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Solution 1.1 Discrete Distribution

(a) Note that N only takes values in N\ {0} and that p € (0,1). Hence we calculate

P[N e R] = ZP Z(l_P)k_ll?:PZ(l_P)k:pﬁ:I?}:L
k=0

k=1 p

from which we can conclude that the geometric distribution indeed defines a probability
distribution on R.

(b) For n € N\ {0}, we get

P[N > n] = ZIP’ =Y 1=pFlp=0=-ppY (1-pF=(01-p"",
k=n k=0

where we used that Y- (1 —p)* = %, as was shown in (a).

(¢) The expectation of a discrete random variable that takes values in N\ {0} can be calculated

as
o)

E[N] =Y k-PIN = k.
k=1
Thus we get

= i k(1—p)*'p= i(kﬂ)(l—p)kp = i k(l—p)kwi(l—p)kp = (1-p)E[N]+1,
k=1 k=0 k=0 k=0

where we used that > ;- (1 — p)*p = 1, as was shown in (a). We conclude that E[N] = %.

(d) Let r € R. Then we calculate

Elexp{rN}] = Z exp{rk} - P[N = k|
Zexp{rk} (1—p)*1p

= pexp{r} Z[(l —p)exp{r}]"~!

k=1
=pexp{r} > _[(1 - p)exp{r}*.
k=0

Since (1 — p) exp{r} is strictly positive, the sum on the right hand side is convergent if and
only if (1 — p) exp{r} < 1, which is equivalent to r < —log(1 — p). Hence Elexp{rN}| exists
if and only if » < —log(1 — p) and in this case we have

) - 1 B pexp{r}
M (r) = EleetrV}] = et = et} ~ T= (- p) elr}
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(e) For r < —log(1l — p), we have
d _d pexp{r}
EMN(T) ~dr1—(1—p)exp{r}
_ pexp{r}l — (1 —p)exp{r}] +pexp{r}(1 — p)exp{r}
[1—(1—p)exp{r}?

pexp{r}
[1—(1—p)exp{r}]*

Hence we get

LY TR— . . () S

dr T = -pexp{0}]2 1-(1-p) P p

We observe that <My (r)|,—o = E[N], which holds in general for all random variables if the
moment generating function exists in an interval around 0.

Solution 1.2 Absolutely Continuous Distribution

(a) We calculate

PlY eR] = /_00 fy(x)de = /000 Nexp{—Az}dz = [—exp{—-Az}];" = [-0— (-1)] =1,

from which we can conclude that the exponential distribution indeed defines a probability
distribution on R.

(b) For 0 < y1 < ya, we calculate

Py <Y < yo] = /y2 fy(z) dx

1

Y2
:/ Aexp{—Az}dx
y

= [—exp{-Az}];;
= exp{—Ay1} — exp{—Ay2}.

(¢) The expectation and the second moment of an absolutely continuous random variable can be
calculated as

E[lY] = /OO zfy(x) dx and E[Y?] = /00 22 fy (z) da.

—0o0 — 00

Thus, using partial integration, we get
E[Y] :/ zAexp{—Az} dx
0

= [~zexp{-Az}];” + /000 exp{—Az}dx

=0+ [—i exp{—)\x}} 0

> =
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The variance Var(Y') can be calculated as

Var(Y) = E[Y?] - E[Y]? = E[Y?] - %

For the second moment E[Y 2] we get, again using partial integration,
E[Y?] = / w*Nexp{ -z} dx
0

= [-2® exp{—/\x}]go —|—/ 2z exp{—Az}dx
0

2
=0+ —-E|lY
+ SE[Y]
2
= F’
from which we can conclude that
2 1 1

Note that for the exponential distribution both the expectation and the variance exist. The
reason is that exp{—Ax} goes much faster to 0 than x or 22 go to infinity, for all A > 0.

(d) Let r € R. Then we calculate

Elexp{rY}] = /000 exp{ra}lexp{—Az}dx = /000 Aexp{(r — Nz} dz.

The integral on the right hand side and therefore also E[exp{rY}] exist if and only if r < A.
In this case we have

A 0o A A
My (r) = Elesp{r¥}] = 2 fesp{(r — Mo} = 2 (0-1) = 2
and therefore \
log My (1) = log <)\ — 7“) .
(e) For r < A\, we have
d? d? A d? d 1 1
ar? 08 v(r) dr? 08 ()\ - 7") dr? [log(A) — log(A — )] dra—r (A—r)?
Hence we get
d? 1 1
71 M r=0 — T+ 5 — To5-
gz e My (M=o = =53 = 2

We observe that dd—; log My (1)|r=0 = Var(Y’), which holds in general for all random variables
if the moment generating function exists in an interval around 0.

Solution 1.3 Conditional Distribution
(a) For y > 6 > 0, we get
PY > y]=PY >y, I =0 +PY >y, I =1]
=P[Y > y|[I = O)P[] = 0] + P[Y > y|I = 1]P[I = 1]
—0-(l—p)+PY 2 ylT=1]p
—p-PlY 2yl =1,
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since Y|I = 0 is equal to 0 almost surely and thus P[Y > y[I =0} =0. Since Y | [ =1 ~
Pareto(d, ), we can calculate

== [ = [T (5) Y ae= [-G) =)

We conclude that

= (3)"

Using that Y|I = 0 is equal to 0 almost surely and thus E[Y|I = 0] = 0, we get
E[Y] = E[Y -1{7—oy]+E[Y -1{;=1;] = E[Y'|I = 0]P[I = O]+E[Y|I = 1|P[I = 1] = p-E[Y | = 1].

Since Y | I = 1 ~ Pareto(6, ), we can calculate

folI:l(x) dx = /9 ma (5) dx = af ‘/9 r“dx

We see that the integral on the right hand side and therefore also E[Y] exist if and only if
a > 1. In this case we get

o0

E[Y |l =1] = /

— 00

oo

E[Y|I = 1] = ab® {_1x—(a—1)] oL pe-1) _ g
a—1 0 (6%

We conclude that, if a > 1, we get

(67

E[Y] :p@a_ T

If 0 < o < 1, E[Y] does not exist.
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Solution 2.1 Gaussian Distribution
(a) The moment generating function of @ + bX can be calculated as
Maiox(r) =E[exp {r(a+bX)}] = exp {ra} E[exp {rbX }] = exp {ra} Mx (rb),

for all » € R. Using the formula for the moment generating function of X given on the exercise
sheet, we get

b2 2 2b2 2
Maypx (1) = exp{ra} exp {V“blH- (T>20} = exp {T(cH- bu) + L 20 } ;

which is equal to the moment generating function of a Gaussian random variable with
expectation a + by and variance b?c2. Since the moment generating function uniquely
determines the distribution, we conclude that

a+bX ~ N(a+ bu,b*c?).

(b) Using the independence of X, ..., X, the moment generating function of ¥ = Y"1 | X, can
be calculated as

My (r) = E [exp {rY}]

—E |exp {rZXiH = [IElexp {rXi}) = J] M. (r)

for all » € R. Using the formula for the moment generating function of a Gaussian random
variable given on the exercise sheet, we get

n 2 92 n 2
:Hexp{r/ii—krg’”}—exp{rZuz Z’ L% },
i=1

which is equal to the moment generating function of a Gaussian random variable with
expectation Y ;| p; and variance Y ., o7. Since the moment generating function uniquely
determines the distribution, we conclude that

iXi NN(i/ﬁ,iU?) .
i=1 i=1 i=1

Solution 2.2 Maximum Likelihood and Hypothesis Test

(a) Since logY1,...,logYs are independent random variables, the joint density f, ,2(x1,...,2s)
of logYy,...,logYg is given by product of the marginal densities of logY7,...,logYs. We
have

8
_ 1 1 (z; —p)?
f#,oz(zla"'v'xS)_Emaexp{ 9 o2 )
2

since log Y7, ..., log Yg are Gaussian random variables with mean p and variance o*.
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(b) By taking the logarithm, we get

; 1 (2 — p)?
Ing#,(r?(zla--wxs):Zflog( ) flog(a)—i%

=1

—8log (\/ﬂ> —8log(o) — 1 i(wi — )2

(c) We have log f,, 52(x1,...,28) < —8log(c) for all u € R. Hence, independently of p,
log fu 02 (21,...,28) = —oo if 0% — o0o. Moreover, since for example x; # x5, there ex-
ists a ¢ > 0 with Z?Zl(xi — p)? > c and thus log f, o2(21,...,23) < —8log(c) — 5% for
all 1 € R. Since 5% goes much faster to co than 8log(c) goes to —oo if 0? — 0, we have

log fy.02(21,...,28) = —oc if 02 — 0, independently of p. Finally, if 62 € [c1, ¢2] for some
0 < ¢1 < ¢z, we have log f,, »2(x1,...,28) < —ﬁ ? (@i — p)?. Hence, independently
of the value of o2 in the interval [c1,ca], log fy, 2(21,...,28) = —oo if |u| = co. Since
log fy 02(21,...,28) is continuous in p and 0%, we can conclude that it attains its global

maximum somewhere in R X Ryq. Thus /i and 62 as defined on the exercise sheet have to
satisfy the first order conditions

% log fu.o2 (21, 28)|(p,02)=(,62) = 0 and
0
@ log f“’gz (:Bl, ey x8)|(,u,<72)=(ﬂ,62) = O.
We calculate

B, 1o
%lngu,az(x1;-~-ax8) 0_7;

which is equal to 0 if and only if 4 = % Zle x;. Moreover, we have

o 1< 1 8
B o8 o an ) = =5+ 53 D - PR

which is equal to 0 if and only if 02 = é Zle(:ci — )2 Since there is only tuple in R x R
that satisfies the first order conditions, we conclude that

8 8
Z and 6% = 3 D (@i —p)’ = éZ(a:i —-72 =T

i=1 i=1

OO\»—t

Note that the MLE 62 is not unbiased. Indeed, if we replace z1,...,xs by independent
Gaussian random variables X1, ..., Xg with expectation yu € R and variance o2 > 0 and write
i1 for % Z?:l X;, we can calculate

E[6%] = E[6*(X1,..., X

1 8 1 8
Elg > (X ] = gE lZ(Xiz - 2Xip + i)

i=1 i=1

By noting that 3°°_, X; = 8/ and that E[X?] = --- = E[X2], we get

8
1
B[6%) = S | Y X2 - 282 + 832| = BIXF] — E[#?] = 0* — E[X)* — Var(2) + E[]”
i=1
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By inserting

2

hence 6 is not unbiased.

(d) Since our data is assumed to follow a Gaussian distribution and the variance is unknown, we
perform a t-test. The test statistic is given by

158 logy; —
_ _ ] 2ui—1 108 i — [
T =T(logYs,...,logYs) = V8 NG ,

where
8

8 2
1 1
5% = logY; — < ) log;
Under Hy, T follows a Student-¢ distribution with 7 degrees of freedom. With the data given
on the exercise sheet, the random variable S? attains the value

18 13 2 13
D EEES 9 I oI
i=1 i=1 i=1
and thus for T" we get the observation
1 8
gzizlxi_ﬂ_ 7—6_
V8 Ve =8 v 1,

where we use that ;= 6 under Hy. Now the probability under Hy to observe a T that is at
least as extreme as the observation 1 we got above, is

P|T|>1]=PT>1+P[T<-1=1-PT <1 +1-P[T <1 =2-2P[T < 1],

where we used the symmetry of the Student-¢ distribution around 0. The probability P[T" < 1]
is approximately 0.83, thus the p-value is given by

P[T|>1]=2—2P[T < 1] ~2—2-0.83 = 0.34.

This p-value is fairly high, hence we conclude that we can not reject the null hypothesis, for
example, at significance level of 5% or 1%.

Solution 2.3 Variance Decomposition
By definition of the random variable X, the second moments exist. Hence, we have
E[Var(X|G)] = E [E[X?|G] - (E[X|G])?] = E[X?] - E [(E[X|F])*]
and )
Var(E[X|G]) = E [(E[X|4])*] — E[E[X|G]]" = E [(E[X|]])*] - E[X]*.

Combining these two results, we get

E[Var(X|G)] + Var(E[X|G]) = E[X?] — E[X]? = Var(X).
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Solution 3.1 No-Claims Bonus

(a) We define the following events:

A = {“no claims in the last six years”},
B = {“no claims in the last three years but at least one claim in the last six years”},

C = {“at least one claim in the last three years”}.
Note that since the events A, B and C' are disjoint and cover all possible outcomes, we have
P[A] + P[B] + P[C] =1,

i.e. it is sufficient to calculate two out of the three probabilities. Since the calculation of
P[B] is slightly more involved, we will look at P[A] and P[C]. Let Ny, ..., Ng be the number
of claims of the last six years of our considered car driver, where Ng corresponds to the
most recent year. By assumption, Ny, ..., Ng are independent Poisson random variables with
frequency parameter A = 0.2. Therefore, we can calculate

P[A] =P[N1 =0,...,Ng =0] = HP[Ni =0 = Hexp{—)\} = exp{—6A} = exp{—1.2}

i=1
and, similarly,
P[C)=1-P[C]=1-P[Ny=0,N5 =0,Ng =0] =1 — exp{—3A} =1 — exp{—0.6}.
For the event B we get
P[B] =1—-P[A4] —P[C] =1 —exp{—1.2} — (1 — exp{—0.6}) = exp{—0.6} — exp{—1.2}.

Thus the expected proportion g of the base premium that is still paid after the grant of the
no-claims bonus is given by

¢ =08 P[A] +0.9-P[B] +1-P[C]
=0.8-exp{—1.2} + 0.9 - (exp{—0.6} — exp{—1.2}) + 1 — exp{—0.6}
~ 0.915.

If s denotes the surcharge on the base premium, then it has to satisfy the equation
q(1 4+ s) - base premium = base premium,

which leads to 1
s=——1.
q

We conclude that the surcharge on the base premium is given by approximately 9.3%.
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(b) We use the same notation as in (a). Since this time the calculation of P[B] is considerably more
involved, we again look at P[A] and P[C]. By assumption, conditionally given ©, Ny,..., N
are independent Poisson random variables with frequency parameter ©X, where A = 0.2.
Therefore, we can calculate

P[A] =P[N; =0,...,Ng = 0]
:E[]P’[Nl =0,...,Ng = 0/0]]

HIP’ ;= 0[6]

=E H exp{—O\}

= E [exp{—60O\}]
= Mo (—6)),
where Mg denotes the moment generating function of ©. Since © ~ I'(1,1), Mg is given by
1
Me(r) = 1—7r’
for all » < 1, which leads to
1 1
P[A] = = —.
4] 1+6X 22
Similarly, we get
1 1 0.6
P[C]=1-P[C°]=1—-P[N,=0,N;=0,Ng =0]=1— =1-—=—.
(€] (€] [Ny =0,N5 =0, Ng = 0] T3 6= 16

For the event B we get

22 1.6 16 22
Thus the expected proportion ¢ of the base premium that is still paid after the grant of the
no-claims bonus is given by

q¢=08-P[A] +0.9-P[B] +1-P[C]

1 11 0.6
= 0855109 (16 2.2>+1.6

=~ 0.892.

We conclude that the surcharge s on the base premium is given by
1
s=-—1=~12.1%,
q

which is considerably bigger than in (a).

Solution 3.2 Central Limit Theorem

Let 02 be the variance of the claim sizes and = > 0. Then we have
1 — T -1 - x 1 — x
P||l- Y, — — | =P |- Y, — — | =P |- Y, —u< ——
P B B P A B O e
2> Yi— ,LL x s Yi—p x
:]P) TL 1= - —IP)
f o o o

—Pp Zn<f}—IP[Zns—f],
L g g
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where
Zn = /n™

According to the Central Limit Theorem, Z,, converges in distribution to a standard Gaussian
random variable. Hence, if we write ® for the distribution function of a standard Gaussian random

variable, we have the approximation
P 1iY- <2lxe(Z)-e(-2)
n imH vu| o \o o/’
On the one hand, as we are interested in a probabilty of at least 95%, we have to choose = > 0

such that " .
e (3)-e(-;) =09,

L _ 1 06.
ag

S Yi—p
. .

which implies

It follows that
x=196-0=196-Vco(Y1) - un=196-4-p. (1)

On the other hand, as we want the deviation of the empirical mean from pu to be less than 1%, we
set

x

% =0.01- p,
which implies

22

T 0012 2 )

Combining (1) and (2), we conclude
1.96 -4 - p)?
n= W = 1.96% - 42 - 10’000 = 614'656.

Solution 3.3 Compound Binomial Distribution

For S ~ CompBinom(%, p, G) with the random variable Y; having distribution function G and
moment generating function My, , the moment generating function Mg of S is given by

Mg(r) = (pMy, (r) +1— )",

for all r € R for which My, is defined. We calculate the moment generating function of 5. and
show that it is exactly of the form given above. Since S). > 0 almost surely, its moment generating
function is defined at least for all » < 0. Thus, for » < 0, we have

B N
Mg, (r) =E |exp {TZYi 1{m>M}H
L i=1

N
& Lesn {3 1)

Li=1

=E -E [ﬂ exp {rYi 1{yi>1\/[}} 'NH

i=1

-E ﬂIE [exp {rY; 1{Yi>M}}]] ;

i=1
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where in the third equality we used the tower property of conditional expectation and in the fourth
equality the independence between N and Y;. For the inner expectation we get

E [exp {rYi 1{y,sany }] = E [exp {rY;} - 1y, sany + Livi<any ]
= E[exp {rY;}[Y; > M]P[Y; > M] 4+ P[Y; < M]
=Elexp{rY:} |Y: > M][1 - G(M)] + G(M).
First note that the distribution function of the random variable Y; | Y; > M is G).. Moreover,

since Y; | Y; > M is greater than 0 almost surely, its moment generating function My, |y,~ns is
defined for all r < 0 and thus we can write

E [exp {rY: Livisan }] = My, vy >m(r)[1 = G(M)] + G(M).

Hence we get

N
Mg, (r) =E lH My, v, >m(r)[1 = G(M)] + G(M))]

=1

E [ (My, > (01 = GO+ GO1) |
= E [exp { N log (My, y,500(1)[1 = G(M)] + G(A) ]
= Mn(p),

where My is the moment generating function of N and
p=log (My,y,>n(r)[1 — G(M)] + G(M)) .
Since we have N ~ Binom(v,p), My(r) is given by
My (r) = (pexp{r} +1—p)*.
Therefore, we get

Mg, (r) = [p (My, v > (r)[1 = G(M)] + G(M)) + 1 —p]"
= (p[1 = G(M)|My, v, > (r) +1 = p[l = G(M)])".

Applying Lemma 1.3 of the lecture notes, we conclude that Sjc ~ CompBinom (7, p, G) with 0 = v,
p=p[l - G(M)] and G = Gic.
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Solution 4.1 Poisson Model and Negative-Binomial Model

(a) Let v = v1 = -+ = v1p = 10°000. In the Poisson model we assume that Ni,..., Ny are
independent with N; ~ Poi(Av;) for all ¢ € {1,...,10}. We use Estimator 2.32 of the lecture
notes to estimate the claims frequency parameter A by

10 10
. N, N, 10224
SAMLE _ Zut=1Vt _ Zut=1"Vt _ ~ 10.22%.
10 21 vy 10v 100°000 !

Note that a random variable N ~ Poi(Av) can be understood as
NYS N, (1)
i=1

where Ny,..., N, are independent random variables that all follow a Poi(\)-distribution. If
we define A = N/v, then we have

ol -sf2] -2

hence A can be seen as an estimator for \. Moreover, we have

Var (1) = Var (N) _ Var(N) _xw A

V2 v2 W

and, because of (1), we can use the Central Limit Theorem to get

N/v—E[N/v] _ A=A s

v/ Var (N/v) VA v

as v — 00, where Z is a random variable following a standard normal distribution. Hence, we
have the approximation

Pl&—\/XgAgX+ A
v v

i.e. with a probability of roughly 70%, A lies in the interval [5\ —V/AJu, A+ \//\/v]. Since
a confidence interval for A is not allowed to depend on A itself, we also replace it by the

A=A
AJv

:IP[—1§ gl]zﬂv(qugmzo.?,

estimator A to get an approximate, roughly 70%-confidence interval {5\ — 5\/1)7 M+ 5\/ v}

for A. If we look at the estimator AN as the random variable (Ztlil Nt) / (10v), we see
that

B R

and 10 10
=1 Var(Nt) _ Zt:l )\’Ut _ )\
(100)2 (10v)2 10v

Var (X%LE) = < % = Var (X) .
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Because of the smaller variance it makes sense to replace A by AMIE to get the approximate,

roughly 70%-confidence interval

~

. AMLE AMLE
AR — [ F— AN 4 ) 0 |~ [0.90%, 10.54%]

for A\. If we define Ay = N;/v; for all t € {1,...,10}, we have the following observations
A1, ..., A10 of the frequency parameter A:

t 1 2 3 4 ) 6 7 8 9 10

A=22 110% 9.97% 9.85% 9.89% 10.56% 10.70% 9.94% 9.86% 10.93% 10.54%

vy

Table 1: Observed claims frequencies A\ = N;/v;.

We observe that instead of the expected, roughly seven observations, only four observations
lie in the estimated confidence interval. We conclude that the assumption of having Poisson
distributions might not be reasonable.

(b) By equation (2.8) of the lecture notes, the test statistic X* is given by

10 (Nt/vt _ 5\11\/(1)LE)2

ok E
X = Ut =
MLE
)\10

and is approximately x2-distributed with 10 — 1 = 9 degrees of freedom. By inserting the
numbers and A}§FF calculated in (a), we get

V* ~ 14.84.

The probability that a random variable with a y2-distribution with 9 degrees of freedom is
greater than 14.84 is approximately equal to 9.55%. Hence we can reject the null hypothesis
of having Poisson distributions only at significance levels that are higher than 9.55%. In
particular, we can not reject the null hypothesis at the significance level of 5%.

(c) As in part (a), let v = v; = .-+ = vy9 = 10°000. In the negative-binomial model we
assume that Ny, ..., Nig are independent with V; ~ Poi(0©;Av;) for all ¢t € {1,...,10}, where

O1,...,010 L T'(~,7) for some v > 0. We use Estimator 2.28 of the lecture notes to estimate
the claims frequency parameter \ by

10 10

- N, N, 10’224

ANB _ Zat=1Vt _ Za=1*Vt _ ~ 10.22%.
10 tlgl Vs 10w 100’000 !

As in equation (2.7) of the lecture notes, we define
10
. 1 N,
V2 =29 o [ = -8 x16.9%.
YN CEP: o
t=1
Now we can use Estimator 2.30 of the lecture notes to estimate the dispersion parameter + by

A 2 ~ 2 5 R 2
(WF) 1 [ 10 o (WE)" (1ov-182) (W)
NB _ (Z vy — 2et=1Y ) - v/ —— ~ 1576.15.

’)/10 - X ~ N - X ~ - X
2 NB 10 2 NB 2 NB
Vio — Ao 9 t=1 t=1 Ut Vio — Ao 9 Vio — Ao
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For a random variable N ~ Poi(©Av), conditionally given ©, we have

:A7

. {N] _E[N] _ E[E[N|O] _ E[ex] _

v v (% v v

since E[O] = 1, and

5
v2 v2 v2 v

Vi (N) _ E[Var(N[©)] + Var(E[N[6]) _ E[OXe] + Var(@Xv) _ Ao+ 22 A A

v

since Var(©) = 1/v. Similarly as in the Poisson case in part (a), we get the approximate,
roughly 70%-confidence interval

2 N 2 o o 2
NP+ (40) o/t WP+ (W0) o/an

ANB . AN . ~ [9.81%, 10.63%).
for A\. Looking at the observations A1, ..., A9 given in Table 1 above, we see that eight of

them lie in the estimated confidence interval, which is clearly better than in the Poisson
case in part (a). In conclusion, the negative-binomial model seems more reasonable than the
Poisson model.

Solution 4.2 Compound Poisson Distribution

(a) Since S ~ CompPoi(\v,G), we can write S as

where N ~ Poi(\v), Y1,Y5,... are i.i.d. with distribution function G and N and Y7,Y5,...
are independent. Now we can define Sg., Sy and S). as

N N N
Ssc = ZYil{Yigl’ooo}, Sme = Zﬂ1{1’000<m§1’000’000} and Sy = ZYil{Yi>1’OOO’OOO}~

i=1 i=1 =1

(b) Note that according to Table 2 given on the exercise sheet, we have

3 4 3 1
P[Y; < 1°000] = P[Y = 1 PlY = PY =500 = > + — + > — =
[V < 1°000] = P| 00] + P[Y = 300] + P[Y = 500] = o + o5 + o5 = 5.
P[1°000 < ¥; < 1°000°000] = P[Y" = 6°000] + P[Y" = 100°000] + P[Y" = 500°000]
2 2

1
BETRRTRET
1
= — and

3
1 1 1
P[Y; > 1°000°000] = 1~ P[¥; < 1°000°000} =1~ 5 — 3 = .

Thus, using Theorem 2.14 of the lecture notes (disjoint decomposition of compound Poisson
distributions), we get

A A A
Ssc ~ COIinOi <2va Gsc) 5 Smc ~ ComPPOi (;7 Gmc) and Slc ~ COHlpPOi <6,U’ Glc> )
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where

Gse(y) = P[Y1 < y[¥1 < 1°000],
Gme(y) = P[Y1 < y[17000 < Y3 < 1°000°000] and
Gie(y) = P[Y1 < y[Y1 > 1°000°000]

for all y € R. In particular, for a random variable Y. having distribution function Gg., we
have

PlY =100  3/20 3
[¥se = 100] P[Y; <1°000]  1/2 10’

Py =300] 4/20 4
P[Y,. = — - -2 and
Yoo =300) = 55 —000) ~ 12 ~ 10 ™
P[y =500] 3/20 3
[ | =Py <To00] ~ 12 10

Analogously, for random variables Y. and Y}, having distribution functions Gy, and Gy,
respectively, we get

2 2 1
P[Yie = 6°000] = R P[Yine = 100°000] = 5 and P[Yie = 500°000] = 5
as well as
1 1 1
P[Y1. = 2°000°000] = 3 P[Y. = 5°000°000] = 1 and P[Yi. = 10°000°000] = T
(¢) According to Theorem 2.14 of the lecture notes, Ss., Sme and Sj. are independent.

(d) In order to find E[Ss.], we need E[Y;.], which can be calculated as
300 1200 1500

E[Yic] = 100-P[Ys. = 100]4300-P[Yi,e = 300]+500-P[Yi. = 500] = 1—04—?—&-170 = 300.
Now we can apply Proposition 2.11 of the lecture notes to get
A
E[S.c] = 5 ElYic] = 0.3+ 300 = 90.

Similarly, we get

E[Yie = 142400 and E[Yi.] = 4'750°000.
Thus we find

Av Av

E[Sme] = ?]E[Ymc] =28480 and E[S] = EE[YIC] = 475°000.

Since S = Ss¢ + Sme + Sic, we get
]E[S] = IE[Ssc] + E[Smc] + E[Slc] = 503’570.
In order to find Var(Ss.), we need E[Y2], which can be calculated as
E[YZ] = 1007 - P[Y;. = 100] + 300% - P[V;ne = 300] 4 5002 - P[Y;. = 500]
_ 307000 n 360’000 n 750’000
- 10 10 10

Now we can apply Proposition 2.11 of the lecture notes to get

A
Var(Ss.) = %’E[Yg] =0.3- 114’000 = 34'200.

= 114’°000.
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Similarly, we get
E[V:2.] = 54°014°400°000 and E[Y;] = 33’250°000°000°000.

Thus we find
A A
Var(Sme) = ?UE[YHQIC] = 10’802’880°000 and Var(S).) = %E[le] = 3’325’000’000°000.

Since S = Ss¢ + Sime + Sic and Sge, Sme and Sie are independent, we get
Var(S) = Var(Ss.) + Var(Sme) + Var(S)) = 3’335'802’'9147200.

(e) First, we define the random variable Ny, as
v
NIC ~ Poi (6) .

The probability that the total claim in the large claims layer exceeds 5 millions can be
calculated by looking at the complement, i.e. at the probability that the total claim in the
large claims layer does not exceed 5 millions. Since with three claims in the large claims layer
we already exceed 5 millions, it is enough to consider only up to two claims. Then we get

P[S)e < 5°000°000] = P[N}e = 0] + P[Nie = 1]P[Yie < 5°000°000] + P[N}. = 2]P[Yi. = 2°000°000]?

Av ) Av /1 1 AV Mw\211
:exp{‘6}+e"p{‘6}6(z+4>+e"p{‘6}<6) 21
=exp{—0.1} (1 + 0.075 + 0.00125)
~ 97.4%.

Hence we can conclude
P [Si > 5’000°000] = 1 — P [S). < 5°000°000] =~ 2.6%.

Solution 4.3 Method of Moments

IfY ~T(y,c), then we have

i 2
EY] == d Y)=-=.
Y] . on Var(Y') 2

We define the sample mean fig and the sample variance 63 of the eight observations given on the
exercise sheet as
8 8
. 1 64 9 1 .o 28
fa=glmi=g =8 and GF=3) (mi-je)f=7 =4

=1

The method of moments estimates (9, ¢) of (v, ¢) are defined to be those values that solve the

equations
oA 2 9
=— and 6=
He =% 87 &2
We see that 4 = fig¢ and thus
52— HsC _ His
87 2 ¢’
which is equivalent to
. fig 8
C=—=—-—=2
5271
Moreover, we get
2
o Bis 64
=-—5=—=16
7T T

Thus we conclude that the method of moments estimate are given by (%, ¢) = (16, 2).
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Solution 5.1 Kolmogorov-Smirnov Test

The distribution function Gy of a Weibull distribution with shape parameter 7 = % and scale
parameter ¢ = 1 is given by

Goly) = 1 — exp{—y'/*}
for all y > 0. Note that since G is continuous, we are allowed to apply a Kolmogorov-Smirnov test.
If z = (—logu)? for some u € (0,1), we have

Go(z) =1 — exp{— [(—logu)ﬂlp} =1—exp{logu} =1—u.

Hence, if we apply Gy to z1,...,x5, we get
2 3 5 6 30
Go(r1) = 10 Go(z2) = 0 Go(xs) = 0 Go(rs) = 10 Go(zs) = 0
Moreover, the empirical distribution function Gs of the sample x1,..., x5 is given by

0 if y <ay,

1/5  ifz <y < o,
A ) 2/5 ifxs <y <us,
Gs(y) = 3/5 ifxz <y <y,

4/5 ifxy <y <axs,

1 if y > xs.

Now the Kolmogorov-Smirnov test statistic Dy is defined as

Ds = sup |G5(y) — Go(y)|-
yeR

Since Gy is continuous and strictly monotonically increasing with range (0,1) and Gs is piecewise
constant and attains both the values 0 and 1, it is sufficient to consider the discontinuities of G5 to
find Ds. We define

£ls=) = lim (1)

for all s € R, where the function f stands for Gy and Gs. Since Gy is continuous, we have

Go(s—) = Go(s) for all s € R. The values of Gy and G5 and their differences can be summarized in
the following table:

Ly Lj— xr1— Z1 ZTo— £2 Zr3— xs3 Ta— Ty T5— Zs
G5(-) 0 8/40 8/40 16/40 16/40 24/40 24/40 32/40 32/40 1
Go(") 2/40 2/40 3/40 3/40 5/40 5/40 6/40  6/40 30/40 30/40

|G5(')7G0(o)| 2/40 6/40 5/4() 13/40 11/40 19/40 18/40 26/40 2/40 10/40

From this table we see that D5 = 26/40 = 0.65. Let ¢ = 5%. By writing K (1 — g) for the
(1 — ¢)-quantile of the Kolmogorov distribution, we have K¢ (1 — ¢) = 1.36. Since
K~(1-q)
NG

we can reject the null hypothesis of having a Weibull distribution with shape parameter 7 = % and
scale parameter ¢ = 1 as claim size distribution.

~ 0.61 < 0.65 = Ds,
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Solution 5.2 Large Claims
(a) The density of a Pareto distribution with threshold 6 = 50 and tail index o > 0 is given by

a ac)*(aﬂ)

I@) = fale) =5 (5

for all z > 6. Using the independence of Y7,...,Y,, the joint likelihood function Ly («) for

the observation Y = (Y1,...,Y,,) can be written as
n n —(a+1) n
. o o Y; o av—(a+1)
v =110 =115 () =Ilery ™

whereas the joint log-likelihood function ¢y () is given by

n n
by () =log Ly (@) = Zloga+alog0—(a+1) logY; = nlog a+nalog—(a+1) ZlogYi.
i=1 i=1
Now the MLE aMYE is defined as
AMLE
n

& = argmax Ly (o) = arg max Iy ().

Calculating the first and the second derivative of ¢y («) with respect to a, we get

0 n -
- - = 1 _E logY;
éy(oz) + nlog6 2 ogY; and

0? 0 [n o n
ﬁfy(a) = o (a —i—nlog@—Zlog}Q) =-—5< 0,

i=1
for all @ > 0, from which we can conclude that fy(a) is strictly concave in a. Thus aMLE

can be found by setting the first derivative of fy(a) equal to 0. We get

n n -1
n _ MLE _ [ 1
Wﬂ%log@—zlog)@_o = a, _<n;bgyi_10g0> .

i=1

(b) Let & denote the unbiased version of the MLE for the storm and flood data given on the
exercise sheet. Since we observed 15 storm and flood events, we have n = 15. Thus & can be
calculated as

15

-1 —1
n—1[1g 14 (1
o= — logY; —log 6 = — | = logY; —1 ~ 0.98,
& - (n; og og) G (15; og 0g50> 0.98

where for Y7, ..., Y15 we plugged in the observed claim sizes given on the exercise sheet. Note
that with & = 0.98 < 1, the expectation of the claim sizes does not exist.

(c) We define Ny, ..., Ny to be the number of yearly storm and flood events during the twenty
years 1986 — 2005. By assumption, we have

Nl, . 7]\[20 ll\'/j POI()\)
Using Estimator 2.32 of the lecture notes with v; = - -+ = v99 = 1, the MLE X of \ is given by

20

1 L

A= —5— N;i= — N;.

SUTPI P

Since we observed 15 storm and flood events in total, we get
15

A= — =0.75.
5 = 075
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(d) Using Proposition 2.11 of the lecture notes, the expected yearly claim amount E[S] of storm

and flood events is given by
E[S] = AE[min{Y7, M }].

The expected value of min{Y7, M} can be calculated as
E[min{Yl, M}] = E[min{Yh M}]'{YlﬁM}] + E[min{Yl, M}l{y1>]\/[}]

= EY1 1y, <my) + E[M 11y, 500]
= EY11y,<ay] + MP[Y; > M],

where for E[Y11¢y, <ary] and P[Y7 > M] we have

6

_ / ng (&) i

M
:a9a|: 1 1—a:|
l1—« o
=& pomte - Ly
—« 11—«
«o M\ «
1—049(9) _1—049

Il
—_
l|e
Q
—
7N
==
N——
-
:
|
—_
[

and

MP[Y; > M] =M (1 -P[Y; gM]):M<1— [1— (%4)_@]) :9(%4)1_@.

Hence we get
l1—a l-« 1-a
@ (M Lo(M g0 (M
a—1 0 0 a—1 a—-1\10

Replacing the unknown parameters by their estimates, we get for the estimated expected
total yearly claim amount E[S]:

1—-a& « , 1-0.98 _
E[S] = A [9 (M) - 9] ~0.75 [50 (2000> 0.98 50] ~ 180.4.

E[min{Y;, M} =0

1—a\o 1—a 1-0.98 \ 50 1-0.98

(e) Since S ~ CompPoi(\, G), we can write S as

where N ~ Poi()), Y7, Ys,... are ii.d. with distribution function G and N and Y7,Y5,... are
independent. Since we are only interested in events that exceed the level of M = 2 billions
CHF, we define Sy, as

N
Su = ZYil{Yi>1\/l}-

i=1
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Due to Theorem 2.14 of the lecture notes, we have Sy ~ CompPoi(Ay, Gpr) for some
distribution function Gp; and

)\MA]P’[Y1>M})\(1P[Y1§M])/\<1 l1 (f)aD A(f)a.

Defining a random variable Nj; ~ Poi(Ays), the probability that we observe at least one
storm and flood event in a particular year is given by

PNy > 1] =1 =P[Ny = 0] =1 —exp{-An} =1 —exp {_A <J\94) a} |

If we replace the unknown parameters by their estimates, this probability can be estimated by

. M\ Y 9 —0.98
]P’[NMEI]:l—exp{—/\<0> }zl—exp{—0.75< E())(())O) =~ 0.02.

Note that in particular such a flood storm and flood event that exceeds the level of 2 billions
CHEF is expected roughly every 1/0.02 = 50 years.

Solution 5.3 Pareto Distribution

The density g and the distribution function G of Y are given by
« xr 7(044’1) T\ o
g(z) =— (5) and Gx)=1- <7)
for all z > 6.

(a) The survival function G =1 — G of Y is

for all x > 6. Hence, for all ¢ > 0 we have

lim Lf:tt) = lim 7(1’15/0)7 =t .

T—00 G(CC) T—00 (37/9)_0‘

Thus, by definition, the survival function of Y is regularly varying at infinity with tail index
.

(b) Let 8 <wuj; < ug and a # 1. Then the expected value of Y within the layer (u;,us] can be
calculated as

uz

o o (xN (et “2 ] sx\ @
]E[Yl{u1<y§u2}} :/9 xl{ul<$§u2}g(x) d:c:/ 1:5 <§> d:c:a@/u 7 (5) dx.

u1 1

In the case o # 1, we get

sl =055 ()] =oas (5T ()

and if @ = 1, we get

uz q s
E[Y 1y, <y<us}] =0 ~dr=0log | — ).
uy z u1
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(¢) Let a > 1 and y > 0. Then the expected value py of Y is given by

(e

=40
1% a—1

and, similarly as in part (b), we get

E[Y1y<yy] = E[Y Ligey<yy] = 9% l(z) et (‘Z)Ml] oy {1 _ (z{;)aﬂ} :

Hence, for the loss size index function for level y > 6 we have

76W) = - B 1yen] =1 (3) 7 €01l

(d) Let @ > 1 and w > 6. The mean excess function of ¥ above u can be calculated as

EVigsayl 7m7

o) =EY —ulY >ul =BV >u —u=Hm =0 —v="5"

where for E[Y 14y~,}] we have, similarly as in part (b),

ol o0 [ () ] -5 () " - e

Thus we get
o 1

a_lu—u:a_lu.

e(u) =

Note that the mean excess function u — e(u) has slope — > 0.
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Solution 6.1 Goodness-of-Fit Test

Let Y be a random variable following a Pareto distribution with threshold 6 = 200 and tail index
a = 1.25. Then the distribution function G of Y is given by

0-1- ()" 1)

for all x > 6. For example for the interval Is we then have

301 —1.25 239 —1.25
PlY € I,] = P[239 < Y < 301] = 1) - G(239) =1— == S F I i ~0.2.
[Y € I,] = P[239 < Y < 301] = G(301) — G(239) <2oo> [ (200) 0

By analogous calculations for the other four intervals, we get
PY e]~02, PlYel]~02 PYel3]~02 PYel]=02 P[Yel;~0.2

Let E; and O; denote respectively the expected number of observations in I; and the observed
number of observations in I;, for all ¢ € {1,...,5}. As we have 20 observations in our data, we can
calculate for example Fy as

E; =20-PlY € L] = 4.

The values of the expected number of observations and the observed number of observations in the
five intervals as well as their squared differences are summarized in the following table:

i 1 2 3 4 5
O; 4 0 8 6 2
E; 4 4 4 4 4
(O;—E)?|0 16 16 4 4

Now the test statistic of the y2-goodness-of-fit test using 5 intervals and 20 observations is given by

5
O;,—E)?> 0 16 16 4 4

X2 .= (27127 — 4+ — 4+ -+ -=10.
20:5 ; E; 1T Tt

Let o = 5%. Then the (1 — a)-quantile of the y2-distribution with 5 — 1 = 4 degrees of freedom is

given by approximately 9.49. Since this is smaller than X220,5a we can reject the null hypothesis

of having a Pareto distribution with threshold #§ = 200 and tail index o = 1.25 as claim size

distribution at the significance level of 5%.

Solution 6.2 Log-Normal Distribution and Deductible

(a) Let X ~ N (u,0?). Then the moment generating function My of X is given by

M) = Efexp{rX} = exp { -+ -}
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for all » € R. Since Y; has a log-normal distribution with mean parameter p and variance
parameter o2, we have

Yi 4 exp{X}.
Hence, the expectation, the variance and the coefficient of variation of Y7 can be calculated as
o2
B[] = E fexp(X}] = Blexp(1- X} = Mx(1) =exp {1+ T }.
Var(Y7) = E[Y?] — E[Y1)? = E [exp{2X}] — Mx(1)* = Mx(2) — Mx(1)?

40? o? 9 9
= exp 2,u+7 — exp 2u+27 :eXp{Qu—i-a}(eXp{a}—l) and

Veo(Y7) = Var(Yy) _exp{p+0°/2}Jexp{o?} -1 _ Vexp {2} — 1.

E[Y] exp {1 +0?/2}

(b) From part (a), we know that

o = /log[Vco(Y1)2 + 1] and

2
g
p=logE] - —-.

Since E[Y7] = 3’000 and Veo(Y7) = 4, we get

o=+/log(4>+1) = 1.68 and

1.68)2
( 28) ~ 6.59.

1~ log 3’000 —

(i) The claims frequency A is given by A = E[N]/v. With the introduction of the deductible
d = 500, the number of claims changes to

N
NDew — Z 1{Yi>d}-
i=1
Using the independence of N and Y7,Y5, ..., we get

= E[NIE[l (v >q)] = EINJB[Y: > d.

N
E[Nnew] =K lz 1{Yl>d}
=1

Let ® denote the distribution function of a standard Gaussian distribution. Since log Y;
has a Gaussian distribution with mean p and variance o2, we have

logYy — <10gd—u} :1_¢<logd—u)

o - o o

IE”[Y1>d]:1—IP’[

Hence, the new claims frequency A"¢V is given by

g

A = B[ Nyew] /v = E[NP[Y; > d]/v = AP[Y; > d] = A {1 ) (k’gd_”ﬂ .

Inserting the values of d, u and o, we get
log 500 — 6.59
ANV A1l —-® ——————— || ®0.59- A
e (MTE)

Note that the introduction of this deductible reduces the administrative burden a lot,
because 41% of (small) claims disappear.
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(i)

(iii)

With the introduction of the deductible d = 500, the claim sizes change to
Y =Y, —d|Y; > d.
Thus, the new expected claim size is given by
E[Y7Y] = E[Y1 — d|Y1 > d] = e(d),

where e(d) is the mean excess function of Y7 above d. According to the lecture notes,
e(d) is given by

logd—p—o?
g (ot

1—® (logd—p)

Inserting the values of d, u, o and E[Y7], we get

e(d) = E[V1] —d.

log 500—6.59—1.68°

1-o
E[Y Y] ~ 37000 ( 198

log 500—6.59
1-@ ( 1.68 )

) — 500 ~ 4456 ~ 1.49 - E[Y;].

According to Proposition 2.2 of the lecture notes, the expected total claim amount E[S]
is given by
E[S] = E[N]E[Y1].

With the introduction of the deductible d = 500, the total claim amount S changes to
S™eY which can be written as

Nmew
gnew Z Y'inew'
i=1
Hence, the expected total claim amount changes to
E [Snew] — IE [Nnew] E [Ylnew]
= E[N]P[Y; > d]e(d)

o {1¢(bgdu>} E[Y,) 1f<I><logd—U/t—02) »
; ()

Inserting the values of d, u, o and E[Y7], we get

— 500

B 1— (10g500—6.59—1.682)
log 500 6.59)} | 37000 1.68

E[S ]%)w[l@( 68 1_@(1%530_6.59)

68
~ Av - 0.59 - 4456
= 0.88 - E[S].
In particular, the insurance company can grant a discount of roughly 12% on the pure

risk premium. Note that also the administrative expenses on claims handling will reduce
substantially because we only have 59% of the original claims, see the result in (i).
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Solution 6.3 Inflation and Deductible

Let Y be a random variable following a Pareto distribution with threshold # > 0 and tail index
a > 1. Then the expectation E[Y] of ¥ and the mean excess function ey (u) of Y above u > 6 are

given by
[Y]= 0 y(u) = L
ElY T and ey (u T

Since the insurance company only has to pay the part that exceeds the threshold 6, this year’s
average claim payment z is

@ g g9

“ [] f a—1 a—1

For the total claim size Y of a claim next year we have
vy < (1+ 7)Y ~ Pareto([1 + 7]0, ).

Let pf for some p > 0 denote the increase of the threshold that is needed such that the average
claims payment remains unchanged. Then next year’s average claim payment is given by

5= E[(Y — [1+pl0)4]
Let’s first assume that we can choose a p < r such that z = Z. In this case we get
Y > (1+7)0 as. = Y > (1+p)0 as.
and thus

F=E[Y — (1+p)0] =E[Y] — (1+p)0 = %(1—&—7‘)9— (1+ p)o.

Now we have z = Z if and only if

« «
a_19—9fm(1+r)0—(1+p)9
— 0=-2 76 — po
a—1
«
= p= >,
a—1

which is a contradiction to the assumption p < r. Hence, we conclude that p > r, i.e. the percentage
increase in the deductible has to be bigger than the inflation. Assuming p > r, we can calculate

E[(Y = [14010) - Ly _(14p)03]
E[Y — (14 p)0|Y > (1+p)0] - P[Y > (1+ )]
ey ([1+pl6) - P[Y > (1+ p)f]

1 (1+p)0]
- oo (]

0
—_ 1 « 1 —a+1
L @rran

=2 (1)1 +p)

z

Now we have z = Z if and only if
(1+7)*1+p) =1 <= p=(1+r)=1 -1

We conclude that if we want the claim payment to remain unchanged, we have to increase the
deductible 6 by the amount
6[(1+ )=t —1].
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Solution 7.1 Hill Estimator

An example of a possible R-code is given below.

### Generate 300 independent observations coming from a
### Pareto distribution with threshold theta = 10 millions
### and tail index alpha = 2.

### We use that if Z ~ Gamma(l,alpha),

### then thetaxexp{Z} ~ Pareto(theta, alpha).

### Note that for the Gamma distribution we have:

### scale parameter in R = 1/(scale parameter in lecture notes)
n <- 300

theta <- 10 ### in millions

alpha <- 2

set.seed (100) ### for reproducibility

data.l <- rgamma(n, shape = 1, scale = 1 / alpha)

data <- theta * exp(data.l)

### Order the data
data.ordered <- datalorder(data, decreasing = FALSE)]

### Take the logarithm
log.data.ordered <- log(data.ordered)

### Number of observations
n.obs <- n:1

### Hill estimator

hill.estimator <- ((sum(log.data.ordered)
- cumsum(log.data.ordered) + log.data.ordered) / n.obs
- log.data.ordered) ~(-1)

### Confidence bounds (see Lemma 3.7 of the lecture notes)

upper .bound <- hill.estimator + sqrt(m.obs”2 / ((n.obs - 1)°72
* (n.obs - 2)) * hill.estimator~2)

lower.bound <- hill.estimator - sqrt(mn.obs”2 / ((n.obs - 1)72
* (n.obs - 2)) * hill.estimator~2)

### Hill plot and log-log plot next to each other
par (mfrow=c(1,2))

### Hill plot

plot(hill.estimator, ylim = c(alpha-1,alpha+2), xaxt="n"
xlab = "number of observations",
ylab = "Pareto tail index parameter", cex = 0.5)
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title(main = "Hill plot for alpha")

axis (1,at=c(1,seq(from n / 10, to
c(seq(from = n, to = n / 10, by

lines (upper.bound)

lines(lower.bound)

abline(h = alpha, col = "blue")

legend ("topleft", col = c("blue","black"),
pch = c(NA,1),
legend =

### True survival function (= 1 -

true.sf <-

### Empirical
empirical.sf <- 1 -

(1:n) / n

### Log-log plot

(data.ordered / theta) ~(-

survival function (= 1

n / 10)),
-n / 10),1))

= n, by:

lty C(l;NA)’

c("Pareto distribution","observations"))

true distribution function)

alpha)

- empirical survival function)

plot(log.data.ordered,log(true.sf), xlab = "log(claim size)",
ylab = "log(l - distribution function)",
cex= 0.5, col = "blue")

title(main = "log-log plot")
lines(log.data.ordered,
points(log.data.ordered,

cex= 0.5)
legend ("bottomleft", col = c("blue",
pch = c(1,1), legend =

log(true.sf),
log(empirical.sf),

c("Pareto distribution"

col = "blue")
col = "black",
"black"), 1ty = c(1,NA),

,"observations"))

The Hill plot (on the left) and the log-log plot (on the right) look as follows:

Hill plot for alpha
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Note that even though we sampled from a Pareto distribution with tail index a = 2, it is not at all
clear to see that the data comes from a Pareto distribution. In the Hill plot we see that, first, the
estimates of & seem more or less correct, but starting from the 180 largest observations, the plot
suggests a higher a or even another distribution. In the log-log plot we see that for small-sized and
medium-sized claims the fit seems to be fine. But looking at the largest claims, we would conclude
that our data is not as heavy-tailed as a true Pareto distribution with threshold # = 10 millions and
tail index o = 2 would suggest. We are confronted with these problems even though we sampled
directly from a Pareto distribution. This might indicate the difficulties one faces when trying to fit
such a distribution to a real data set, which, to make matters even worse, often contains far less
than 300 observations as in this example and moreover the observations may be contaminated by
other distributions.

Solution 7.2 Approximations

Note that if ¥ ~ I'(y = 100, ¢ = 75), then

ol 100
Ey]=2=—"" -1
[¥] ¢ 1/10 000,
+1) 100 - 101
]EYZ — 7(7 _ — 1°010°
V2] > 100 010°000 and
Yy +1)(v+2)  100-101 - 102
E[Y?) = = — 1°030°200°000.
(Y3 5 1000 030200°000

Let My denote the moment generating function of Y. According to formula (1.3) of the lecture
notes, we have

a3
= W

For the total claim amount S, we can use Proposition 2.11 of the lecture notes to get

M (0) My(r)| =E[Y?.

r=0

E[S] = AwE[Y] = 1°000 - 17000 = 1°000°000,
Var(S) = WE[Y2] = 1°000 - 1'010°000 = 1'010°000°000 and
Mg (r) = exp{\w[My (r) — 1]}.

In order to get the skewness ¢g of .S, which we will need for the translated gamma and the log-normal
approximations, we can use the third equation given in the formulas (1.5) of the lecture notes:

d? d?
g5 - Var(S)3/2 = g log Ms(r) = )\vﬁMy(r) = AWM (0) = WE[Y?],
r=0 r=0
from which we can conclude that
oo MENL B 1030200000 o
ST OWEYZ))Z T ME[YEE/Z VT000(U010000)32

Let Fg denote the distribution function of S. Then, since Fs is continuous and strictly increasing,
the quantiles ¢g.95 and gg.99 can be calculated as

q0.95 = Fg'(0.95) and q0.99 = F51(0.99).

(a) According to Section 4.1.1 of the lecture notes, the normal approximation is given by

N x — ME[Y]
FS(x)N(I)<\/W>7
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for all x € R, where ® is the standard Gaussian distribution function. For all a € (0, 1), we

have

Fi'(a) = WE[Y] + VME[YZ] - &7 a)
= 1°000 - 17000 + v/1°000 - 1°010°000 - &~ ()
~ 10007000 + 31'780.5 - &~ *(a).

In particular, we get

q0.95 = F§1(0.95) ~ 1°000°0004-31°780.5-®71(0.95) ~ 1°000°000+31°780.5-1.645 = 1°052’279

and

qo.99 = FS_1(0.99) ~ 1°000°000+31°780.5-®(0.99) ~ 1°000°000+31°780.5-2.325 = 1°073’890.

Note that the normal approximation also allows for negative claims S, which under our model
assumption is excluded. The probability for negative claims .S in the normal approximation

can be calculated as

0 — AE[Y] 1°000°000 Co1s
F. X ——= | | ——— | = P(—-31.0) ~4.34-1
s(0) ( ) ( 31'780.5 > (=31.5) ~ 4.34- 1077,

ME[Y?]

which of course is positive, but very close to 0.

(b) According to Section 4.1.2 of the lecture notes, in the translated gamma approximation we

model S by the random variable

X=k+2,

where k € R and Z ~ T'(%,¢). The three parameters k,7 and ¢ can be determined by solving

the equations

Var(X) = Var(5) and <X =¢s,

(1)

where ¢x is the skewness parameter of X. Since Z ~ I'(¥,¢), we can use the results given in
Section 3.2.1 of the lecture notes to calculate

]E[X]:]E[kJrZ]:kJrIE[Z]:k—F%,

Var(X) = Var(k + Z) = Var(2)

_E[(X -EX)?) E

_7

[(k+ 2 —Elk+2)%] _ E[(Z - El2))"

and

Var(X)3/2

Using equations (1), we get

2
—= =65
Y
i:Var(S) —
&2
v _
k+E—E[S] =

Var(k + Z)3/2 Var(Z)3/2
.4 ,
5= ~ 3883,
5
. gl
c Var(9) 0.002 and
k =E[S] — % = E[S] — \/7Var(S) ~ —980'392.

:gzz

2

%

If we write Fz for the distribution function of Z ~ I'(§ =~ 3’883,¢ ~ 0.002), using the

translated gamma approximation,

Fs(z)=PS<a]=~PX <z]=Pk+Z<z2]=PZ<z—kl=Fz(x—k),
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for all z € R. Now, for all « € (0,1), we have
Fg'(a) = k+Fz'(a)
In particular, we get
qo.95 = F§1(0.95) ~ k+ F;1(0.95) = —980'392 + 2°032'955 = 1°052'563

and
qo0.99 = FS_1(0.99) ~k+ FZ_1(0.99) ~ —980’392 + 2’055’074 = 1’074°682.

Note that since k£ < 0, the translated gamma approximation in this example also allows
for negative claims S, which under our model assumption is excluded. The probability for
negative claims S can be calculated as

Fs(0) = Fz(0 — k) = F7(980’392) ~ 4.87 - 10732,
which is basically 0.

According to Section 4.1.2 of the lecture notes, in the translated log-normal approximation
we model S by the random variable

X=k+2,

where k € R and Z ~ LN(u,0?). Similarly as in part (b), the three parameters k, u and o?
can be determined by solving the equations

E[X] = E[S], Var(X) = Var(5) and Sx =¢6s.- (2)

Since Z ~ LN(u,0?), we can use the results given in Section 3.2.3 of the lecture notes to
calculate

EX]=E[k+ Z] = k+E[Z] = k+ exp {u+0?/2},
Var(X) = Var(k + Z) = Var(Z) = exp {2+ 0} (exp {0®} —1) and

ox =5z = (exp {02} +2) (exp {02} — 1)/,
Using the third equation in (2), we get
(exp {02} +2) (exp {02} —1)"/* =5 2 00321 = o2~ 0.00012,

which was found using a computer software. Using the second equation in (2), we get

exp {2p + 02} (exp {02} —1) =Var(S) < n= % (log [(exp {02} — 1)71 Var(S)} — 02) ,

which implies
1= 14.875.

Finally, using the first equation in (2), we get
k+exp{p+o?/2} =E[S] <= k=E[S]—exp{p+0°/2} ~—2'391'769.

If we write Fyy for the distribution function of W = log Z ~ N(u ~ 14.875,0% ~ 0.00012),
using the translated log-normal approximation, we get

Fs(x) =P[S <z~ PX <z =Pk + Z < x] = Pllog Z < log(x — k)] = Fy (log[x — k]),
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for all z € R. Now, for all « € (0,1), we have
F3'(a) = k + exp{Fy;' (a)}.
In particular, we get
q0.05 = F5(0.95) ~ k + exp{ F;"(0.95)} =~ —2'391’769 + 3'444°295 = 1°052'527
and
0.99 = Fg'(0.99) ~ k + exp{F};; (0.99)} ~ —2'391°769 + 3'466’359 = 1°074’590.

Note that since k < 0, the translated log-normal approximation in this example also allows
for negative claims S, which under our model assumption is excluded. The probability for
negative claims S can be calculated as

Fs(0) = Fz(0 — k) = Fy (log[—k]) =~ Fy (log 2’391°769) ~ 1.92 - 10739,
which is basically 0.

We observe that with all the three approximations applied in parts (a) - (¢) we get almost the
same results. In particular, the normal approximation does not provide estimates that deviate
significantly from the ones we get using the translated gamma and the translated log-normal
approximations. This is due to the fact, that Av = 1’000 is large enough and the gamma
distribution assumed for the claim sizes is not a heavy tailed distribution. Moreover, the
skewness ¢g = 0.0321 of S is rather small, hence the normal approximation is a valid model
in this example. Note that in all the three approximations we allow for negative claims S,
which actually should not be possible under our model assumption. However, the probability
of observe a negative claim S is vanishingly small.

Solution 7.3 Akaike Information Criterion and Bayesian Information Criterion

(a)

By definition, the MLEs ('AyMLE, éMLE) maximize the log-likelihood function fv. In particular,
we have

KY (&MLE7 éMLE) Z eY (77 C) )
for all (v,¢) € Ry x Ry.

If we write dMEE) and d™M) for the number of estimated parameters in the MLE model and
in the method of moments model, respectively, we have dMLE) = ¢MM) — 9 The AIC value

AICMEE) f the MLE model and the AIC value AIC™™) of the method of moments model
are then given by

ATICMEE) = _opy (4MLE GMLE) 4 og(MLE) — _2.1264.013 +2-2 = —2524.026 and
ATCMM) = _opy (AMM QMM 4 og(MM) — 9. 1264.171 + 2 - 2 = —2524.342.

According to the AIC, the model with the smallest AIC value should be preferred. Since
AICMEE) AIC(MM)7 we choose the MLE fit.

If we write d®™) and d(®*P) for the number of estimated parameters in the gamma model
and in the exponential model, respectively, we have d&™) = 2 and d(®*?) = 1. The AIC value
AIC®*™) of the gamma model and the AIC value AIC™P) of the exponential model are then
given by

ATC(Em) — _9p(g™) (JMLE GMLE) 4 ogleam) — _2.1264.013 42 -2 = —2524.026 and
AICE®) — _9g(*P) ((MLE) 4 9g(exp) — _2.1264.169 + 2 - 1 = —2526.338.
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Since AIC®E™) > AIC(*P) e choose the exponential model.

The BIC value BIC®*™ of the gamma model and the BIC value BIC(**®) of the exponential
model are given by

BIC (™) = _gp(*™) (3MLE QMLE) 4 j(gam) . 1691000
= —2-1264.013 + 2 - log 1000
~ —2514.21

and

BIC(*P) = 2P (@MLE) 1 g(&P) . 165 1000
= —2-1264.169 + log 1000
~ —2521.43.

According to the BIC, the model with the smallest BIC value should be preferred. Since
BIC®&*™) > BIC(®*P), we choose the exponential model. Note that the gamma model gives
the better in-sample fit than the exponential model. But if we adjust this in-sample fit by the
number of parameters used, we conclude that the exponential model probably has the better
out-of-sample performance (better predictive power).

Updated: November 1, 2017 A



ETH Zirich, D-MATH
HS 2017 Coordinator
Prof. Dr. Mario V. Withrich A. Gabrielli

Non-Life Insurance: Mathematics and Statistics

Solution sheet 8

Solution 8.1 Panjer Algorithm

For the expected yearly claim amount 7wy we have

2
o =E[S]=E[N]E[Y1]=1-Elk+Z]|=k+E[Z] =k + exp {,u—i— 02} A 4123.872.

Let Yf denote the discretized claim sizes using a span of s = 10, where we put all the probability

mass to the upper end of the intervals. If we write g,, = P[Y;" = sm] for m € N, then we have

gr=92="=g10=0,
since P[Y;" < k] =P[Z < 0] =0 and k = 10s. For all [ > 11, we get

g = P[Y;" = sl]
=PY;" =k +s(l —10)]
=Pk +s(l—11) < Y; < k+ s(l — 10)]
=PY1 <k+s(l—10)] -P[Y1 < k+ s(l —11)]
=P[Z < s(1—10)] —P[Z < s(l — 11)]
=Pllog Z < log(s[l — 10])] — P[log Z < log(s[l — 11])]
Y <1og[s<z ~10) - u) W <1og[s<z ~1)- u) |

where @ is the distribution function of the standard Gaussian distribution and where we define
log 0 = —oo. From now on we will replace the claim sizes Y; with the discretized claim sizes Yi+. In
particular, we will still write S for the yearly claim amount that changed to

N
S=>"v'.
=1

Note that N ~ Poi(1) has a Panjer distribution with parameters a = 0 and b = 1, see the proof of
Lemma 4.7 of the lecture notes. Applying the Panjer algorithm given in Theorem 4.9 of the lecture
notes, we have for r € Ny

def. . [ PIN=0] for r =0,
fr = PIS =s1]= { > %glfr_l for r > 0.

Since the yearly amount that the client has to pay by himself is given by

Sins = min{S, d} + min{a - (S — d)4, M} = min{S,d} + a - min {(S —d)y, ]aW} ,

M/a = 7000 and the maximal possible franchise is 2’500, we have to apply the Panjer algorithm
until we reach P[S = 9’500] = fo50. Here we limit ourselves to determine the values of fy, ..., fi2
to illustrate how the algorithm works. In particular, we have

fo=P[N=0=e"~~0.36
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fi=fo==f10=0,
since g1 = go = --- =g19 = 0. For r = 11 and r = 12, we get

11

l log s — log 0 — _ _

fuzzﬁngu 1= g11fo = {‘I’ (H) —@(Hﬂ@ '~ 7.089-1077
g g

=1

and

12

B l B B log2s — logs —p 1 7
fi2 = Z ﬁglfu—l =g12fo = {‘b < e ) o ( e ~2.786-10".

g

Using the discretized claim sizes, the yearly expected amount 7,5 paid by the client is given by
. . M
Tins = E[Sins] = E [min{S,d}] + ¢E [min{ (S —d)1,— ¢ |,
e

where we have

d/s d/s d/s

E [min{S, d}] = Zf,sr+d 1—Zf, —d+2frsr—

and
d/s+M/sa d/s+M/a
M M
E | mi — — | = — — —
{mm {(S d) 4, - }] Z fr(sr—d) + " 1 Z Ir
r=d/s+1 r=0
M d/s+M/sa d/s
LS ) S
r=d/s+1
Therefore, we get
d/s M d/s+M/sa d/s
71-ins:d'f'ZfT<ST_ + o 7+ Z fr(sr—d_)_Zfr
r=0 r=d/s+1
d/s d/s+M/sa M
= d _— —_ — [ — .
+M+Zfr(sr d— M)+ Z af; (sr d a)
r=0 r=d/s+1
Finally, if the client has chosen franchise d, then the monthly pure risk premium 7 is given by
o 70 — Tins
12
L lete Il RV dff( d— M) d/siM/w f i-M
= 75 X - (4 - T — 4= - T —u-
12 P K B 2 sr e e} sr o

In the end, we get the following monthly pure risk premiums for the different franchises:

d | 300 500 1°000 1’500 2’000 2’500
m | 307 297 274 253 233 216

More generally, the monthly pure risk premium as a function of the franchise, which is allowed to
vary between 300 CHF and 2°500 CHF, looks as follows:
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pure risk premium (monthly)

pure risk premium
240 260 280
I L 1

220
1

T T T T T
500 1000 1500 2000 2500

franchise

Note that the above values only represent the pure risk premiums. In order get the premiums that
the customer has to pay in the end, we would need to add an appropriate risk-loading, which may
vary between different health insurance companies. The above plot can be created by the R-code
given below, where we calculated the premiums using two different discretizations of the claim sizes:
in one we put the probability mass to the upper end of the intervals and in the other to the lower
end of the intervals. However, the resulting premiums for these two versions are basically the same.

### Define the function KK_premium with the variables:
### lambda = mean number of claims
### mu = mean parameter of log-normal distribution
### sigma2 = variance parameter of log-normal distribution
### span = span size used in the Panjer algorithm
### shift = shift of the translated log-normal distribution
KK_premium <- function(lambda, mu, sigma2, span, shift){
### we will calculate the distribution of S until M (M = 2500 +
7000)
M <- 9500

### number of steps
m <- M/span

### we won’t have any mass until we reach shift, which happens at
the kO-th step
kO <- shift/span

### initialize array where mass is put to the lower end of the
interval
g_min <- array (0, dim=c(m+1,1))

### initialize array where mass is put to the upper end of the

interval
g_max <- array (0, dim=c(m+1,1))
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### discretize the log-normal distribution putting the mass to
the lower end of the interval

for (k in (k0+1):(m+1)){g_min[k,1] <- pnorm(log((k-k0)*span),
mean=mu, sd=sqrt(sigma2))-pnorm(log((k-k0O-1)*span), mean=mu,
sd=sqrt(sigma2))}

### discretize the log-normal distribution putting the mass to
the upper end of the interval
g_max[2:(m+1) ,1] <- g_min[1l:m,1]

### initialize matrix, where we will store the probability
distribution of S
f1 <- matrix (0, nrow=m+1, ncol=3)

### store the probability of getting zero claims (in both lower
bound and upper bound)

f1[1,1] <- exp(-lambdax*x(l-g_min[1,1]))

f1[1,2] <- exp(-lambdax*x(l-g_max[1,1]))

### calculate the values "1 *x g_{1}" of the discretized claim
sizes (lower bound and upper bound), we need these values in
the Panjer algorithm

hl <- matrix (0, nrow=m, ncol=3)

for (i in 1:m){

h1[i,1] <- g_min[i+1,1]1*(i+1)
h1[i,2] <- g_max[i+1,1]1*(i+1)

3

### Panjer algorithm (note that in the Poisson case we have a =
and b = lambda*v, which is just lambda here)
for (r in 1:m){
fi[r+1,1] <- lambda/r*x(t(f1[1:xr,1]1)%*%h1[r:1,1])
fi[r+1,2] <- lambda/r*(t(f1[1:r,2])%*%h1[r:1,2])
f1[r+1,3] <- r * span

}

### maximal and minimal franchise
ml <- 2500

m0 <- 300

### number of iterations needed to get to ml and mO
il <- ml1/span+l
i0 <- m0/span+1

### calculate the part that the insured pays by himself
franchise <- array(NA, c(il, 3))
for (i in i0:i1){
franchise[i,1] <- f1[i,3] ### this represents the franchise
franchise[i,2] <- sum(f1[1:i,1]*f1[1:i,3]) + f1[1i,3] * (1-sum(
f1[1:1,11))
franchise[i,2] <- franchise[i,2] + sum(f1[(i+1):(i+7000/span)
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,11*x£f1[2:(7000/span+1) ,3]1)*0.1 + 700 * (1-sum(f1[1:(i+7000/
span) ,11))

64 franchise[i,3] <- sum(f1[1:i,2]1*f1[1:i,3]) + f1[i,3] * (1-sum(
f1[1:1i,2]1))
65 franchise[i,3] <- franchise[i,3] + sum(f1[(i+1):(i+7000/span)

,2]1%£1[2:(7000/span+1) ,3]1)*0.1 + 700 * (1-sum(£f1[1:(i+7000/
span) ,2]1))

66|

67
68 ### calculate the price of the monthly premium
69 price <- array(NA, c(i1l, 3))

70 price[,1] <- franchisel[,1] ### this represents the franchise

71 price[,2:3] <- (lambdax*(exp(mu+sigma2/2)+shift) - franchise
[,2:3]1)/12

72 price

73| }

74

75| ### Load the add-on packages stats and MASS
76| require (stats)

77| require (MASS)

78
79| ### Determine values for the input parameters of the function KK_
premium

80| lambda <- 1

81lmu <- 7.8

82| sigma2 <- 1

83| span <- 10

84| shift <- 100

85
86| ### The coefficient of variation of the translated log-normal
distribution is given by

87| exp (mu+sigma2/2) *sqrt (exp(sigma2)-1)/(shift+exp(mu+sigma2/2))
88
89| ### Run the function KK_premium

90| price <- KK_premium(lambda, mu, sigma2, span, shift)
91
92| ### Plot the monthly pure risk premium as a function of the
franchise

93| plot (x=price[,1], y=price[,2], lwd=2, col="blue", type=’1l’, ylab="
pure risk premium", xlab="franchise", main="pure risk premium (
monthly)")

94| lines (x=pricel[,1], y=pricel[,2], lwd=1, col="blue")

95| points (x=c (300,500, 1000, 1500, 2000, 2500), y=price[c (300,500,
1000, 1500, 2000, 2500)/span+1,3], pch=19, col="orange")

96| abline (v=c (300, 500, 1000, 1500, 2000, 2500), col="darkgray", 1ty
=3)

97
98| ### Give the monthly pure risk premiums for the six franchises
listed on the exercise sheet

99| round (price [c (300,500, 1000, 1500, 2000, 2500)/span+1,2])

100| round (price [c (300,500, 1000, 1500, 2000, 2500)/span+1,3])
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Solution 8.2 Variance Loading Principle

(a) Let Si,5,53 be the total claim amounts of the passenger cars, delivery vans and trucks,
respectively. Then, according Proposition 2.11 of the lecture notes, for the expected total

claim amounts we have ‘
E[Si] = A E [V{],

for all ¢ € {1,2,3}. Using the data given in the table on the exercise sheet, we get

E[S)] = 0.25 - 40 - 22000 = 207000,
E[Sy] = 0.23-30-1'700 = 11°730 and
E[Ss] = 0.19 - 10 - 4000 = 7°600.

If we write S for the total claim amount of the car fleet, we can conclude that

E[S] = E[Sy + S2 + S3] = E[S1] + E[S2] + E[S3] = 39°330.
(b) Again using Proposition 2.11 of the lectures notes, we get
N2 , 12 12 ‘
Var[S;] = v, E [(Yf”) ] = \ivi (Var (Yf”) +E [Yf”} ) = Ao E [Yf”} (Vco(Yl(”)2 + 1) ,

for all 7 € {1,2,3}. Using the data given in the table on the exercise sheet, we find

Var(S;) = 0.25 - 40 - 2°000%(2.5% + 1) = 290°000°000,
Var(Ss) = 0.23 - 30 - 1’700%(22 + 1) = 99°705°000 and
Var(S3) = 0.19 - 10 - 4°000%(3% + 1) = 304°000°000.

Since 57, .52 and S3 are independent by assumption, we get for the variance of the total claim
amount .S of the car fleet

Var(S) = Var(Sy) + Var(Sz) + Var(S3) = 693705°000.

Using the variance loading principle with a = 3 - 107%, we get for the premium 7 of the car
fleet

7 = E[S] + aVar(S) = 39330 + 3 - 10~ - 693°705°000 ~ 39’330 + 2'081 = 41°411.

Note that we have
m—E[S] aVar(S) 2081 5.3%
E[S] ~ E[S] 39330 7

Thus, the loading 7 — E[S] is given by 5.3% of the pure risk premium.

Solution 8.3 Panjer Distribution

If we write
Pr = IP[N = ]{i]

for all k € N, then, by definition of the Panjer distribution, we have

b
Pk = Pk—1 <a+ k> )

for all k in the range of N. We can use this recursion to calculate E[N] and Var(N). Note that the
range of N is Nif ¢ > 0 and it is {0,1,...,n} for some n € N> if a < 0.
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First, we consider the case where a < 0, i.e. where the range of N is {0,1,...,n}. According to the
proof of Lemma 4.7 of the lecture notes, we have

——h (1)

a

For the expectation of N, we get
E[N] = "kpk
k=0
= ke
k=1
- b
= kak—l <a+ k)
k=1
n n
=a kak—l +b Zpk—1
k=1 k=1
n—1 n—1
=a Y (k+1)pe+bY pr
k=0 k=0

=a Z_:kpk+(a+b) Z_:pk
k=0 k=0
= a (E[N] — np,) + (a +b)(1 — p,)
aE[N]+a+b+pa(—an —a—b).

Using (1), we get
a+b _

—an—a—b=a a—b=0. (2)

Hence, the above expression for E[N] simplifies to

from which we can conclude that
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In order to get the variance of N, we first calculate the second moment of N:

I I
)= I03-
S N
[\v] ()
= S
ol ol
L
//~
IS
+
> o
~——

k=1
=a Zk Pr—1+b kak—l
k=1 k=1
n—1 n—1
=a Y (k+1°pe+b > (k+1)px
k=0 k=0

=a ik2pk+(2a+b) ikpk—i—(a—l—b) ipk
k=0 k=0 k=0
= a (E[N?] = n’p,) + (2a + b)(E[N] — np,) + (a +b)(L — py)
= aE[N?] + (2a + b)E[N] + a + b + pp[—an® — (2a + b)n — a — b).

Using (1), we get

b\ b
—an® — (2a+bn—a—b=—a (al— ) +(2a+b)%—a—b
__a2+2ab+b2+2a2+3ab+b2_a2+ab (3)
B a a a
=0.

Hence, the above expression for E[N?] simplifies to
E[N?] = aE[N?] + (2a + b) E[N] + a + b,
from which we get

(2a 4+ b)E[N] +a+b

E[N?] = -
_ (2a+b)(a+b)+ (a+b)(1—a)
(1-a)?
_ 20 +3ab+ b2 +a—a’>+b—ab
- (I-a)?
(a+b)*+a+b
(1—a)®

Finally, the variance of N then is

Var(N) = E[N?] - B[N = +<?_:>Z - Efj 232 B <1a_+ ab>2'

In the case where a > 0, i.e. where the range of N is N, we can perform analogous calculations
with the only difference that the index of summation in all the sums involved goes up to co instead
of stopping at n. As a consequence, the calculations in (2) and in (3) aren’t necessary anymore.
The formulas for E[N] and Var(N), however, remain the same.
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The ratio of Var(N) to E[N] is given by

Var (V) a+b 1-a 1

E[N]  (1-a)2a+b 1-a

Note that if @ < 0, i.e. if N has a binomial distribution, we have Var(N) < E[N]. If a = 0, i.e. if
N has a a Poisson distribution, we have Var(N) = E[N]. Finally, in the case of a > 0, i.e. for a
negative-binomial distribution, we have Var(N) > E[N].
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Solution 9.1 Utility Indifference Price

(a) Suppose that there exist two utility indifference prices m1 = 71 (u, S, ¢g) and m = ma(u, .S, co)
with 71 # mo. By definition of a utility indifference price, we have

Elu(co + m1 — S)] = u(co) = E[u(cg + m2 — 5)]. (1)
Without loss of generality, we assume that m < mo. Then we have
co+m —S<cy+m—S5 a.s.,

which implies
u(cg +m — 5) < ulcy+ m2 — 5) a.s.,

since u is a utility function and, thus, strictly increasing by definition. Finally, by taking the
expectation, we get
Elu(co + m — S)] < E[u(co + m2 — 5)],

which is a contradiction to (1). We conclude that if the utility indifference price 7 exists, then
it is unique. Moreover, being a utility function, u is strictly concave by definition. Hence, we
can apply Jensen’s inequality to get

u(co) = Efu(co+ 7 — )] < w(Elco + 7 — S]) = u(co + = — E[S]).

Note that we used that S is non-deterministic and, thus, Jensen’s inequality is strict. Since u
is strictly increasing, this implies 7 — E[S] > 0, i.e. m# > E[S].

(b) Note that

and that

1
E[Y(Q)} - —200.
1 0.005 00

Since S7 and S5 both have a compound Poisson distribution, Proposition 2.11 of the lecture
notes gives

1
E[S1] = Mu,E [Yf”] = 5 - 21000 - 2000 = 2'000°000

and
1
E[S2] = A2voE [Yl(z)} =10 10’000 - 200 = 200°000.

We conclude that
E[S] = E[S; + Sa] = E[S;] + E[S,] = 2°200°000.

(¢) The utility indifference price 7 = 7(u, S, ¢g) is defined through the equation

u(cog) = Elu(eo + 7 — 5)].
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Using that the utility function u is given by
1
u(z) =1— —exp{—ax},
a
for all z € R, with o = 1.5- 1076, we get

u(ep) = Elu(ep+m—9)] — 1-— éexp{faco} =E|1- éexp{fa(co +7—-5)}

> exp{—ac} = Elexp{-alco+m—5)}]
< exp{ar} =E[exp{aS}]

= 7=~ logE[exp {a5}].
Note that we can write S = S7 + S5 and use the independence of S; and Sy to get
T = élogE [exp {a(S1 + S2)}]
— L1og (E [exp {81} E [exp {aS5)])

(logE [exp {aS1}] + log E [exp {S2}])

[log Mg, (o) + log Mg, ()],

QlI—2 e

where Mg, and Mg, denote the moment generating functions of S; and Sa, respectively.
Moreover, since S7 and Sy both have a compound Poisson distribution, Proposition 2.11 of
the lecture notes gives

™= é (Mor [ My (@) = 1] + Aoz [ My (@) = 1]),

1 1

where M, ) and M, (2 denote the moment generating functions of Yl(l) and Y1(2)’ respectively.
1 1

Using that Yl(l) ~T'(y =20,c=0.01) and that Y1(2) ~ expo(0.005), we get

¢\ 0.01 20
My (a) = (c—a) - (0.01 - 1.5-106)

0.005 0.005
M. = = .
(@) = G005 —a ~ 0,005~ 151070
In particular, since a < ¢ and o < 0.005, both M, ) («) and M, 2 () and thus also Mg, («)
1 1

and

and Mg, («) exist. Inserting all the numerical values, we find the utility indifference price

20

2 1 0.01 1 0.005

=2.10% (22000 [~} —1|+—-10000- —1

=3 (2 [<0.01—1.5-10—6) 10 {0.005—1.540—6 D
= 2'203'213.

Note that we have

m—E[S]  2203'213 —27200°000 3213

— = ~ 0.146%.
E[S] 27200°000 27200000 %

Thus, the loading 7 — E[S] is given by approximately 0.146% of the pure risk premium.
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(d) The moment generating function Mx of X ~ N (u,0?) for some p € R and o2 > 0 is given by

T26T2
Mx (r) = exp {er 5 } ;

for all » € R. Hence, if we assume Gaussian distributions for S; and Ss, then we get

1
™= a [log MSI (a) + log MSQ (Ol)]

= é (aE[Sl] + O472\/&11(5'1) + aE[Ss] + O;V&I’(Sg))

= E[S1] + E[Ss] + %[Var(Sl) + Var(Ss)]
= E[S] + 5 Var(S),

where in the last equation we used that S; and Sy are independent. We see that in this case
the utility indifference price is given according to a variance loading principle. Since here we
assume Gaussian distributions for 57 and Ss with the same corresponding first two moments
as in the compound Poisson case in part (c), in order to calculate Var(S;) and Var(S;), we
again assume that S7 and Sy have compound Poisson distributions. Note that

E[m") S o = 47200000,

and that 5
(22| _ _ )
E [(Y1 ) } = ooy = 807000,

Then Proposition 2.11 of the lecture notes gives

1
Var($)) = Mo, E [(Yf”)ﬂ = 5+ 2'000 - 4'200°000 = 4200°000°000

and
1
Var(Ss) = AovoE {(YF’)?} = 75+ 107000 - 80000 = 80°000°000,

which leads to
Var(S) = Var(S; + S2) = Var(S1) 4+ Var(S2) = 4'280°000°000.
We conclude that the utility indifference price is given by

a , 1.5-107¢ ,
m=E[S] + aVar(S) = 22007000 + ————— - 42807000000 = 2'203'210.

Note that we have

m—E[S]  2203°210 — 27200000  3'210

= ~ 0.146%.
E[S] 2°200°000 27200000 @

Thus, as in part (c), the loading m — E[S] is given by approximately 0.146% of the pure
risk premium. The reason why we get the same results in (c¢) and (d) is the Central Limit
Theorem. In particular, neither the gamma distribution nor the exponential distribution are
heavy-tailed distributions and thus A\jv; = Ayvy = 1’000 are large enough for the normal
approximations to be valid approximations for the compound Poisson distributions.
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Solution 9.2 Value-at-Risk and Expected Shortfall

(a) Since S ~ LN(u,0?) with u = 20 and o2 = 0.015, we have

2
E[S] = exp {u + "2} ~ 488'817°614.

Let z denote the VaR of S — E[S] at security level 1 — ¢ = 99.5%. Then, since the distribution
function of a lognormal distribution is continuous and strictly increasing, z is defined via the
equation

P

S—E[S]<z]=1—-gq.

By writing ® for the distribution function of a standard Gaussian distribution, we can calculate
z as follows

P[S—E[S]<z]=1-¢ PlS<z+E[S]]=1—¢

P[logi—u < log(2+1§[51)—u} 1oy
q)[mg(zﬂg[s])—u] 1y

log(z +E[S]) =pu+o-®71(1—q)
z=exp{p+o- 0 (1—¢q)} —E[S]

= exp(u} (explo- 071 )}~ exp {(’2}) |

Frre 11

For 1 — g = 99.5%, we have ®~!(1 — ¢) ~ 2.576. Thus, we get
z ~ 1767299°286.
In particular, mooc is then given by
Tcoc = E[S] + rcoc - 2 &= 488’817°614 4 0.06 - 176°299°286 =~ 499°395°571.

Note that we have

mooc — E[S]  499'395'571 — 488'817°614 _ 10°577°957
E[S] 4888177614 ~ 488°817°614

~ 2.164%.

Thus, the loading mcoc — E[S] is given by approximately 2.164% of the pure risk premium.

(b) For all u € (0,1), let VaR,, and ES,, denote the VaR risk measure and the expected shortfall
risk measure, respectively, at security level u. Note that actually in part (a) we found that

VaR, (S —E[S]) = exp{u+0o- 2 ' (u)} — E[S]
and that by a similar computation we get
VaR,(S) =exp{p+o-@ ' (u)},
for all w € (0,1). In particular, we have

VaR, (S — E[S]) + E[S] = VaR,(S)
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for all u € (0,1). Since the distribution function of S is continuous and strictly increasing,
according to Example 6.26 of the lecture notes we have

ES1_4(S —E[S]) =E[S —E[S]| S —E[S] > VaR;1_,(S — E[S])]
=E[S —E[S]|S > VaRi_4(9)]
=E[S|S > VaRi_4(5)] — E[S]
=ES;1_4(5) — E[S].
By definition of the mean excess function eg(-) of S we have

ES1_(S) = E[S — VaRy_(S)| S > VaRi_4(S)]+VaRy_y(S) = es[VaRi_q(S)]+VaRi_,(S).

Moreover, according to the formula given in Chapter 3.2.3 of the lecture notes, the mean
excess function eg[VaR1_4(5)] above level VaR1_,(S) is given by

1_® |:logVaLRl,q(S’)f/,l,fa'2

es[VaRy_y(S)] = E[S] } — VaRy_y(S).

[ea

1 |:10gVaR1,q(S)—p,j|

Using the formula calculated above for VaR,,(S) with u =1 — ¢, we get

1 |:logVaR1_q(S)—;L—02:|

o

ES;_4(S) =E
S1-4(5) = E[S] l_é[w]

1—® {u+0~<1>_1(1w)*u*02}

g

1—-® [u+a<<1>*1(1—q)—u]

o

1E1<I>[<I>1(1q)g]>
q

1= @[@~1(1—g)]
(1-@[@ ' (1—¢q)—0]).

In particular, we have found

BS1-y(S — BIS]) = L EIS] (1 = @ [87(1 — 0) = o]) ~ ElS]

éE[S] (1-g-@[@'(1-q)—0a])

1 o? 1
P nt 5 (1-g—@[@ '(1—q)—0]).
For 1 — ¢ = 99%, we get
ESgoy (S — E[S]) ~ 184'119°256.
Finally, mcoc is then given by
Tcoc = E[S] + rcoc - ESgoy (S — E[S]) & 488’817°614 + 0.06 - 184°119°256 ~ 499’864°769.
Note that we have

Teoc — E[S]  499'864'769 — 488'817°614  11°047°155

~ = ~ 2.26%.
E[S] 4888177614 4838177614 °

Thus, the loading mcoc — E[S] is given by approximately 2.26% of the pure risk premium. In
particular, the cost-of-capital price in this example is higher using the expected shortfall risk
measure at security level 9% than using the VaR risk measure at security level 99.5%.

Updated: November 20, 2017 5/8



Non-Life Insurance: Mathematics and Statistics, D-MATH
HS 2017 Solution sheet 9

()

In parts (a) and (b) we found that
VaRgg 5% (S — E[S]) < ESggy (S — E[S]).
Let 1 — ¢ =99%. Now the goal is to find u € [0, 1] such that
VaR, (S —E[S]) =ES1_,(S —E[S]) <= VaR,(S) =ESi1_4(95).
Note that from part (b) we know
VaR,(S) =exp{p+o-@ ' (u)},

for all u € (0,1), and
1 _
ES1,(8) = ~EIS] (1 - [07 (1 —q) = o]).
Hence, we can solve for u to get

log BE[S} (1-®[@1(1-q) - g])} —u

g

u=>a

~ 99.62%.

We conclude that in this example the cost-of-capital price using the VaR risk measure at
security level 99.62% is approximately equal to the cost-of-capital price using the expected
shortfall risk measure at security level 99%.

Since S ~ LN(p, 0?) with g = 20 and 62 = 0.015 and U and V are assumed to be independent,
we have
U~ N(p,o?), V~Np,o?) and U+V ~N(2u,207%).

Let X ~ N (f1,6?%) for some i € R and 62 > 0. Then VaR;_,(X) can be calculated as

X —ji _ VaRy_o(X) — i
PIX <VaRy 4(X)]=1-q < P[ A VaRig(X) M}:l—q
g g

This implies that
VaR;_,(U)+VaR; (V) =p+0c- - (1—q)+p+o- & (1—q)=2u+20-0(1—q)

and that
VaRi_q(U +V) =2u+v20 - 271(1 - q).

Since ®71(0.45) ~ —0.126 and ®~1(0.55) ~ 0.126, we get
VaRo.as(U + V) & 39.978 > 39.969 ~ VaRo.45(U) + VaRo.5(V)

and
VaR0,55(U + V) ~ 40.022 < 40.031 =~ VaR0_55(U) + VaR0,55(V).

Note that since
VaR; (U + V) > VaRy_,(U) 4+ VaR, (V) <= & 11 —¢) > V207 1(1 —q)
— o '(1-¢q) <0,
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one can see that in this example

VaRi1_,(U +V) > VaRi_4,(U) + VaR1_4(V)
forall1 —gq € (0, %) and that

VaRi_4(U +V) < VaRi_4(U) + VaR1_4(V)

foralll—gq € (%,1).

Solution 9.3 Esscher Premium

(a) Let a € (0,r9) and Mg and M denote the first and second derivative of Mg, respectively.
According to the proof of Corollary 6.16 of the lecture notes, the Esscher premium 7, can be
written as ,

T = Ms(a)_
Ms(a)

Hence, the derivative of 7, can be calculated as

d d M{(a)
= —
do do Mg(a)

_ Mg(a) (Mé(a))2

- Ms(a)  \Ms(a)
_E [S%exp{aS}] (E [S exp{aS}])2
Ms(a) Mg (cx)

_ m / " 2 explaz} dF(z) — [ Msl(a) / " zexplaz} dF (z) 2

—00 —00

_ /O;szFa(x) - szdFa(x)r,

where we define the distribution function F, by

Pl = 3720 | explas) dF (o)

for all s € R. Let X be a random variable with distribution function F,,. Then we get

im = /OO 22 dF,(z) — UOO xdFa(:z:)r =E [X?] - E[X]* = Var(X) > 0.

da —00o — 00

Hence, the Esscher premium 7, is always non-decreasing. Moreover, if S is non-deterministic,
then also X is non-deterministic. Thus, in this case we get

d
Jo e = Var(X) > 0.

In particular, the Esscher premium 7w, then is strictly increasing in a.
(b) Let a € (0,79). According to Corollary 6.16 of the lecture notes, the Esscher premium 7, is
given by

d
= — 1
Ta o og Mg (r)

r=a
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For small values of o, we can use a first-order Taylor approximation around 0 to get

d2
Ta long(r) + - 72 log Ms(r)
r=0 r=0
Mé Mg (0) 5(0)]
-~ Ms(0 Ms(0) MS(O)
E[S] + a (E [S?] — E[S
E[S] +aVar(S)

We conclude that for small values of a, the Esscher premium 7, of S is approximately equal
to a premium resulting from a variance loading principle.

(c) Since S ~ CompPoi(Av, G), we can use Proposition 2.11 of the lecture notes to get
log Ms(r) = M [Mg(r) — 1],

where Mg denotes the moment generating function of a random variable with distribution
function G. Since G is the distribution function of a gamma distribution with shape parameter
~v > 0 and scale parameter ¢ > 0, we have

Me(r) = (cfr>ﬂy,

for all » < ¢. In particular, also Mg(r) is defined for all < ¢, which implies that the Esscher
premium 7, exists for all a € (0,¢).

Now let o € (0,¢). Then the Esscher premium 7, can be calculated as

m ilOng()T_a
:CZNAUKCCT)W_@ )
:$A0{<1—Z>_7—1] )
S

Note that since ¢ > ¢ — « and v > 0, we have

1
< ¢ ) >1,
C—

y+1
T = Av% < c > >zl = E[9].

C—« Cc

and, thus,
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Solution 10.1 Tariffication Methods

In this exercise we work with K = 2 tariff criteria. The first criterion (vehicle type) has I = 3 risk
characteristics:

X1,1 (passenger car), xi,2 (delivery van) and x13 (truck).
The second criterion (driver age) has J = 4 risk characteristics:
x21 (21 - 30 years), x2,2 (31 - 40 years), x2,3 (41 - 50 years) and x24 (51 - 60 years).

The claim amounts S; ; for the risk classes (4,5),1 < i < 3,1 < j <4, are given on the exercise
sheet. We work with a multiplicative tariff structure. In particular, we use the model

E[Si ;] = vij X1, X255

forall 1 <i < 3,1 <j <4, where we set the number of policies v; ; = 1. Moreover, in order to get a
unique solution, we set ;1 = 1 and 1,1 = 1. Therefore, there remains to find the risk characteristics

X1,25 X1,35 X2,15 X2,2, X2,3, X2,4-

(a) In the method of Bailey & Simon, these risk characteristics are found by minimizing

(Sij — X1, x2,4)°
1 X1,i X2,5

Y2 _ ZZ (S — vij X1, X2,5)° _ 23: v4

Vi,j X1, X2,5 =17

Let ¢ € {2,3}. Then X1 is found by the solution of

0L 9 x

8X1,¢

_ 24: 9 (Sij—x1ix24)°
=1 Oxu,i X1, X2,5

- 24: —2(5i,j = X1, X27j)X12,i X2,5 = (8ij = X1, X2,5)
=1 X1,i X2,j

_ =28, X1 X2, 23 X3, — Si; +2Six1i X2, — X1 X3,

B ; Xi,’XZj

_ 24: X%,i 923] - Si2,j
=1 X1,i X2,5

RS LS

= Jzz:l X2,5 — E ; XT,J

Thus, we get

1/2
N (Zj—l Si%j/XZj )

X1, = 1
Zj:l X2,j
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By an analogous calculation, one finds

3 1/2
Coi = Z¢:1Si2,j/X1.,i
2,5 = 3 )
D1 X1,

for j € {1,2,3,4}. For solving these equations, one has to apply a root-finding algorithm like
for example the Newton-Raphson method. We get the following multiplicative tariff structure:

21-30y 31-40y 41-50y 51-60y | X1

passenger car | 2’176 1’751 1’491 1’493 1

delivery van | 2’079 1’674 1’425 1’427 | 0.96
truck 2’456 1’977 1’684 1’686 | 1.13
X2.; 2’176 1’751 1’491 1’493

We see that the risk characteristics for the classes passenger car and delivery van are close to
each other, whereas for trucks we have a higher tariff. Moreover, an insured with age in the
class 21 - 30 years gets a considerably higher tariff than an insured with age in the class 31 -
40 years. The smallest tariff is assigned to insureds with age in the classes 41 - 50 years and
51 - 60 years. Note that we have

3 4

3 4
DD Kuikes = 21320 > 21300 = > Y S,
i=1 j=1

i=1 j=1

which confirms the (systematic) positive bias of the method of Bailey & Simon shown in
Lemma 7.2 of the lecture notes.

In the method of Bailey & Jung, which is also called method of marginal totals, the risk
characteristics x1,2, X1,3, X2,1, X2,2, X2,3, X2,4 are found by solving the equations

J J
E Vi WX1,0 X2, = E Sijs
j=1 j=1
I I
Y vig X1 X2 = Y Sije
i=1 i=1

Since I = 3,J = 4 and we work with v; ; = 1 and set u = 1, we get the equations

4 4
E X1, X2,j = E Sijs
=1 =1
3 3
E X1,i X2,j = E Sij-
i=1 i=1

Thus, for ¢ € {2,3} and j € {1,2,3,4}, we get

1 1
X1, = ZSU/Z X2,55
=1 =1

3 3
Xz2,j = ZS”/Z X1,i-
i=1 i=1

Analogously to the method of Bailey & Simon, one has to solve this system of equations using
a root-finding algorithm. We get the following multiplicative tariff structure:
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21-30y 31-40y 41-50y 51-60y | X1

passenger car | 2’170 1’749 1’490 1’490 1

delivery van | 2’076 1’673 17425 1’425 | 0.96
truck 2’454 1’977 1’684 1’684 | 1.13
X2,j 2170 1’749 1’490 1’490

We see that the results are very close to those in part (a) where we applied the method of
Bailey & Simon. However, now we have

3.4 3 4
S°3 fuike, = 2300 = 217300 = 337 S,
i=1 j=1

i=1 j=1

which comes as no surprise as we fitted the risk characteristics such that the above equality
holds true.

(¢) In the log-linear regression model we work with the stochastic model

def S@'
X;; = log =L =1log S;; ~ N(Bo + B, + B2,5,0%),

Vi,j

where B39, 314, 02,; € R and o2 > 0, for all risk classes (,7),1 <14 < 3,1 < j < 4. The risk
characteristics of the two tariff criteria vehicle type and driver age are now given by

B1,1 (passenger car), (12 (delivery van) and ;3 (truck),
and
B2.1 (21 - 30 years), [22 (31 -40 years), 23 (41 - 50 years) and (24 (51 - 60 years).

In order to get a unique solution, we set 31,1 = 32,1 = 0. Because this will simplify notation
considerably, we write X = (X1, ..., X) with M = 12 and

X1=X11, Xo=X12, Xz=X13, Xyu=Xi14, X5=2X1, Xe¢=IXop2,
Xe=Xo3, Xg=X94, Xg=X31, Xio=Xz2, Xi1=2X33 Xi2=2X3,.

Moreover, we define

B = (Bo, P12, 1,3, B2,2, B3, Ba,a) € R"HE

where 7 = 5. Then, we assume that X has a multivariate Gaussian distribution
X ~ N (28,0°I),

where I € RM*M denotes the identity matrix and Z € RM*("+1) ig the so-called design
matrix that satisfies
E[X] = ZB.

For example for m = 1 we have
EX] =E[X:1] =E[X11] = Bo+ 1,1+ P21 = bo = (1,0,0,0,0,0) 3,
and for m = 8
E[X,,) =E[Xs] =E[X24] = o + f1,2 + P24 = (1,1,0,0,0,1) 5.

Doing this for all m € {1,...,12}, we find the design matrix Z:
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intercept (fo) | van (B1,2) truck (B1,3) | 31-40y (B2,2) 41-50y (B2,3) 51-60y (B2,4)

e e e e e e

0
0
0
0
1
1
1
1
0
0
0
0

=== 0000000 Oo

O OO OO OoO OO
RO OO R OO OoO R OOoOOo

S OH OO, OO OO

Here we would like to point out that we can also use R to find the design matrix, see the

A ML
R-Code of Exercise 10.2. According to formula (7.9) of the lecture notes, the MLE 3
the parameter vector 3 is given by

BT 1202 2 2 (0 ) X = (7' 2) " 2K
~ MLE
Note that 3 does not depend on o2. Moreover, the design matrix Z has full column rank
and, thus, Z'Z is indeed invertible. See the R-Code given at the end of the solution to this

~ MLE
exercise for the calculation of 3 . We get the following tariff structure:

Bo=7.688 | 21-30y 31-40y 41-50y 51-60y | [,
passenger car | 2’182 1’758 1’500 1’501 0
delivery van | 2’063 1663 1’417 1’419 | -0.056
truck 2’444 1970  1'680 1’682 | 0.113

Ba,j 0 -0.216  -0.375 -0.374

We see that the results are very close to those in parts (a) and (b) where we applied the
method of Bailey & Simon and the method of Bailey & Jung. However, since we are now
working in a stochastic framework, we also get standard errors and we can make statements
about the statistical significance of the parameters. According to the R-output, we get the
following p-values for the individual parameters:

Bo Pz Bigs B2,2 B2.3 B2.4
p-value | =0 0.232 0.036 -0.005 0.0003 0.0003

R gets these p-values by applying a ¢-test individually to each parameter, whether they are
equal to zero. While the p-values for 50, Bl 3, ﬂg 2, ﬂg 3, ﬂg 4 are smaller than 0.05 and, thus,
these parameters are significantly different from zero, the p-value of 5172 (delivery van) is
fairly high. Hence, we might question if we really need the class delivery van.

In order to check whether there is statistical evidence that the classification into different
types of vehicles could be omitted, we define the null hypothesis of the reduced model:

Ho:B12=p13=0
i.e. we set p = 2 parameters equal to 0. Then we can perform the same analysis as above to
get the MLE Bgiﬂ In particular, let Zp, be the design matrix Z without the second column
van (f1,2) and the third column truck (8;,3). Then BZTE is given by

~MLE _
IBH() = (Z}‘IQZHO) IZ}‘IOX'
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See the R-Code given below for the calculation of Bg;E Now, for all m € {1,...,12}, we

define the fitted value X! of the full model and the fitted value X of the reduced model.

In particular, we have
. MLE]
m

Xfull _ |:Z,3
and
A ~MLE
Xt = [Zm B, |

where [],, denotes the m-th element of the corresponding vector, for all m € {1,...,12}.

Moreover, we define
M

. 2
SSEl = 3" (X — £5)
m=1
and
M R 2
S5t — 3" (Xm 4(,{30) .
m=1

According to formula (7.15) of the lecture notes, the test statistic

 SSHy —sSMIM —r—1  SSHy — ggtl

T err err err err

Ssglgl D SSfull

err

has an F-distribution with degrees of freedeom given by df; = p=2and dfy =M —r -1 =6.
See the R-Code below for the calculation of 7. We get

T ~ 8.336,

which corresponds to a p-value of approximately 1.85%. Thus, we can reject Hy at significance
level of 5%, i.e. there is no statistical evidence that the classification into different types of
vehicles could be omitted.

(d) As we already mentioned above, the method of Bailey & Simon, the method of Bailey & Jung
and the MLE method in the log-linear regression model all lead to approximately the same
results. The only differences are, that with the method of Bailey & Jung we get coinciding
marginal totals and with the log-linear regression model we are in a stochastic framework
which allows for calculating parameter uncertainties and hypothesis testing.

### c)

e

3| ### We apply the log-linear regression method to the observed
claim amounts given on the exercise sheet

### Load the observed claim amounts into a matrix

S <- matrix(c
(2000,2200,2500,1800,1600,2000,1500,1400,1700,1600,1400,1600)
, nrow = 3)

D O W

© ~

### Define the design matrix Z

Z <- matrix(c(rep(1,12) ,rep(0,4) ,rep(1,4),rep(0,12) ,rep(1,4),
rep(c(0,1,0,0),3),rep(c(0,0,1,0),3),rep(c(0,0,0,1),3)),nrow
= 12)

©

10
11| ### Store the design matrix Z (without the intercept term) and
the dependent variable log(S_{i,j}) in one dataset
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12| data <- cbind(Z[,-1] ,matrix(log(t(S)) ,nrow = 12))

13| data <- as.data.frame (data)

14| colnames (data) <- c("van", "truck", "X31_40y", "X41_50y", "X51_
60y", "observation")

15

16| ### Apply the regression model

17| linear .modell <- 1Im(formula = observation ~ van + truck + X31_
40y + X41_50y + X51_60y,data=data)

18

19| ### Print the output of the regression model

20| summary (linear .modell)

21

22| ### Fitted values

23| fitted(linear .modell)

24

25| ### We can also get the parameters by applying the formula
(7.9) of the lecture notes

26| solve (t (Z)%*%Z) %*%t (Z) %*Y%matrix (log (t(S)) ,nrow = 12)

27

28

20| ### Apply the regression model under H_{0}

30| linear .model2 <- 1lm(formula = observation ~ X31_40y + X41_50y +
X51_60y,data=data)

31

32| ### Calculation of the test statistic T which has an F-
distribution

33| T <- 3 * (sum((fitted(linear.model2) - datal[,6])"2) - sum((
fitted(linear .modell) - datal[,6])72)) / sum((fitted(linear.
modell) - datal[,6])"2)

34

35| ### Calculation of the corresponding p-value

36| pf (T, 2, 6, lower.tail = FALSE)

Note that we could also define the covariates of factor type in R which then automatically
implies that these covariates are of categorical type and R chooses the design matrix Z
accordingly, see the R-Code for the solution of Exercise 10.2 given below.

Solution 10.2 Tariffication Methods

(a)

In this exercise we work with K = 3 tariff criteria. The first criterion (vehicle class) has 2
risk characteristics:

B1.1 (weight over 60 kg and more than two gears) and S; o (other).
The second criterion (vehicle age) also has 2 risk characteristics:
B2,1 (at most one year) and [s2 (more than one year).
The third criterion (geographic zone) has 3 risk characteristics:

Bs.1 (large cities), 32 (middle-sized towns) and fs3 (smaller towns and countryside).
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and the observed claim

The observed number of claims IVy, ;,.1,, the observed volumes vy, 1, 1,
frequencies
_ NllJz,lS
)‘11,12713 -
Uy 10,15

for the risk classes (I1,12,13),1 <13 <2,1 <1y <21 <3< 3, are given on the exercise sheet.

Now, for modelling purposes, we assume that all IV;, ;, ;, are independent with

Niy .15 ~ Poi( Ay 15,1501, 15.15)

and define N
thlQ,lB = ,Ulll’lliz’ll?’ .
1,2,3
Then we use the model Ansatz
Ny is
9N ta0s) =9 (E [vlllzf =g E[X1 15.0,]) = Bo+ B, + B,y + B3,
1,243

where 8y € R and where we use the log-link function, i.e. g(-) = log(-). In order to get a
unique solution, we set 31,1 = (2,1 = 83,1 = 0. Moreover, we define

B = (Bo,B1,2, B2.2, P32, B3,3) € R"T1,

where r = 4. Similarly as in Exercise 10.1, (c), we will relabel the risk classes with the index
me{l,...,M}, where M =2-2-3 =12, define X = (Xy,..., X )" and the design matrix
Z € RM*(r+1) that satisfies

log E[X] = Z3,
where the logarithm is applied componentwise to E[X]. Let m € {1,...,12}. According to
Example 7.10 of the lecture notes, X,,, = Ny, /v, belongs to the exponential dispersion family

with cumulant function b(+) = exp{-}, 0,, = log A, Wy, = vy, and dispersion parameter ¢ = 1,
i.e. we have N

[ZB]m = logE[X,,] =logE [vm} = log A\, = O,
where [Z8],, denotes as above the m-th element of the vector ZB. Thus, we assume that
X1,..., Xy are independent with

X ~ EDF(em = [ZIB]mv(b = 17Um7b(') = exp{-}),

for all m € {1,..., M}. According to Proposition 7.11 of the lecture notes, the MLE BMLE of
B is the solution of
Z'Vexp{ZB} = Z'VX, (1)

where the weight matrix V' is given by V = diag(vy,...,vas). This equation has to be solved

numerically. See the R-Code at the end of the solution to this exercise for the calculation of
~ MLE
. We get the following estimates:

Bo B1,2 Bao B3.2 B33
MLE | -1.435 -0.237 -0.502 -0.404 -1.657

We observe that insureds with a vehicle with weight over 60 kg and more than two gears tend
to cause more claims than insureds with other vehicles. Analogoulsy, if the vehicle is at most
one year old, we expect more claims than if it was older. Regarding the geographic zone,
we see that driving in middle-sized towns leads to fewer claims than driving in large cities.
Moreover, driving in smaller towns and countryside leads to even fewer claims than driving in
middle-sized towns, where this difference is greater than the difference between large cities
and middle-sized towns.
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(b) The observed and the fitted claim frequencies against the vehicle class, the vehicle age and
the geographical zone look as follows:

mean claim frequency

mean claim frequency

mean claim frequency
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See the R-Code at the end of the solution to this exercise for creating the plots given above.
Note that the observed and the fitted marginal claim frequencies are always the same. This is
a direct consequence of equation (1) given above which ensures that the observed and the
fitted total marginal sums are the same if we use the same volumes again. This is also the
reason why in the marginal plot for the vehicle class we don’t see that insureds with a vehicle
with weight over 60 kg and more than two gears tend to cause more claims than insureds
with other vehicles as expected after the discussion at the end of part (a). More precisely,
for the vehicles with weight over 60 kg and more than two gears we have a smaller volume
for the riskier classes with respect to the other tariff criteria vehicle age and geographic zone
than for the other vehicles. This compensates for the fact that vehicles with weight over 60
kg and more than two gears tend to cause more claims than other vehicles, as seen at the end
of part (a). For the other variables vehicle age and geographic zone we again see the same
results as in part (a).

The Tukey-Anscombe plot and the QQ plot look as follows:

Tukey-Anscombe Plot QQ Plot
P
o -
0
3 . 3
o °© 7 @
g g
o =
5 7 5
=] © =]
o~ o o
o
@ e
T 1 T T T T T T T
50 100 150 -1.0 00 05 10 15 20
fitted means theoretical quantiles

See the R-Code at the end of the solution to this exercise for creating the plots given above.
They are both not ideal, but considering that we only have 12 risk classes, we accept them.

We will perform two tests in order to check if there is statistical evidence that the classification
into the geographic zones could be omitted. Note that in part (a) we saw that we tend to
have considerably fewer claims for drivers in smaller towns and countryside than for drivers
in middle-sized towns. The same holds true in a weakened form for middle-sized towns and
large cities. Thus, we would expect that the classification into the three different geographic
zone is reasonable. Now we will investigate this. To start with, note that the logarithmic
probability that a Poisson random variable with frequency parameter « attains the value k,
for some k € N, is equal to

k
log <exp{o¢}cli'> = —a+ kloga —logk!.
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Thus, defining

~

AMLE — exp {ZBMLE} ’

with XMLE = (S\%ALE, cee S\J\M4LE), the joint log-likelihood function Ix of X at XMLE is given
by
M
JMLE {MLE {MLE
Ix ()\ ) = Z =AU + X, log (/\m vm> —log [(Xmvm)!] -
m=1
«MLE
Therefore, we get for the scaled deviance statistics D* (X, A ):
«MLE <MLE
D (X,A ) =2 [zx (X) — Ix ()\ )}
M
=2 Z —Xmm + X log X, + /\%LEvm — X log )\%[LE
m=1

I
Mz

m

v (Xon 108 Xy — X = X log AP + AN
1

3
I

«MLE
Moreover, since for the Poisson case we have ¢ = 1, the scaled deviance statistics D* (X7 A )

and the deviance statistics D (X, ;\MLE> are the same. Now, in order to check whether there
is statistical evidence that the classification into the geographic zones could be omitted, we
define the null hypothesis

Hy: B32=333=0.
Thus, in the reduced model, we set the above p = 2 variables equal to 0. Then we can

~ MLE
recalculate By~ for this reduced model and define
«MLE . MLE
Nty =exp{ ZuBr, )

where Zp, is the design matrix in the reduced model. According to formula (7.22) of the
lecture notes, the test statistic

LD (%A ) =D (XA 4oy

D (X, S\MLE) P
D (X, Ah,f,OLE) _D (X, S\MLE)
2 D (x,A"")

has approximately an F-distribution with degrees of freedom given by df; = p = 2 and
dfs = M —r —1=7. See the R-Code below for the calculation of F. We get

F ~ 51.239,

which corresponds to a p-value of approximately 0.0066%. Thus, we can reject Hy at
significance level of 5%. According to formula (7.23) of the lecture notes, a second test
statistic is given by
5 ) <MLE ) <MLE
X2=D (X,AHO )—D (X,A )

The test statistic X2 has approximately a x2-distribution with df = p = 2 degrees of freedom.
See the R-Code below for the calculation of X2. We get

X2 ~ 389.882,
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which corresponds to a p-value of approximately 2.179 - 10785, which is basically 0. Thus,
we can reject Hy at significance level of 5%. Since we can reject Hy using two different test
statistics, we can conclude that there is no statistical evidence that the classification into
different types of vehicles could be omitted.

### a)
### We perform a GLM analysis for the claim frequencies

### Determine the design matrix Z

class <- factor(c(rep(1,6),rep(2,6)))

age <- factor(c(rep(1,3),rep(2,3),rep(1,3),rep(2,3)))
zone <- factor(c(rep(1:3,4)))

counts <- c¢(25,15,15,60,90,210,45,45,30,80,120,90)
volumes <- c¢(1,2,5,4,9,70,2,3,6,8,15,50) * 100

Z <- model.matrix(counts ~ class + age + zone)

### Store the design matrix Z (without the intercept term), the
counts and the volumes in one dataset

data <- cbind(Z[,-1],counts,volumes)

data <- as.data.frame(data)

### Apply GLM

d.glm <- glm(counts ~ class2 + age2 + zone2 + zone3, data=data,
offset = log(volumes), family = poisson())

d.glm

### b)

### Fitted number of claims
fitted(d.glm)

### Store the features, the observed number of claims and the
fitted numer of claims in one data set

data2 <- cbind(class, age, zone, volumes, counts, fitted(d.glm)
)

data2 <- as.data.frame(data2)

colnames (data2) [6:6] <- c("observed","fitted")

### Marginal claim frequencies for the two class categories

library (plyr)

class.comp <- ddply(data2, .(class), summarise, volumes = sum(
volumes), observed = sum(observed), fitted = sum(fitted))

barplot (t(as.matrix(class.comp[,3:4]/class.comp[,2])), beside =
TRUE, names.arg = c("weight > 60 kg, nr. of gears > 2", "
other"), main = "claims frequencies (observed vs. fitted)",
ylim = c(0,0.15), xlab = "vehicle class", ylab = "mean claim
frequency",legend.text = TRUE)

### Marginal claim frequencies for the two age categories
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39| age.comp <- ddply(data2, .(age), summarise, volumes = sum(
volumes), observed = sum(observed), fitted = sum(fitted))

40| barplot (t (as.matrix (age.comp[,3:4]/age.comp[,2])), beside =
TRUE, names.arg = c("at most one year", "more than one year"
), main = "claims frequencies (observed vs. fitted)",ylim =
c(0,0.15), xlab = "vehicle age", ylab = "mean claim
frequency",legend.text = TRUE)

41

42| ### Marginal claim frequencies for the three zone categories

43| zone.comp <- ddply(data2, .(zone), summarise, volumes = sum(
volumes), observed = sum(observed), fitted = sum(fitted))

44| barplot (t (as.matrix (zone.comp[,3:4]/zone.comp[,2])), beside =
TRUE, names.arg = c("large cities", "middle-sized towns", "
smaller towns"), main = "claims frequencies (observed vs.
fitted)",ylim = ¢c(0,0.15), xlab = "geographic zone", ylab =
"mean claim frequency",legend.text = TRUE)

45

46

47

48| ### c)

49

50| par (mfrow = c(1, 2))

51

52| ### Calculate the deviance residuals

53| dev.red <- sign(data2$observed - data2$fitted) * sqrt(2 * data2
$observed*(-log(data28fitted / data2$observed) + data2$
fitted / data2$observed - 1))

54

55| ### Tukey-Anscombe plot

56| plot (data2$fitted, dev.red, main = "Tukey-Anscombe Plot", xlab
= "fitted means", ylab = "deviance residuals", ylim = c
(-3,3))

57| abline(h = 0,col = "red")

58

59| ### QQ plot
60| library (mgcv)

61/ qq.gam(d.glm, type = "deviance",rep = 1, pch=19, main = "QQ
Plot")

62

63

64

65| ### d)

66

67| ### Calculate the deviance statistics of the full model

68| X <- data2$observed / data2$volumes

69| lambda.full <- data2$fitted / data2$volumes

70/|D.full <- 2 * sum(data2$volumes * (X * log(X) - X - X * log(
lambda.full) + lambda.full))

71
72| ### Fit the reduced model

73|d.glm.2 <- glm(counts ~ class2 + age2, data=data, offset = log(
volumes), family = poisson())
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74/d.glm.2
75

76| ### Calculate the deviance statistics of the reduced model

77| lambda.reduced <- fitted(d.glm.2) / data2$volumes

78| D.reduced <- 2 * sum(data2$volumes * (X * log(X)
lambda.reduced) + lambda.reduced))

79
80| ### Calculate the test statistic F

81|{F <- 7 / 2 x (D.reduced - D.full) / D.full
82
83| ### Calculation of the corresponding p-value
84| pf (F, 2, 7, lower.tail = FALSE)

85
86| ### Calculate the test statistic X~2
87| X.2 <- D.reduced - D.full

88
89| ### Calculation of the corresponding p-value
90| pchisq(X.2, 2, lower.tail = FALSE)

- X - X * log(

Solution 10.3 Tweedie’s Compound Poisson Model

(a) We can write S as

where N ~ Poi(\v), Y1,Y2,... "I @ and N and (Y1,Ys,...) are independent. Since G is the
distribution function of a gamma distribution, we have G(0) = 0 and, thus,

P[S = 0] =P[N = 0] = exp{—Av}.
Let 2 € (0,00). Then the density fs of S at « can be calculated as

fsla) = 2 PlS <),

where we have
P[S<a]=)» P[S<aN=rn]
n=0

:i]}D[SgﬂN:n]P[N:n]

n=0

:IP’[S§x|N:0]IP’[N=O]—&—iP[SgﬂN:n]P[N:n]

n=1

zn:Yééx

i=1

:IP[NzO}—i—iIP’ P[N = n).
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Since Y7,Y5, ... R I'(v,c), we get

i Y; ~T(nv,c).
i=1

By writing f,, for the density function of I'(n+y, ¢), for all n € N, we get

fs(x) = % <IP’[N — 0]+ ilIP’ Z:Y <z| PN = n])
il;il&v iYigx P[N = n]
_ i Ful@) PN = n]
_ 2 FE:;) 2" exp{—cx} exp{—Av} (A:!)n

o0

= exp{—(cz + \v)} Z(Avc”)" F(n%y)n!xm_l

= Y\ 1 ny—1
;(Avc ) F(nfy)n!x ] },

for all « € (0,00). Note that one can show that interchanging summation and differentiation
above is indeed allowed. However, the proof is omitted here.

= exp {—(cx + \v) + log

(b) Let X ~ fx belong to the exponential dispersion family with w, ¢,0,b(-) and ¢(-,-,-) as given
on the exercise sheet. Then we have

AV y+1
x0 (v+1) cA/) Aoy !
— = —2v = =—x vy | — = —czx,
¢/U) liﬂ,(Av7>§4T c
Ay c

for all z > 0, and

Moreover, since

—y—1

(y+ 1)+ ( ¢>"*‘1 _ o+t

7L (o) T
0% Avy c

= l(,\m)wl Aoy
~ c
1

= —Avyc”

= \vc?,
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we have

> 1)+ £\ ! " .
c(z, ¢, w) = log (Z (w) ] Wm v 1)
= log [i (Ave™)" TW) mm_l] )

for all x > 0. By putting together the above terms, we get

20 — b(0)

[x(z;0,¢) = exp { ow

+elaou)
nf;l (e )n!xml] }

= exp{ (cx + M) + log

= fs(x)v
for all z > 0, and

00— b(6) et BlS
(b/w—l-c((),(b,w)}—e p{—Xv} =P[S =0].

We conclude that S indeed belongs to the exponential dispersion family. Note that with this
result at hand one might be tempted to estimate the shape parameter v of the claim size
distribution and then to do a GLM analysis directly on the compound claim size S. However,
there are two reasons to rather perform a separate GLM analysis of the claim frequency and
the claim severity instead: First, claim frequency modelling is usually more stable than claim
severity modelling and often much of the differences between tariff cells are due to the claim
frequency. Second, a separate analysis of the claim frequency and the claim severity allows
more insight into the differences between the tariffs.

[x(0;0,¢) = exp {
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Solution 11.1 (Inhomogeneous) Credibility Estimators for Claim Counts

We define

for all ¢ € {1,...,5}. Then we have

1
E[N;1|0;] =

Vi1 Vi1

)

E[X;1]0:] =

and

Var(Xi1[0:) = —— Var(Ni1 [ ©:) = —— u(0i) vy = ( = ,

vy Ui Vi1 Vi
with 02(0;) = u(0;) = ©;), for all i € {1,...,5}. Moreover, since
E[1(0:)] = Var(u(6,)) + E[u(€:)]* = 7° + A < o0

and

0,
EIX2, 0 = Var(X.a| ) + EX. 07 = MO0 1 0,2
,1

)

we get
1(©:)

Vi

A
E[X} ]| =E[E[X},]6i]] =E { + “(@Zﬂ = —0 + 7% 4+ A3 < oo,

Vi1

for all 4 € {1,...,5}. In particular, the Model Assumptions 8.13 of the lecture notes for the
Biihlmann-Straub model are satisfied. The (expected) volatility o2 within the regions defined in
formula (8.5) of the lecture notes is given by

(‘)’2 = E[O’2(@i)] = ]E[u(@z)] = /\0 = 0.088.

(a) Let i € {1,...,5}. Then, according to Theorem 8.17 of the lecture notes, the inhomogenecous

credibility estimator p(©;) is given by

o —
j——

wOi) = air )AQ,LT + (1 — au7) po,

with credibility weight a; 7 and observation based estimator )?Z-J;T

Vi1 S 1
QT = % and Xi,l:T = Vi1 Xi,l =Xi1
Vi1t == Vi1
Hence, we get

P — Vi1 feil . 0.088

— ) 72 — i 0.00024
wO;) = — Xi1 + — o = sose Xi1 + —200024 0.088.

Vi1t 2 Vi1t T Vi1 + 5.00024 Vi, 1 T §.00024

The results for the 5 regions are summarized in the following table:
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region 1 region 2 region 3 region 4 region 5
o T 99.3% 96.5% 99.7% 99.0% 92.0%
Xiir 7.8% 7.8% 7.4% 9.8% 7.5%
wO) | 8%  T9%  T4%  98%  7.6%

Note that since the credibility coefficient x = 02/72 a2 367 is rather small compared to the
volumes v 1,...,vs,1, the credibility weights aq r,..., a5 are fairly high. Moreover, the
observation based estimators are almost the same for the regions 1, 2,3 and 5 and only )?471:T
is roughly 2% higher. As a result, only for the smallest two credibility weights ao 1 and as
we see a sligﬂlpwards deviation of the corresponding inhomogeneous credibility estimators

—
iy

1(032) and p(O5) from the observation based estimators )?2,1:T and )?571@ towards pg.

iy

Since the number of policies grows 5% in each region, next year’s numbers of policies

V1,2,...,Vs52 are given by
region 1 region 2 region 3 region 4 region 5
v;o | 527564 10642 127376 36’797 4’402
Similarly to part (a), we define
N;
Xi2= ’2,
V5,2
for all i € {1,...,5}. Then, according to formula (8.17) of the lecture notes, the mean square
error of prediction is given by
—\2 — 2
N‘ — < — 0'2
E ( &2 _ U(@z)> =K <Xi,2 — u(@ﬁ) = + (1 — Oéi7T) 7'2,
Vi 2 Vi, 2

for all i € {1,...,5}. We get the following square-rooted mean square errors of prediction for
the five regions:

region 1 region 2 region 3 region 4 region 5
v/mse of prediction 0.185%  0.408%  0.119%  0.221%  0.627%
in % of the credibility estimators 2.4% 5.2% 1.6% 2.2% 8.3%

Note that we get the highest (square-rooted) mean square errors of prediction for the regions 2
and 5, i.e. exactly for those regions for which we also have the lowest volumes and, consequently,
the lowest credibility weights. Of course, this is due to the formula for the mean square error
of prediction given above.

Solution 11.2 (Homogeneous) Credibility Estimators for Claim Sizes

We define v
Xi,t = Lt )

Vit

for all 4 € {1,2,3,4}, t € {1,2}. Then we have

1
E[X;:|0:] = E[Y;:10,] = = u(0;)
it Vit C
and o o 20
1 1 i )CU; i g i
Var(X;;|0;) = — Var(¥;;|©;) = — 1 )2 it #(©:) _ ( )7
Vit Uit c CU; ¢ Vit
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with

for all i € {1,2,3,4}, t € {1,2}. Moreover, using that

E[Xf,t 10;] = Var(X;,|0;) + E[X; | ©,])° =

we get

E[X?]=E[E[X? |0]] =E Li)i T @?] < 0
it

by assumption, for all i € {1,2,3,4}, t € {1,2}. In particular, the Model Assumptions 8.13 of the
lecture notes for the Bithlmann-Straub model are satisfied.

(a) In order to calculate the homogeneous credibility estimators, we need to estimate the structural
parameters 02 = E[0?(01)] and 72 = Var(u(01)). First, following Theorem 8.17 of the lecture
notes, we define the observation based estimator X; ;.7 as

T

S B 1 v X X Yo+ Yo
X = E V1 X =

T ’ s )
Y1 Vit Vi1 + Vi2 Vi1t Vi2

for all i € {1,2,3,4}. According to formula (8.15) of the lecture notes, 0 can be estimated by

I T
Z Z Xipr)? ~1.3-10',

For the estimator 77 of 72, we define first the weighted sample mean X over all observations
by

NM—*

O—Tf

I

v Yii+Y,

X:—ZvaXm—M ~ 7004
Z’L lzt 1 Vit j=1 t=1 27, 1U11+Uz2

Then, as on page 219 of the lecture notes, we define 2., ¢,, and tT as

4
I i i ~ N2
= T 12 Iv St (Xi,l:T_X) ~9.3-107,
= 23:1 Vi1 + vj2

s -1
I-1 Vi1 Vi Vi1 Vi
cw:I[E I(l—ZI ~ 1425

o1 2 j=1Yi1 T V52 =1 Vi1 T U2
and
N 152
th=c, |05 - ——L—— | ®1.25-10%
Zizl Vi1 + V2

2

Then, using formula (8.16) of the lecture notes, 72 can be estimated by

72 = max {t5,0} = 3. ~ 1.25 - 10°.

Now we are ready to calculate the inhomogeneous credibility estimators. Let ¢ € {1,2,3,4}.
Then, according to Theorem 8.17 of the lecture notes, the inhomogeneous credibility estimator

_——hom
j—

1w(0;) is given by

——hom
_—

w(©;) =7 Xi,l:T + (1 —ayr)fir
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with credibility weight o; r and estimate iy given by

. Vi1 + V52 —~
= =5 and  pr = E @i Xi -
Vi1 + V2 + 07 /TF ZZ L0 T
Hence, we get
Qhom ( Oé T
2,
w(O;) _OézTXz1T+7 E i rXir

= 104sz 1

The results for the 4 risk classes are summarized in the following table:

risk class 1 risk class 2 risk class 3 risk class 4
a7 95.4% 98.4% 82.4% 89.6%
Xi1r 10’493 1’907 18’375 29’197
;@ 10’677 2’107 17702 27’665

Updated: December 5, 2017

Moreover, we get fir ~ 14’538. Looking at the credibility weights oy 1, a2,1, 3,1 and g1, we
see that the estimated credibility coefficient & = 62./72 ~ 104 has the biggest impact on risk
classes 3 and 4 where we have less volumes compared to risk classes 1 and 2. As a result, the
smoothing of the observation based estimators X 1L,1:T X2 1.7, X 3,1.7 and X4 1.7 towards fip
is strongest for risk classes 1 and 2.

Since the number of claims grows 5% in each region, next year’s numbers of claims vy 3, ...
are given by

» V4,3

)

risk class 1  risk class 2 risk class 3 risk class 4

Vi3 1167 3’468 262 479
Similarly to part (a), we define
Y;
Xi,3 = 773,
V3,3

for all i € {1,2,3,4}. Then, according to formula (8.17) of the lecture notes, the mean square
error of prediction can be estimated by

v, =\ - —=\?| &3
E l(l — M(@i)> =E (Xi,s - M(&')) =L +(1-air)77,
Vi3 Yi,3

for all i € {1,2,3,4}. We get the following square-rooted mean square errors of prediction for
the four risk classes:

risk class 4
6’331
22.9%

risk class 3
8’446
47.7%

risk class 2
2’390
113.4%

risk class 1
4’099
38.4%

y/estimated mse of prediction
in % of the credibility estimators

According to the formula given above for the estimated mean square error of prediction, we
observe that, the smaller the volumes of a particular risk class, the bigger the corresponding
(square-rooted) estimated mean square error of prediction. Moreover, note that these square-
rooted estimated mean square errors of prediction are rather high compared to the credibility
estimators, which indicates a high variability within the individual risk classes.
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Solution 11.3 Pareto-Gamma Model

(a) Let fya and fa denote the density of Y |A and fa, respectively. Then we have

T (at1) (v
fY|A(yla-~-7yT‘A:04 I | 5(*) L0 = | | 0 I | g'l{ytza}
t=1 t=1 t=1

and

c’ _
fala) = o) a7’ texp{—ca} - Liaso0}-
Let fajy denote the density of A[Y. Then, for all a > 0 and y1,...,yr > 6, we have

fyian@a, - yr [A = a) fala)
fo fyia(yn, - oyr [ A =) fa(z) dx

T (H zg) a1 exp{—ca}
T
=71 exp{ Z gy }exp{ ca}
t=1

T
=T 1exp{ a<210g+c>}
t=1

AY ~ F<7+T c+Zlog )

fay(@|Yi=uy1,....Yr =yr) =

i.e. we have shown that

(b) We calculate

~ ZtT—1 log% T c ~y
ardr+ (1 —ar) Ao = — A + T -
c+ Zt=1 log % Zt=1 log % ¢+ Zt=1 log % ¢
- y+T
T
¢+ Zt:l log %
Ypost
_ Jpost,

(c) For the (mean square error) uncertainty of the posterior estimator X?FOSt = E[A|Y] we have

|

B[(a-3) |¥] -5 -5 vy

=Var(A]Y)

. y+T

= 2
(c + ZZ;I log %)

o 1 ')\\post

B chZtT:llog% r

les
:(1—04T)E/\1} "
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(d) Analogously to Ab*'| the posterior estimator AL in the sub-model where we only have
observed (Y7,...,Yr_1) is given by

’):post _ ’Y+T_ 1
T-1 ety log %

Then we can calculate

L Spost __ log’F L e+ logl  44T-1
ﬂT@ + (1 *BT) T—1 — C—|—Zlelog% logYTT + C+ZZ;1 log% C+Z?:_1110g%
. v+ T
ot Zthl log %
_ /XI%OSt.
Remark: Suppose we would like to use the observations Y7,...,Yr_1 in order to estimate Yr

in a Bayesian sense. Then we have

E[YT | Yh N ,YTfl] =K [E [YT | Yl, N 7Yval,A] |Yv17 . ,YTfl] a.s.
:E[E[YT|A] ‘Yla"'aYT—l] a.s.,
where in the second equality we used that, conditionally given A, Y7, ..., Yr are independent.

Now, by assumption,
Yr | A ~ Pareto(6, A).

In particular, E[Yr | A] < oo if and only if A > 1. However, according to part (a), we have

T—1
Y,
A|(Y1,...,YT1)~F<7+T—1,c+;log0>.

Since the range of a gamma distribution is the whole positive real line, this implies that
0< P[A < 1|Y17...,YT71] :P[E[YT‘A] = OO|Y1,...,YT,1] a.s.

We conclude that
ElYr|Y1,...,Yr_1] =00 as.
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Solution 12.1 Chain-Ladder and Bornhuetter-Ferguson

(a) According to formula (9.5) of the lecture notes, the CL factor f; can be estimated by

I—j—1

I—j—1

oL _ >izi Cij+r _ > Ci Cijt1

i I—j—1 - I—j—1 0
Zz’:l Cm i=1 Zn:l Cn-,j CW

for all j € {0,...,8}. Then, forallie {2,...,10} and j € {0,...,9} with i+ j > 10, C; ;
can be predicted by

i-1

ACL FCL

Ciy = Cig ” k-
k=I—i

In particular, for the prediction @C 'L of the ultimate claim C; ; we have

J—1
CCF =Cum [ 7™ (1)
j=I—i
The estimates f&'F, ..., f&L and the prediction for the lower triangle DS, are then given by
accident development year j
year 4 0 1 2 3 4 5 6 7 8
1
2 10°663'318
3 10°646'884  10°662008
4 9734574 9744764 9'758'606
5 9837277 9847906 9'858'214 9872218
6 10°005'044 10056528 10°067°393  10°077°931  10°092'247
7 9419776 9485°469 9534279 9'544'580  9'554'571  9'568'143
8 8445057 570389 8630159 8674568 8683940 8693030 8705378
9 8243496 8432051 8557190  §'616'868  8'661'208 8670’66 8679642 8'691°971
10 8470989 9'129°696 933’521 9477113 9543206 9592313 9602676  9'612'728  9'626'383
[ 7L ] 1493 1.078 1.023 1.015 1.007 1.005 1.001 1.001 1.001
Note that f§'F ~ 1.5 while ijL is close to 1, for all j € {1,...,8}, i.e. we observe a rather

fast claims settlement in this example. The CL reserves ﬁch at time ¢t = I are given by

J-1
5CL _ ACL el
R =Ciy—Cir—i=0Cii— H fir=1],

J 1
for all accident years i € {2,...,10}. Moreover, since C7 y = Cq —1 is known, we have
R¢E = 0. Summarizing, we get
accident year ¢ | 1 2 3 4 5 6 7 8 9 10

CL reserve REE | 0 15126 26'257 34’538 85’302 1567494 286’121 449’167 1°043'242  3'950°815
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By aggregating the CL reserves over all accident years, we get the CL predictor ROL for the
outstanding loss liabilities of past exposure claims:

I
REE =3 REE = 67047061
=1

For all j € {0,...,J — 1}, we define BJCL as the proportion paid after the first ; development
periods according to the estimated CL pattern, i.e.

J—1
oL _ 1 _ 1
0 HJfl rCL for
=0 J1 =0 J1
and
. Jj—1 FcL J—1 1
ger = =0 i _
J J-1 2oL roL’
1=0 J1 1=5 Ji
forall j € {1,...,J —1}. We get
development period j 0 1 2 3 4 5 6 7 8

0.590 0.880 0.948 0.970 0.984 0.991 0.996 0.998 0.999

proportion ﬂjCL paid so far

According to formula (9.8) of the lecture notes, in the Bornhuetter-Ferguson method the
ultimate claim C; ; is predicted by

CPl =Cip—i+1ii (1 - ?i) ;

for all accident years ¢ € {2,...,10}. Thus, the Bornhuetter-Ferguson reserves ﬁf F are given
by
ﬁfF = Cff —Cir—i = [ (1 - ICLLz)

for all accident years i € {2,...,10}. Moreover, since C7 y = Cq -1 is known, we have
REF = 0. Summarizing, we get

accident year i

1

2 3 4

5

6 7

8

9 10

CL reserve REE

0

16’124 26’998 37’575

95434

178’024 341’305

574’089

1’318°646 4768384

Updated: December 6, 2017

By aggregating the BF reserves over all accident years, we get the BF predictor RBF for the
outstanding loss liabilities of past exposure claims:

I
REF =3 "RPF = 7356'580.
i=1
Note that for accident year 1 we have
REL — 0= R,
Now let ¢ € {2,...,10}. Then, in parts (a) and (b) we can observe that

REE < REE.
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This can be explained as follows: Equation (1) can be rewritten as

J-1
ACL CL
Cof =Cir [ F
j=I—i
J-1
L
=Cir—i +Ci 1y fi7 -1
j=I—i
J-1 =1y
L
=Cir—i+Ci— H P For
j=I-i i=i-i

ACL 3CL
=Cir-i +Ciy (1 - Ifi) :

Comparing this to
Cff =Cir—i+ (1 - f_LZ)
and noting that for the prior information fi; we have ji; > @C 'L we immediately see that

~CL ~BF
Oi,J < C',J 5

l

which of course implies that
REE=CCF —Cipmi < CPF = Ciyy = RPF.

Concluding, we found that choosing a prior information fi; bigger than the estimated CL
ultimate Cf JL leads to more conservative, i.e. higher reserves in the Bornhuetter-Ferguson
method compared to the chain-ladder method.

Solution 12.2 Mack’s Formula and Merz-Wiithrich (MW) Formula (R Exercise)

See the R-Code below for getting the results presented in the following table:

‘ accident year 4 H CL reserve 7€ZCL Vtotal msep (Mack) in % reserves /CDR msep (MW) in % +/total msep ‘

1 0
2 15’126 267 1.8 % 267 100 %
3 267257 914 3.5 % 884 97 %
4 34’538 3’058 8.9 % 2’948 96 %
5 85’302 7628 8.9 % 7018 92 %
6 156’494 33’341 21.3 % 32’470 97 %
7 2867121 737467 25.7 % 66’178 90 %
8 449167 857398 19.0 % 507296 59 %
9 1°0437242 134’337 12.9 % 104’311 78 %
10 3’950'815 410’817 10.4 % 3857773 94 %
total 6°047°061 462’960 77 % 420°220 91 %

Mack’s square-rooted conditional mean square errors of prediction give us confidence bounds around
the estimated CL reserves. We see that for the total claims reserves the one standard deviation
confidence bounds are 7.7%. The biggest uncertainties can be found for accident years 6, 7 and 8,
where the one standard deviation confidence bounds are roughly 20% or even higher. Moreover,
MW’s square-rooted conditional mean square errors of prediction measure the contribution of the
next accounting year to the total uncertainty given by Mack’s square-rooted conditional mean

Updated: December 6, 2017
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square errors of prediction. We see that 91% of the total uncertainty is due to the next accounting
year. This high value can be explained by the fast claims settlement already noticed in Exercise
12.1, (a).

### Load the required packages
require (xlsx)
library (ChainLadder)

### Download the data from the link indicated on the exercise sheet

### Store the data under the name "Exercise.12.Data.xls" in the
same folder as this R-Code

### Load the data

8| data <- read.xlsx("Exercise.12.Data.xls", sheetName = "Data_1",

rowIndex = c(21:31), colIndex = c(2:11))

### Bring the data in the appropriate triangular form and label the
axes

tri <- as.triangle(as.matrix(data))

dimnames (tri)=1ist (origin=1:nrow(tri) ,dev=1:ncol(tri))

### Calculate the CL reserves and the corresponding msep’s
M <- MackChainlLadder (tri, est.sigma = "Mack")

### Cl factors
M$ £

### Full triangle
M$FullTriangle

### CL reserves and Mack’s square-rooted msep’s (including
illustrations)

M

plot (M)

plot (M, lattice = TRUE)

### CL reserves, MW’s square-rooted msep’s and Mack’s square-rooted
msep’s
CDR (M)

### Mack’s square-rooted msep’s in % of the reserves
round (CDR(M) [,3] / CDR(M)[,1],3) * 100

### MW’s square-rooted msep’s in % of Mack’s square-rooted msep’s
round (CDR(M) [,2] / CDR(M)[,3]1,2) * 100

### Full uncertainty picture
CDR(M, dev="all")
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Solution 12.3 Conditional MSEP and Claims Development Result

Note that the equalities in this exercise involving a conditional expectation are to be understood in
an almost sure sense.

(a)

Since X is square-integrable, also E[X | D] is. Now, by subtracting and adding E[X | D], we
can write
7

—E _(X—IE[X|D]+IE[X|D]—)A()2 ‘D}

msep x|p ()A() =E _(X)?>2

—E -(X —E[X | D])?

D] +E [(]E[XH)] -x) ’D}
+2E [(X—IE[XU)}) (IEI[X|D1] —)?) ‘D]
— Var(X | D) + E [(E[X|D])?)2 ‘D]
+2E{(X—IE[X|D])(IE[X|D]—)?) ‘D].
Since E[X | D] and X are D-measurable, we get
E [(E[XD] -x) ‘D} - (Elx|D] - X)

and

IE[(X—IE[X|D]) (E[X|D]—X’) ‘D] E[X|D]—)?)E[(X—E[X|D]) ’D}

(
(ELX D] - X) (B[X | D] - E[X | D))
0

By collecting the terms, we get the result

msep x| p ()?) =FE [(X —)A()Z ”D} = Var(X | D) + (E[X|D] —)/5)2

For t € N with t > I and 7 > ¢t — J, the claims development result CDR; ;; is defined in
formulas (9.27) and (9.29) of the lecture notes by

CDR;1=C") = CFY =E[Cis | D) — E[Cis | Degal,

which implies, since D; C D;41, that CDR;+41 is D:q1-measurable. Moreover, using the
tower property, we get

E[CDR; 41| D] =E[E[Cs,5 | D] — E[Cs | Diga] | Dy
=E[C; ;| D] —E[C; 5| D]
=0.
Note that this result is given in Corollary 9.13 of the lecture notes. In particular, it implies

that
E[CDR;¢41] = E[E[CDR; 441 | Dy]] = 0.
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Now, since t; < tp by assumption, CDR; ¢, 41 is Dy,-measurable. Thus, we get

E[CDR ¢, +1CDR; ¢, 41] = E[E[CDR; 4, +1CDR; 1,41 | Dy, ]|
= E[CDR; 1, +1E [CDR ¢, 41| De. ]
— E[CDRy 4,41 - 0]
=0.

We can conclude that

Cov (CDR ¢, +1,CDR; t,+1) = E[CDR, ¢+, +1CDR; +,41] — E[CDR; ¢, +1] E[CDR; 1, +1]
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=0.
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