Rng(@,) (A) and Rng(b,) | Rng(b,) (A4). Since A is an a-subset
of .# with respect to /",
3:V-stp ,(@,|4) = 3: V-stp ,(b,|4)  (i<2).
Together with the independence noted above, this gives
3:V-stp ,(aya,|4) =3: V-stp/,/(BOBI|A).
Hence, tp ,(a,a,|4) =tp II(EO_Z;JA) as required.
8.5. Theorem. If T is a complete 3V-theory, then T is tree-decomposable.

Proof. Let L' be the language obtained from the language L of T by adjoining
a new relation symbol for each existential formula of L. Let T’ be the L'-
theory correspondingto 7. Let #'ET and # =4' 1 L.

We establish a tree decomposition of .#’ as follows. Let /V() be a substruc-
ture of . of cardinality |L'| such that N, is an a-subset of .# . Let ./,
be .#'. Enumerate () in the tree I.

Suppose that .7, and //n/ have been defined such ./}, C %] C /ﬂﬂ' cA'
and N,, is an a-subset of % = /ﬁn' I L with respect to .# , where n € I
is a sequence of ordinals of length < |L'|*. Let E" denote the restriction of
E N, (relative to .# ) [Bto M”\N". By the previous lemma E” is a congruence

on /Zn' over N,. Let {C;:i < a,} be an enumeration of the E, -classes.
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Enumerate #” (i) in the tree I for each i < a,. Define //Zﬂ Gy to be the

substructure of .#' with universe N,UC, (i<a,).Let N~ bean a-subset

of /l’, W with respect to .#Z such that N C N i and |Nr,‘([)| < ILIIO' We
continue the construction as far as p0551ble If é is a sequence of ordinals of

limit length < |L'|* such that n € I for all n C &, we define
N, =, ncél, M¢=ﬂ{Mn:ncé}.

Note that N, is an a-subset of .#, with respect to .# . If /) = /[n' , then 7
is a tip of the tree. (Branches of length |L'|" are not ruled out however.)

We claim that M = U{N”: n € I}. Towards a contradiction suppose a €
M\U{N,:nel}. Let £ =U{n€l:aec M} Since ae M\N, for all
ncé&, l(& =|L". Forall j < |L|" let A, = Nén Consider particular
j<|L'|* andlet n=¢&1j. Let n~(i) CE&. Then M, =N,UC,=4,UC,.
Moreover, A4 ; C A i € A UC,;. Since C; is 1ncluded 1n an E -class a € C
and A4;,N C, #3, we have o[A;,, la (4 )] by Lemma 7. 7. 1t follows by

Lemma 7.8 that the range of j has cardmahty < |L'|*. This contradiction
confirms that the tree decomposition exhausts .#’ and that the tree I/ has
ordinal height < |L'|*.

We have shown that 7" is tree-decomposable. As we observed in the discus-
sion following Definition 8.1.5 a theory which is tree-decomposable with respect
to one language is tree-decomposable with respect to every language. Hence, T
is also tree-decomposable.

8.6. Corollary. Complete 3IV-theories are monadically stable. A fortiori, such
theories are stable.

9. PRIME MODELS

In this section we confine consideration to finite relational languages. On one
hand, we give an example to show that not all complete 3V-theories have prime
models over sets; on the other hand we show that each such theory has a prime
model over .

Recall Example 1 from the introduction to Part 1. Let .~ Ul <o ®; bea
disjoint union of finite trees such that every isomorphism type of finite trees is
represented by some .#;. By “tree” here we mean a graph with no cycles. The
complete 3JV-theory we have in mind is T = Th(#"). Let R be the binary
relation symbol which constitutes the language of graphs. Let .#° be a tree

disjoint from .#" with universe

{Gtu{X Cw: | X|=w}U{(X,n,i):i<n, neX Cw, |X|=w}
Let R" be the symmetric closure of
{@,X): XCow, [ X|=0}U{X,(X,n,0):neX Cw, |X|=w}
U{X,n,i),X,n,i+1):i<n,neXCow, |X|=w}
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Consider the model # = .#*U.# of T, and let a denote D € N.
Claim. There is no prime model over {a}.

Proof. Let T, denote Th(4,a), the theory obtained by naming a. Let
#\{a} denote the graph obtained from .# by deleting a. Let =, (x, y) be
a formula such that ./# k n, (a, b) means that b is a neighbor of a, and for
every ¢ € M, if there is a path of length n+ 1 from b to ¢ in .#\{a}, then
¢ has at most two neighbors. Let o,(x, y), 7,(x,y) be formulas such that
M F o,(a,b) means that there is a unique ¢ € M with only one neighbour
which lies at distance n + 1 from b in .#\{a}, and # F 7, (a, b) means
there is no ¢ € M with only one neighbor which lies at distance » + 1 from b
in #\{a}. For X Cw let £,(x) denote the set

{r,(a,x):n<w}u{o,(a,x):neX}u{r,(a,x):n<w,n ¢ X}

The crucial point is that, if |X| = w, then X, (x) generates Tp ,(b|a), where
b, denotes X seen as a member of M . If £ C X, is finite, then there exists
infinite ¥ C @ suchthat XC X, and Y # X . Clearly, X, UX, is inconsistent.
Therefore no neighbor b of a in M realizes an isolated type over {a}. This
completes the proof of the claim.

We will now show that every complete 3V-theory over a finite language has
a prime model. Before proving this we need some lemmas about rank. For
the rest of this section 7" denotes a complete 3V-theory over a finite relational
language and + 6 means that € is valid in every model of T. A formula
x(¥) is called a VN 3-formula if in T it is equivalent to a V-formula and to a
3-formula; ¢(X) is called almost quantifier-free if it is VN 3 and equivalent to
some quantifier-free formula over M foreach #Z = T .

9.1. Lemma. Let ¢(X) be almost quantifier-free in T, Rk(¢(X)) = r, and
6(x,¥) be quantifier-free. There exists a ¥ N 3-formula x(y) such that for all
M ET and b C M, R(p(X)&O(X, b)) =r iff # & x(b).

This is essentially the same as Lemma 3.1 of [9] so we omit the proof.

9.2. Lemma. Let ¢(X) be a formula which in T is nonnull and almost quanti-
fier-free. Let Rk(p(X)) = r. There exists a nonnull V-formula w(X) such that
for every # =T andall aC M,

M F y(a) — [¢(@)&Rk(tp(a|M\a)) = r].
Proof. Consider .# E T and @ C M such that .Z E ¢(a). If Rk(tp(a|M\aq))
< r, then there exist a quantifier-free formula 6(Xx, y) and bCM \a@ such
that # E 6(@, b) and Rk(¢(X)&0(X, b)) < r. Moreover, such 8(X,y) may
be found which is the intersection of at most Mt(¢(X)) basic formulas. Now

fix a quantifier-free formula 6(X, 7). From the last lemma there exists a VN 3-
formula x,(¥) such that forany # F T and aC M

M EVYYNGa=0&0(a,¥). > x,(7)]
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iff no instance of 0(X, y) witnesses Rk(tp(a|M\a)) < r. Since L(T) is finite
there are at most a finite number of formulas #(X, ¥) which are the intersection
of at most Mt(¢(X)) basic formulas. Taking the conjunction of ¢(X) and of
WyNX = @&0(X, ). — x,(¥)] over all such 6 we obtain the desired formula
p(x).

It remains to show that y(X) is nonnull. It is easy to find models .#, ./
of T and @ € N such that ./ > ./ F ¢(a) and Rk(tp ,(a|M)) =r. Let £ Ua
denote the substructure of .#° with universe M Ua. By Lemma 0.2, for any
formula x(X) over M

Rk ,(x(¥)) <Rk , z(x(X)) < Rk ,(x(X)),
and Rk ,(x(X)) = Rk ,(x(X)) since .# <.#". Hence,

Rk , z(x(X)) = Rk , (x (%))

which means that Rk , (tp(@|M\a)) = r. Thus, y(X) has a solution in .ZUa
which suffices since .Z Ua E T . This completes the proof.

The formula ¢(X) is totally nonalgebraic in T if

= \ix; ¢ acl(@): 1 <i<n},

where X = (x, ..., X,).

A formula w(X) is called T-complete if it isolates an elementary /(X)-type
over &.

Let y(X) be a V-formula which is T-complete. From y(X) we construct an
extension T' = T[y(X)] of T as follows. From L(T’) by adjoining new unary
relation symbols, one for each entry in X. Let p(X) denote the conjunction of
all atomic formulas R(u), where u is an entry of X and R is the correspond-
ing unary relation symbol. The axioms of T’ are those of T , universal and
existential sentences saying that the interpretation of each of the new relation
symbols is a singleton, and VX[p(X) — w(X)]. Notice that T[w(X)] is a com-
plete 3v-theory. Every model .# of T can be expanded to a model .Z[a]
of T' by picking a solution @ = (@, ..., a/(z)) of y(X) in .# and letting q;
be the unique solution of R, the unary predicate symbol corresponding to x; .
Clearly every model of T arises in this way.

For-each formula 6(¥) of T’ in which no entry of X occurs, denote by
0#(f, y) the formula obtained from 6(¥) by substituting for each atomic for-
mula R(u), with R one of the new unary predicates, the formula x; = u,
where Xx; is the entry of X corresponding to R. Denote by 6,.(x,¥) the
formula y(x )&0 (x,y). Observe that, if F. 6(y) — x(¥), where x(¥) is a
formula of T, then + 6,.(X,y) — x(¥). Further, if 6(y) is T'-complete, then
0,(x,y) is T-complete.

9.3. Lemma. Let ¢(X) beaformulaof T which is nonnull and almost quantifier-
free. There is a T-complete V-formula w(X) which implies ¢(X).

Proof. We need the following claims:
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Claim 1. Let # F T and a € acl ,(J). Tp(a) is isolated by a VN 3-formula.

Proof of Claim 1. Since it makes no difference we assume /(@) = 1 and write
a for a. From Lemma 4.1, a is the solution of a 3-formula which has only a
finite number of solutions. Let y(x) be a 3-formula such that .# F y(a) and
w(x) has as few solutions as possible. By Lemma 3.1, T has a JV-saturated
model .#". From Corollary 3.9 two elements realize the same elementary type
in /" iff they realize the same 3-type. Thus, if w(x) does not isolate Tp(a),
there is an existential formula 6(x) such that y(x)&8(x) is satisfiable but .Z E
—0(a). Now there is a 3-formula equivalent to w(x)&3y[w(y)&0(y)&x # y];
such a formula contradicts the choice of w(x) since it has fewer solutions.
Thus, w(x) isolates the type of a. Suppose that y(x) has m solutions. Then

v | N viEy& N o). -V ox=y,

1<i<j<m 1<i<m 1<i<m

also isolates the type of a and is equivalent to a V-formula. This completes
the proof of the claim.

Claim 2. In the statement of the lemma we can suppose that ¢(X) is totally
nonalgebraic.

Proof of the Claim 2. In proving the lemma we can proceed by induction on
[(X). Suppose ¢(Xx) has a solution @ in a model .# of T in which one of
the entries is algebraic. Let X = xX and @ = a@ with a € acl(@). Let 6(x)
be a V-formula isolating Tp(a), T’ = T[0(x)], and R denote the new unary
relation symbol R. Let .#' =.#[a] be the model of T’ obtained from .# by
letting {a} be the interpretation of R. Clearly, T' is a complete 3v-theory.
Let ¢'(¥X) be the formula 3x[R(x)&#(x, X )] which is equivalent in T’ to
Vx[R(x)&¢(x, X)]. Clearly, #'E ¢'(@’) and ¢'(X') is almost quantifier-free.
By the induction hypothesis there is a T'-complete V-formula y'(X’) which
implies ¢'(X') in T'. Without loss of generality, x does not occur in ¥'(¥').
Let w(X) be a V-formula equivalent to (n//')T(Y). Then w(X) satisfies the
conclusion of the lemma. This completes the proof of the claim.

We now recall an idea used in [9, Definition 3.1]. Fix the formula ¢(X)
which is now assumed to be totally nonalgebraic. Let (Rk, Mt)(¢(X)) = (r, m).
Consider a 3V-saturated model .Z of T . A tuple a C M is called independent
if # E ¢(@) and Rk(¢(X)&HO(X, b)) = r for every quantifier-free formula
6(x, b) such that b C M\a and .# k ¢(a)&6(a, b). Let I(#) denote the
set of all independent tuples @ C M . Define the binary relation £ on I(4)
by: aEa@ if # k6(a,b) - 6(@,b) for every atomic formula (X, ¥) and
all bC M\(@ua).

The next claim corresponds to Proposition 3.2 of [9].

Claim 3. (1) I(A#) is definable by a V-formula.
(2) I(#)#O.
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(3) E is definable by a V-formula.

(4) Forall ae I(#) and B C M there exists @ such that ZEa , Tp(a) =
Tp(@),and @NB=0.

(5) E is an equivalence relation with m classes.
(6) If a,Ea,, then Tp(a,) = Tp(a,).

Proof of Claim 3. (1) and (2) follow from the previous lemma and (3) is im-
mediate since the language is finite and relational.

(4) First notice that the conclusion holds if we drop the requirement that
:/EE' . Otherwise there are @ € I(#) and a finite set B C M such that for all
acM

Tp(@) =Tp(@) — @ NB # .

Since .# is 3V-saturated, and elementary types are determined by 3-types in
A , there exists #(X) a conjunction of a 3-formula and a V-formula such that
0(x) € Tp(a) and

M EVX[O(X) —» XN B # 2.

From Sublemma 5.2.1 such B can be found C acl(d). This contradicts the
fact that ¢(X) is totally nonalgebraic.

Now we can choose @, C M (i < w) suchthat Tp(a,) = Tp(a) and ana; =
@ (i < Jj < w). By Ramsey’s Theorem the @, can be chosen such that either
a,Ea, (i<j<w)or ﬂ(EiEEj) (i < j < w). In the former case @, clearly
has the property desired for @. Since /£ is R,-homogeneous by Lemma 3.2
and Tp(@) = Tp(a,), a also has the property. It remains to consider the
case in which -(a, E Ej) (i < j < w). From the definition of E for each
pair (i, j) wiht / < j < w there exists a basic formula 6, (X, b;,) such that
bijﬂ(ﬁiuﬁj) =@ and A 6,,(a,, bij)&ﬁGij(Ej , bij). By another application
of Ramsey’s Theorem we can suppose that b, ;Na, =9 (i<j<ow, k < w).
Let D denote U{Bi ji<J< m}. Then @, ..., @, realize distinct types of
rank r over D. This contradicts Mt(¢(X)) = m.

(5) We wish to show that E is an equivalence relation. Towards a con-
tradiction suppose that EOE a,, a Ea,, and -a,Ea,. There exists a basic
formula 6(X, b) such that bn(aouaz) =@ and A F 60(a,, b)&—»0(21‘2, b).
Permuting the entries of b we can write b = b, bl such that b C a1 and
bl Na, = J. From (4) there exist a0 and a2 such that aOEaO, azEaz,
and (@,Ua,)N(buad,)=2a. Let x, be an entry of X. Since ¢(¥) is totally
nonalgebraic, Rk(¢(X)&x; = ¢) < r for all ¢ € M. Therefore we can find ZzJ,.
such that tp(a@)|h, Ua,Uad,) = tp(a,|b, UG, UT,) and @, N (d,Ua,Ub,) =D
Let 5:) bear the same relation to @, as b, to @, , and b denote 5;51. Now
M E 0@y, b)&-0(a,, b) since @, Ea,, a, Ed,,and bN(da,Ua,ua,ua,) =2
Hence, ./ F 6(a), b)&-0(d,, b) since tp(E’raJO ua,) = tp(bla, Ud,). Since
a,Ea, and a, E@,, we have ./ F 0(a,, )&—|¢9(a2 , D) with b disjoint from
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eachof @, a,, a,. So b witnesses that either ayEa, or a, Ea, fails. This
completes the proof that E is an equivalence relation.

Let @, (i < m) represent distinct E-classes. For each pair (i, j) with
i < j < m there is a basic formula 6,/(x, EU) such that Bijr‘x(aiuﬁj) = and
M E Hij(ﬁi , BU)&—'GU(Ej , Bij). Using (4) we obtainﬁ? such that EZEEi and
E;ﬁzjk =0 (i<m, j<k<m). Let D denote U{Ejk:j<k < m}. Now
a,,...,a, realize explicitly contradictory types of rank r over D, which
contradicts Mt(¢(X)) = m. Therefore there are at most m E-classes. The
argument used for (1) may easily be refined to show that there are at least m
E-classes. This completes the proof of (5).

(6) Suppose that @, Ea, . By (4) choose @ in the same E-class as @, and
a, such that an(@,ua,) = &. Since aEa,, we have tp(alM\aa,) =
tp(ay|M\aa,), and so there is an automorphism of .# which switches @
and g, and fixes M\aa, pointwise. Hence, Tp(@;,) = Tp(a). Similarly,
Tp(a,) = Tp(a).

We are now ready to prove the lemma. Let yx(X) be a V-formula whose
solution set in .# is I(.#). From (6) of the previous claim, over & there are
at most m elementary /(X)-types which contain y(X). By Corollary 3.9, in .#
the elementary type of a tuple is determined by its 3-type. Clearly, there is a
maximal V-type containing x(X) which is isolated by some V-formula y(X).
Since in .# every solution of w(Xx) has the same elementary type, w(X) is
T-complete. Since w(X) implies x(X) and yx(X) implies ¢(X), the proof of
the lemma is complete.

In the next lemma we exploit again the idea which gave us the key lemma,
Lemma 3.7.

9.4. Lemma. Let ¢(X, V) be a quantifier-free formula such that + IXVy ¢(X, )
and let y, (i < w) be disjoint tuples of variables with [(y,) = (). There ex-
ist k € w and a nonnull quantifier-free formula y(¥,,...,V, ., Z) such that, if
NET and b, El., ¢ C N, then

N E by, ..., b, ,7) — Rk («z)(x, b)& N ¢(x. Bi))

i<k

< Rk (/\ (X, E,)) .
i<k

Proof. Let .# be a 3Iv-saturated model of 7. We study finite sequences
b=(b,.....b,) such that /(b)) = [(V). The set of all such sequences is de-
noted by B. To establish notation let B; denote the solution set of ¢(X, Bi) ,
(i < k), r(b) denote Rk((ﬂj<,.Bj)\B,.) (1 < i < k), and v(b) denote
(r,(b), ..., r(b)). The sequence b is called good if r;(b) > Rk(ﬂjSiBj) for
all i, 1 <i<k. Therange of v is ordered lexicographically. Using the same
idea as in the proof of Lemma 3.7 we can prove
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Claim. Amongst the good sequences b is one for which v(b) is maximum.

Let v be the maximum value of v(b) referred to in the Claim. Fix a good
sequence d = (d,,...,d,) € B such that v(d) = v. Let D, denote the
solution set of ¢(f,3i). Let r, denote r;(d) (1 < i < k) and r denote
Rk(N,., D;) - Notice that r is the same for any d such that v(d) = v. From
Lemma 0.2 there is a set of existential formulas I'(y,,...,¥,) such that for
any sequence b= (b, ..., b,) inan L(T)-structure /", # ET (b, ..., b,)
iff r(b) > r, (1 < i < k). Similarly, there is a set A(yo, ,yk,f) of
existential formulas such that for any b and b in an L(T)-structure /", /4 E
A(EO, cees Ek , b) iff Rk((N;<; B;)\B) > r, where B denotes the solution set
of ¢(X,b). Note that the set of formulas I'(V,, ..., ¥,) UA(T,, ..., ¥}, V)
is not satisfiable in .# , and hence not satisfiable in any model of T since
M is IV-saturated. For, if there are by,...,b,, b C M such that # F
F(EO, . Ek) U A(EO, e Ek , 5) , we can find a good sequence b € B such
that V(b') > v, a contradiction.

By compactness there are y(y,, ..., y,), the conjunction of a finite subset
of I'(yy,...,¥,), and 6(¥,,...,¥,,¥), the conjunction of a finite subset

of A(Yy,...,¥,¥), such that F y(¥,,...,¥,) — =6(¥y,...,¥,,¥). Let
¥y ---» Vi Z) beaquantifier-free formula such that 3z y (y,, ..., ¥,, Z) is

equivalent to y(¥,, ..., ¥,). Fromabove # F T’ (30, e Ek) and so there ex-
ists @ such that #Z F y(d,, ..., d,,e), whence y(y,, ..., Vis Z) is nonnull.
Further, if /" F T and b, , ¢ C N are tuples such that /" E y/(b sy by, 0,
then /" F y(b ..., b,) and so A/ F V—ﬂé(bo,... bk,)_/). Thus for all
bCN, VE A(FO, cees 5 , b) fails, which means that Rk((N;<x B)\B) < r.
Towards a contradiction suppose that Rk(; <k B;) < r. By the definability
of rank, Rk(N; <k B;) < r is implied by some V-sentence x(b cees Ek) true
in /. Since # = ./ there must exist b’ = (b, ..., b,) in £ such that
ME )((5:), s 5/) and hence such that Rk((,, B;) < r, where B; denotes

the solution set of ¢(X, b ;). This contradicts the choice of v. Therefore,
Rk(ﬂKk B;) > r and so y/(yo, ..., Y, Z) has the desired properties.

9.5. Lemma. Let ¢(X,y) be a quantifier-free formula. There is a quantifier-
free formula ¢*(X,y) such that

VPSR, F) = V¢ (X, MIKVIITNE =D — ¢ (X, V)] = V7 §(F, V)]

Since it is easy we omit the proof of Lemma 9.5. The next lemma provides
the tool we need to build prime models.

9.6. Lemma. If ¢(X, V) is a quantifier-free formula and + 3IXVy ¢(X,y), then
there is a T-complete Y-formula w (X, #) which implies Yy (X, ¥).

Proof. From Lemma 9.5 we can suppose that Vy[yNXx = & — ¢(X, y)] implies
Yyé(x,y). Let w(¥,,...,¥,,Z) be a nonnull quantifier-free formula satis-
fying the conclusion of Lemma 9.4. From Lemma 9.3 there is a T-complete
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v-formula x = x(¥,, ..., ¥, , Z) which implies y(¥,,...,¥,,7). Let T' =
T[x] and p = p(y,, ..., ¥, Z) be the conjunction of all the atomic formulas
R(u), where u is an entry of y,---y,Z and R is the corresponding unary
relation introduced in the formation of L(T'). Let ¢'(X) denote the formula

Wy W IZ | pFgs - Vi, D& N 6%, 7))
i<k
and r denote R_k(¢'(§)). Note that ¢'(X) is almost quantifier-free in T" .
Let #/ T, by---b,c beasolution of x(¥,,...,¥,,Z) in A ,and & =
N [50 . -EkE] be the corresponding model of 7" . Note that

N EVE [d)'(f) - N\ ¢, Ei)} .
i<k

Since 4 F y(by, ..., b,,C), forany b C N

Rk(-¢(X, b)&4'(X)) = Rk («zﬁ, D& N\ 6(x, 5,-))

i<k

< Rk ( N\ 6%, b,.)) = Rk(¢(%)).
i<k

By Lemma 9.2 let y'(X) be a nonnull V-formula of 7’ such that for every
HA'ET and aCc M

M+ y' (@) — ¢ @&RK(tp(@ M \a)) = r].
Fix @ C N such that /" £ y'(@). Then /" E ¢'(@) and Rk(tp(a|N\a@)) =r.
Consider b C N\a@. Since Rk(~¢(X, b)&¢' (X)) <r and 4" ¢'(a@), we have
N E ¢@@, b). Therefore, Vy[yNa = @ — ¢(@, ¥)], and hence also V7 (@, 7),
are true in /", Thus F. V' (X) - V7 o(X, 7).

Notice that y'(@) says that @ is independent with respect to ¢'(X) in the
sense of the proof of Lemma 9.3. Repeating the final part of the argument for
Lemma 9.3 we see that there is a V-formula " (X) of T' which is 7'-complete
and implies y'(¥). To finish we take for w(X, %) a V-formula equivalent to
" )r@ys---» ¥, Z,X). That (X, %) is suitable follows from the discussion
immediately preceding Lemma 9.3

9.7. Theorem. Let T be a complete IV-theory over a finite relational language.
T has a prime model.

Proof. Let ¢,(X;,¥;) (i <w) be quantifier-free formulas such that {3X,Vy,
$,(X,¥;): i < w} is an axiomatization of 7. By induction on i/ we will find
T-complete universal formulas 0,(X,, ..., X;, Z;, ..., Z;) (i < ) such that
forall i<w

Fei(fo,...,fi,?o,...,7i)—>\7’)7j¢j(7j,]7j)
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and

F O (Xgs oo s Xy Zgs -5 Ziyy) = 0,(Xg, -+, X

i
6,(x,, Z,) is obtained 'by applying Lemma 9.6 to ¢(X,, V) -

Suppose an appropriate 6, = 0,(X,, ..., X;, Z,, ..., Z;) has been found.
Let T' = T[6,]. As pointed out above T' is a complete 3v-theory. Applying

Lemma 9.6 there is a V-formula y' = y/(X,,,, Z,,,) complete in T’ such that

Fo ‘r”l(fm s Zio) 2 Vi1 B (K5 Vig)-
Without loss of generality none of the entries of X, ..., X,Z,---Z; occurs in
y/'. Let 0i+l = 0i+l(fo, cees X 10 Zgs -5 2;,,) Dea V-formula equivalent to
(!//')T. Now 6, , is T-complete and 6, implies Vy, ¢, (X, ,,”,,,) since
y' does. Finally, 6,,, implies 6, since 6, is a conjunct of (c//')T. It is clear

that 6, , has the desired properties and so the induction is complete.
Let # FT. Choose a;, ¢, C M (i <w) such that

M F6ay,....a,,¢,...,c;) forali<aw.

Let ./ C # be the structure with universe N = J{a@,c;: i < w}. Since
MENY $,(@;,¥,), wehave /" EVY ¢,(a,,¥;) (i <w). Hence /" F T. Also,
since 6, is universal, we have /' F 6,(a,, ..., a;,¢,,...,c,) forall i< w.
Since the formula 6, is T-complete, a,---a;c, ¢, realizes an isolated type
in /. Therefore, every tuple b C N realizes an isolated type in .# . Clearly

A is a prime model of T .

10. CONCLUSION

In this paper and its predecessor we have collected a substantial body of
information about complete coinductive theories. However, there are many
aspects of the subject which remain obscure. We hope to stimulate further
interest by listing some conjectures.

Recall the notion of independence based on 3 : V-formulas developed in §7.
The negation of independence gives us a forking notion based on 3 : V-formulas.
By analogy with the usual forking notion, if B C C and 3 : V-tp(a|C) forks
over B, then the type forks via some 3 :V-formula over C. In this context we
have

10.1. Conjecture. Every type which forks forks via some 3-formula.

A question we have left wholly unexplored is the relation between forking
with respect to 3 : V-formulas and forking with respect to all formulas. It
appears that, if @, b, C C M and .# is a model of a complete coinductive
theory 3V-saturated over C,then @ | b (C) means the same whether we work
with all formulas or just 3 : V-formulas.

There are some interesting questions about prime models. To avoid trivial
counterexamples for the rest of the paper we confine consideration to finite
relational languages.
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10.2. Conjecture. Let .# be a model of a complete coinductive theory which is
v-saturated over A C M . Then there exists a prime model over A .

From Lemma 7.7 there is an equivalence relation E, defined by the (not
necessarily first-order) formula x = y v -[x | y (J)]. The E -classes are
called the components of a model. It is not hard to show that in the prime
model of Theorem 9.7 all components are finite.

10.3. Conjecture. If .# is a countable model of a complete coinductive theory
in which all components are finite, then A is a prime model.

10.4. Conjecture. If Th(#) is coinductive and all the components of # are
finite, then M is X -categorical.

Before stating our final conjecture we need some notation and a lemma. Let
¢ = ¢(x) be a formula with one free variable which has a solution in the
structure .# . By /fw we denote the substructure of .# whose universe is the
solution set of ¢ in ./ .

10.5. Lemma. Let Th(#) be coinductive and ¢ = ¢(x) be a V-formula which
has a solution in # . Then Th(/lw) is also coinductive.

Proof. Note that T, = Th(/fw) is determined by 7 = Th(4#). From the
Claim used in the proof of Lemma 0.1 it is sufficient to find a model .#" of T 0

such that for any .#" = # every structure lying between .#" and /" is also
a model of T¢ . To this end let .#" be a saturated model of T¢ , of cardinality

A say. Without loss of generality we can suppose that .#” = # is saturated
of cardinality u > A. We can choose the cardinals A and u such that 7 has
saturated models in both powers. Let .# be saturated of power A. Then //{q,
is also saturated of power A. Thus we may suppose that ./ = //(0. Since
up to automorphisms of the large model a saturated model of power A can
sit in only one way in a saturated model of power u, there exists .#' > .#
such that .#’ is saturated of power u and (/") 0 = A" . Consider /™ such
that /" C 4 C ¥, and let #* denote # UN™. Since T is coinductive,
A" E T . the members of N satisfy ¢(x) in .#" since they satisfy ¢(x) in
A" . The members of M*\N* = M\N satisfy ~¢(x) in .£" since they satisfy
-¢(x) in # . Therefore, /™~ = (A") , IF T which completes the proof of the
lemma.

10.6. Conjecture. Let .# be a prime model of a complete coinductive theory.
There exist Y-formulas ¢, (x) (i < w) such that ¢, implies ¢, , /Z% is N
categorical (i <w), and M =\ {A, : i < w}.

If this last conjecture were true, it would yield a clear picture of the prime
model. Let T be the first example of a complete coinductive theory found in
the introduction to Part I of this paper, where the prime model is a countable
disjoint union of finite graphs without cycles. Notice that in this case there are
two quite different ways of approximating the prime model. We can take ¢,(x)
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to mean “x belongs to a component of size < i+ 1” or to mean “x belongs
to a component of diameter < i{”. The latter meaning does not satisfy the

concl

usion of the last conjecture because .# has arbitrarily large components.

However, it yields what in some sense is a better approximation. Thus, it may
well be fruitful to consider approximations to the prime model via V-formulas
other than those contemplated in the conjecture.

10.
11.
12.

13.
14.
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