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Dedicated to Professor George Lusztig, with admiration.

ABSTRACT. We give a purely local proof of the explicit Local Langlands Correspondence for GSp,
and Sp,. Moreover, we give a unique characterization in terms of stability of L-packets and other
properties. Finally, in the appendix, we give an application of our explicit local Langlands corre-
spondence to modularity lifting.
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1. INTRODUCTION

Let F be a non-archimedean local field and G a connected reductive algebraic group over F'. Let
G" be the group of C-points of the reductive group whose root datum is the coroot datum of G.
The Local Langlands Conjecture predicts a surjective map'

L-parameters
)} /iso. — i.e. cont. homomorphisms /GY-conj.,
Ot WF X SLQ(C) — GV X WF

where Wr is the Weil group of F'. The fibers of this map, called L-packets, are expected to be finite.
In order to obtain a bijection between the group side and the Galois side, the above Conjecture
was later enhanced (4 la Deligne, Vogan, Lusztig etc.). On the Galois side, one considers enhanced
L-parameters.

Many cases of the Local Langlands Conjecture have been established, most notably:

e for GL,(F): [HTO01, Hen00, Sch13];
e for SL,, (F'): [HS12] for char(F') = 0 and [ABPS16b] for char(F') > 0 (see also [GK81, GK82]);

irred. smooth
repres. 7 of G(F

176 avoid overunning the margins, we use abbreviations “irred.” for “irreducible”, “repres.” for “representations”,

“iso.” for “isomorphism”, “cont.” for “continuous” and “conj.” for “conjugacy”.
For simplicity, we only state the conjecture for quasisplit p-adic groups in the introduction, which is sufficient for
our current paper.
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e quasi-split classical groups for F of characteristic zero: [Art13, Moell] etc.
e exceptional group Ga: [AX22a]

For classical groups, the main methods in literature are either (1) to classify representations of
these groups in terms of representations of the general linear groups via twisted endoscopy, and
to compare the stabilized twisted trace formula on the general linear group side and the stabilized
(twisted) trace formula on the classical group side, or (2) to use the theta correspondence.

In [AX22D], the second author took a completely different approach to the construction of explicit
Local Langlands Correspondences for p-adic reductive groups via reduction to LLC for supercus-
pidal representations of proper Levi subgroups. This strategy was then applied in [AX22a] to
construct the explicit Local Langlands Correspondence for p-adic G2, which is the first known case
in literature of Local Langlands Correspondence for exceptional groups. In [SX23], the authors
uniquely characterize the Local Langlands Correspondence constructed in [AX22a] using an exten-
sion of the atomic stability property of L-packets as formulated by DeBacker, Kaletha etc. (see for
example [Kal22, Conjecture 2.2]), which is a generalization of the stability property in [DR09]. To
do this, we compute the coefficients of certain local character expansions building on methods in
[HC99, DS00, BM97].

In this article, we apply this general strategy pioneered in [AX22a, SX23| and construct the
explicit Local Langlands Correspondence for the symplectic groups GSp, and Sp, over an arbitrary
non-archimedean local field of residual characteristic # 2, with explicit L-packets and explicit
matching between the group and Galois sides.

More precisely, we use a combination of the Langlands-Shahidi method, (extended affine) Hecke
algebra techniques, Kazhdan-Lusztig theory and generalized Springer correspondence—in particu-
lar, the AMS Conjecture on cuspidal support [AMS18, Conjecture 7.8]. For intermediate series,
i.e. Bernstein series with supercuspidal support “in between” a torus and G itself, we use our
previous result on Hecke algebra isomorphisms and local Langlands correspondence for Bernstein
series obtained in [AX22b]. For principal series (i.e. Bernstein series with supercuspidal support
in a torus), we improve on previous works we use [Roc98, Ree02, ABPS16a, Ram03] to match the
group and Galois sides.

For supercuspidal representations, we make explicit the theory of [Kall9, Kal21] for the non-
singular supercuspidal representations and their L-packets. For singular? supercuspidal represen-
tations, which are not covered in loc.cit. , we use [AMS18, Conjecture 7.8] (see Property 8.1.19) to
exhibit them in mized L-packets with non-supercuspidal representations. These mixed L-packets
are drastically different from the supercuspidal L-packets of [Kall9, Kal21].

Furthermore, our LLC satisfies several expected properties, including the expectation that Irr(S,)
parametrizes the internal structure of the L-packet Il (G), where S, is the component group
of the centralizer of the (image of the) L-parameter ¢. Moreover, we explicitly compute the
coeflicients of local character expansions of Harish-Chandra characters for certain non-supercuspidal
representations (see §6), which allows us to give a unique characterization of our LLC using stability
for L-packets.

Finally, ezplicit Local Langlands Correspondences (e.g. explicit Kazhdan—Lusztig triples) have
important applications to number theory, such as to the Taylor-Wiles methods and modularity
lifting theorems. In Appendix A, we record such an application, following [BCGP21, Tho22, Whi22].

1.1. Main results. We now state our main results. Let Irr®(G) be the Bernstein series attached
to the inertial class s = [L, o] (for more details, see [AX22a, (3.3.2)] ). Let ®.(G) denote the set of
GV-conjugacy classes of enhanced L-parameters for G. Let ®3' (GQ) C ®.(G) be the Bernstein series
on the Galois side, whose cuspidal support lies in sV = [LV, (¢4, ps)], i.e. the image under LLC for
L of s (for more details, see [AX22a, §2.4] ). For any s = [L, 0]|g € B(G), the LLC for L given by

2which we define to be simply the ones that are not non-singular in the sense of [Kal21]
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o — (s, po) is expected to induce a bijection (see [AMS18, Conjecture 2] and Conjecture 8.1.23):
(1.1.1) I’ (G) = @5 (G).

For the group GSp, and Sp,, by [AX22b, Main Theorem], we have such a bijection (1.1.1) for
each Bernstein series Irr®(G) of intermediate series. On the other hand, the analogous bijection to
(1.1.1) holds for principal series Bernstein blocks thanks to [Roc98, Ree02, ABPS16a, AMS18].

Let G = GSp,4(F') or Spy(F), and p # 2. Combined with the detailed analysis in all of §3 through
86, we explicitly construct the Local Langlands Correspondence

LLC: Irr(G) BN o.(G)

1.1.2
( ) T = (Pr, Pr),

and obtain the following result (see Theorem 8.2.8).

Theorem 1.1.3. The explicit Local Langlands Correspondence (1.1.2) verifies I, (G) = Irr(S,,)
for any 7 € Irr(G), and satisfies (1.1.1) for any s € B(G), where sV = [LY, (00, ps)]av, as well as
a list of properties (see §8.1) that uniquely characterize our correspondence.

In other words,

(1) to each explicitly described 7 € Irr(G), we attach an explicit L-parameter ¢, and determine
its enhancement p, explicitly;

(2) to each ¢ € ®(G), we describe (the shape of) its L-packet II,(G), and give an internal
parametrization in terms of p € Irr(S,);

(3) Moreover, for non-supercuspidal representations, we specify the precise parabolic induction
that it occurs in.
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to this project. The authors would like to thank George Lusztig and Wei Zhang for their continued
interest and encouragement.

The authors would like to thank Maarten Solleveld for helpful feedback on a previous version
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2. PRELIMINARIES

Let F' be a nonarchimedean local field. Let Jy := <1 1> and 8 := < JQ). Consider the

T
following groups
Spy = {g € GLa(F) : "gBg = B}
GSpy == {g € GL4(F) : "gBg = u(g)B, for some u(g) € F*}.
In particular, there is an exact sequence 1 — Sp,(F) — GSpy(F) £ F* — 1. The Langlands

dual groups are GSp; = GSpin;(C) and Sp; = PGSping(C) = SO5(C). Here GSping := (GL; x
Sping)/pe where g is diagonally embedded as in [Asg02, Definition 2.3].

2.1. Root datum. The following are the data for the root datum for Sp,, GSp, [Tad94, Asg02,
AS06], of type Cy. We also realize everything in terms of the torus 7' = {(a1, as,be,b1) : a1by =

a2b2 = ,u}.
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e For Sp, the lattice is X*(T) := Z{e1, €2}, the roots are A := {4€; + €2, +2€1, +262}, and
the simple roots are {e; — €2, 2¢2}.
e For GSp, the lattice is X*(T') := Z{eo, €1, €2}, the roots are A := {de; + ea} U {£(eg —
2¢e1), t(eo — 2€2), £(€g — €1 — €2)}, and the simple roots are {e; — €2, 2€2 — €g}.
Here, €;(a1,a2,b1,b2) = a; for i = 1,2 and €p(ay, ag, b, b1) = p.
The root groups are given by:

U . 1+ l‘ll’j
T 1 -2y jny1—i

- _ (1 2(Lins1— + Ling1—i)
€i+€; — 1
1 x1; —i
U2€¢ = < ‘ WT_I >
. B 1
—€i—€; — w(]_nJrl,i’j + 1n+1*j,i) 1
1
U—Qei - (xln—‘rl—’i,i 1) ’

where 1;; is the matrix with a single one in the (4, j)-component.
Letting v := €1 — €2 and 3 := 2¢3 (or 2e9 — €, for GSp), and § := —2¢; (or €y — 2¢; for GSp) we
obtain:

C—o=9
3 « B

Coroots are given by " := 2am) poy Sp, and GSpy, they are of type Bs:
(a,) 4 4

o X.(T):=Z{e}, ey}, and the simple coroots are {a" := ¢/ — €y, =€y }.
o X, (T):=7Z{ey, €, €y}, and the simple coroots are {a" := ¢/ — ey, Y =€) }.
Here, € (to)eY (t1)ey (t2) = (t1,ta, toty ', Loty ).
The Dynkin diagram is:
O—e&—0

&Y a¥ By

Remark 2.1.1. GSp, happens to be self-dual, under the following isomorphism:

X*(T) = Z{Go, €1, 62} - X*(T) = Z{E(\)/, 6\1/7 6¥}

€0 — —2¢y — €7

(2.1.2) — e
€1 — —66/
€9 — —66/ - 65/,

where o — a3 and ag — «f, and its inverse is given by € — —e1, € — €1 + €2 — €p, €5 > €1 — €a.

Remark 2.1.3. By the exceptional isomorphism Bs = (5, we have the following description of
nilpotent orbits in GSp, and Sp, (see [CM93, Thm 5.1.2,5.1.3)):

Orbits of By | Orbits of Cy | Roots of Cy | Levi subgroup of GSp,
regular 5] 4] eq +ep GSpy
subregular [3,12] [22] e GL2 x GSpy
minimal [22,1] 2,12 €a GL; x GSp,
Zero [19] [14] 0 T

For later use (e.g. §6), we record the following table 1 for Weyl group conjugacy classes for GSp,
and Sp,. We will also need the following picture of a Cy-apartment in the building B(GSp,).




EXPLICIT LOCAL LANGLANDS CORRESPONDENCE FOR GSp, AND Sp,

Cs By

B = 2e 2a+ 3 a¥ = 6\1/ - f\z/ aV +23Y

ya=ca-e —-BY

—a €

—2a—f - —a¥ —23Y

FIGURE 1. Root diagram for By = Cy

names | cycle types
€ (1)(1)
Ay (1)(1)
Ay 7(2)7
A1 X Al (1)7(1)
Cy (2)
TABLE 1. Weyl group conjugacy classes
Al X A1 Al CQ
A .
Ay
Cy
FIGURE 2. The apartment in B(GSp,)

2.2. Levi subgroups. The Levi subgroups of GSp, (resp., Sp,) are:

GSp, (resp., Spy)

GL2 x GSpy (resp., GL2 x Spy). Explicitly, it is GSp, N (GL; x GL2 x GLy).
GL; x GSp, (resp., GL; x Spy). Explicitly, it is GSp, N (GL2 x GLg).

GL; x GL; x GSpy (resp., GL; x GL; x Spy), the maximal torus.

Given representations m of GLo and characters x1, x2, X3, we let ™ x x1, x1 X 7, and x1 X X2 X X3
be the (normalized) parabolic induction from GLy x GSpgy, GLa x GSp,, and GL; x GL; x GSpy),
respectively, using notation from [ST93, §1].

Remark 2.2.1. The exceptional isomorphism GSp; = GSp, of Remark 2.1.1 gives the identifica-
tions between the dual Levi subgroups:

GSpj = GSp,
(GLa x GSpy)" = GL; x GSp,
(GL1 x GSpy)" = GLs x GSp,
(GL; x GLy x GSpy)” = GL; x GL; x GSpy.
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Remark 2.2.2 (LLC for Levis of GSp,(F')). By Remark 2.1.1, the LLC for the maximal torus T
is given as:
hom(Wp,T(C)) = Irr(T)
(x1(w), x2(w), xoxz ™" (), xoxi ' (w)) = Xg ' X1X2 @ XX @ X -
Similarly, the LLC for the Levi GLa(F) x GSpy(F) C GSp4(F) is given by:
hom(Wp x SLy(C), GL1(C) x GSp,(C)) = Irr(GLy(F) x GSpy(F))
(p® @)= (POm)Rp,

where 7, is the image of ¢ under the LLC for GLa(F). Finally, the LLC for the Levi GL1(F) x
GSpy(F) C GSpy(F) is given by:

hom(Wr x SLa(C), GL2(C) x GSpy(C)) = Irr(GL1 (F') x GSpsy(F))

(p®p) = (p 'we,) K7}

(o)
where wy, = det(¢y) is the central character of .

2.3. Parahoric subgroups. Types of the reductive quotient of maximal parahoric subgroups are
given by deleting a node from the extended Dynkin diagram. We fix a standard choice of parahoric
subgroups, with roots as indicated by Figure 3. For GSp,(F'), the vertices 5 and § are in the same
orbit in the building:

e Removing § (or ) gives the Dynkin diagram Cb, giving the parahoric subgroup GSp,(or)

with reductive quotient GSp,(k).
e Removing « gives the Dynkin diagram A; U A, giving the groups

o 0o o p! 1+p o 0
0o o 1+
Go ::GSp4(F)ﬂ E o o DCYYoz—i-:GSpélUT)ﬁ E pp 1_]?_]3 0 ’
P pp o pP>p P 1y

with reductive quotient GSpy 5(k) := {(g,h) € GSpy x GSpy : u(g) = u(h)}.
Similarly, for Sp,(F'), we have:

e Removing ¢ gives the Dynkin diagram Co, giving the parahoric subgroup Sp,(op) with
reductive quotient Sp, (k).
e Removing [ gives the Dynkin diagram Cs, giving the parahoric subgroup

Ms(o) Ma(p™1) w wly
Sps(F)N = S
p4(F) <Mz(p) Mo (o) I p4(oF) I
with reductive quotient Sp,(k). Here the matrix diag(wls,l2) is in GSpy(F'), but not

Spy(F).
e Removing « gives the Dynkin diagram A; U Ay, giving the group

o 0o o p! 1+p o 0 0
- p oo o _ p 1+p p
Go :=Spy(F) N b oo o D Gat+ = Spy(F) N p p 1l+p o ’
ppp o p? p po14p

with reductive quotient Spy(k) x Spy (k).

However, note that the isomorphism of Go/Gat With GSpg5(k) (resp., Spy(k) x Spa(k)) above
are non-canonical (i.e., depend on a choice of a uniformizer w.) To make these isomorphisms
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-1

p

FIGURE 3. Parahoric subgroups G, and Gpg

more canonical, consider the endoscopic subgroup H := Zg(s) with s = diag(1,—1,—1,1) which is
isomorphic to GSpy o(F') (resp., Spyo(F)):
GSp272(F) 1) H
a9 b2
a1 b as by a1 b
((Cl d1> ’ <CQ d2>) ’_> C1 d1
C2 d2

Now there is a canonical isomorphism of G,/Ga+ with the reductive quotient of the parahoric
subgroup

H, :={(g,h) € Mx(0) x <: P01> : det(g) = det(h) € 0™ }.

3. THE GROUP SIDE

3.1. Supercuspidal representations.

3.1.1. Depth-zero supercuspidal representations of Sp,, GSp,.

3.1.1. First we recall a few general facts on depth-zero supercuspidals. Let m be an irreducible
depth-zero supercuspidal representation of G. Then there exists a vertex = € Bq(G, F') and an
irreducible cuspidal representation 7 of G, (F,), such that the restriction of 7 to G5 o contains the
inflation of 7 (see [Mor96, §1-2] or [MP96, Proposition 6.6]). The normalizer Ng(Gy,0) of G4 in
G is a totally disconnected group that is compact mod center, which by [BT84, proof of (5.2.8)]
coincides with the fixator Gy of [z] under the action of G on the reduced building of G. Then 7
is compactly induced from a representation of Ng(Gy0), i.e.

(3.1.2) = c-Indg[x] (1).
Many properties of the representation 7 is already visible from the representation 7 of G|,):

Lemma 3.1.3. [AX22a, Prop 3.2.4] The formal degree of the depth-zero representation m =
c—Indgz o, T 18

qu(G)/2 dlm(Tunzp)

[(Zgy , () (Fq)ly

fdeg(m) =

where | - |,y denotes the coprime-to-p order.
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The following construction gives a special class of supercuspidals, i.e. depth-zero regular super-
cuspidal representations of G is as in [Kall9, Lem 3.4.12]:

Definition 3.1.4. For S C G a maximally unramified elliptic maximal torus and 6: S(F) — C*

a regular character of depth zero, let m(gg) := c—Indg((g))Gz (0 +RY,).

One can generalize the above construction and consider a larger class of supercuspidals called
“non-singular” supercuspidals, which are the largest class of supercuspidals living in purely super-
cuspidal L-packets (see for example [AX22a] for more exposition).

3.1.5. More concretely, depth-zero irreducible supercuspidal representations of G are parametrized
by irreducible cuspidal representations of reductive quotients G, of maximal parahorics, which can
be inflated to G, and (non-uniquely) extended to G|,). Recall from the classical Deligne-Lusztig
theory [DL76, §10] and [Lus84a, (8.4.4)], we have bijections

(3.1.6) Ir(Gy) = | |E(Ge(Fy), s) = | |€(Zoy(s),1),

(s) (s)
where (s) runs through the conjugacy classes of semisimple elements of G)/. Moreover, the bijections
preserve cuspidality. We hope to see when HY = Zgy (s) has a unipotent cuspidal representation.
We will repeatedly use the following result:
Lemma 3.1.7 ([Lus78, Thm 3.22],[Lus77, 8.11]).

e SO9,4+1(Fy) has a unique unipotent cuspidal representation exactly when n = 52 + s for
some integer s > 1, of dimension

2n 2n—2
|SOQn+1(Fq)‘p/q(2)+( 5 )+
2%(q+ 12 (g + 12t (¢ 1)
e SO2,(Fy) has a unique unipotent cuspidal representation exactly when n = 452 for some
s > 1. The non-split form SO, (F,) has a unique unipotent cuspidal representation exactly

when n = (25 4+ 1)? for some s > 1.
o GL, has no unipotent cuspidal representations for any n > 1.

3.1.8. For us, by §2.3 the reductive quotients G, are Sp,(k) or Spy(k) X Spsy(k) for G = Spy(F)
and either GSpy(k) or GSpy (k) := {(g,h) € GSpy(k) x GSpy(k) : p(g) = p(h)} for G = GSpy(F).
Using (3.1.6) we classify the cuspidal representations of these groups:

Lemma 3.1.9. Every cuspidal representations of GSpqs(F,) (defined in §2.3) is given by, for
s = (g,h) € GLa(F,) x GLo(F,)/Fy where g has eigenvalues A\, \{ and h has eigenvalues A, \3
where A1, Ay € F2\Fy:
o if Xf_l #—1 or )\g_l # —1, then
E(GSp2a(F).5) = E(Re o, G X Ry 5, [F5,1) = {1}

Denote such a cuspidal representation as P(a,B)-
o ifadl =p971 =1, then

E(Gsng(ﬂrq), S) = E(RFqg/]Fqu X RFqg/Fqu/F; X 2, 1) = {1, sgn}.
(e)°
Remark 3.1.10. The cuspidal representations ﬁ(f) g) are characterized as the common irreducible

constituent of IndSII“;fSLQ(R% X RY) and the Gelfand-Graev representation FSLQ’Q where O is the

11 11 - _
1) 1>) The restriction of pa 5)

R’ (6p) X R' (6p), in [Bonll, pg 55]’s notation.

Denote such cuspidal representations as ﬁa 5) and p

orbit of ( to SLa(Fy) x SLo(F,) is R’ (6p) X R’ (6p) +
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Lemma 3.1.11. The following are the cuspidal representations of GSpy(Fy):
o The g — 1 twists of the unique unipotent cuspidal, i.e., in E(GSpy, s) where s € Z(GSping).
° R?p where T is an anisotropic mazximal torus and 0 is a regular character.

Lemma 3.1.12. The following are the cuspidal representations of Spy(Fy):

o The unique unipotent cuspidal.
e For any a € pg41\{%1} then for any s € SO5(F,) with eigenvalues 1,—1,—1,a*?,

E(Sps, 5) = E(02(Fg) x Ur(ly), 1) = {1,sgn}.

There are (q — 1)/2 such conjugacy classes, giving rise to ¢ — 1 representations.
o Fora # p*l ¢ pg+1\{£1} and s with eigenvalues 1, aF! gEL,

where T = Rqu JF,Gm X RFq2 /F,Gm is an isotropic mazimal torus.
o Fora € ppey\{£1} and s with eigenvalues 1, a, af, an,oﬂg,
5(81)4, S) = S(Ta 1) = {1}7
where T = {t € Fpa : Nqu4/Fq2t = 1} is an anisotropic mazximal torus.

As a consequence of Lemma 3.1.9, Lemma 3.1.11, and Lemma 3.1.12, we obtain the following
classifications of depth-zero supercuspidals of GSp, and Spy.

3.1.13. Firstly, we have the following classification of depth-zero supercuspidals of GSp,(F).

Proposition 3.1.14. The depth-zero supercuspidal representations m of G = GSpy(F) are:

(1) m= T(s,0) Jor some mazimally unramified elliptic maximal torus S and a regular character
0 of depth zero. These are reqular supercuspidals.

(2) 7~r5(910 ®x) = c—Indg5Z(910 ® x) where 619 is inflated from the unique unipotent cuspidal
010 of GSpy(Fy) and x is a character of Z such that X(Zgsp, (o)) = 1. This is F-singular.

(3) ma(n2;x) = c—Indgi%1 (wdsp @ x) which is a kp-singular hence F-singular supercuspidal,
where:
e 19 is a ramified quadratic character and w € F is a uniformizer such that ny(w) =1
° w?ﬁsp = (ﬁ&A))(IQ’diag(w’l)) where X771 = —1, and ﬁa)\) is the representation of

GSpyo(Fy) defined in Lemma 3.1.9, which is viewed as a representation of Go/Gay by
conjugating by (I2,diag(w,1)).
e \ is an unramified character of Z.

(4) Induced representations 7(ggmpey) where S = {(z,y) € X x E* : Nmp/pr = Nmg,py}
and 0 is a character of E* giving rise to a character § WX 0 of S, and x is a character
of F* viewed as a character of S via Nmpg,p. This is a F-singular but kp-nonsingular
representation.

Remark 3.1.15. By Remark 3.1.10, the representation p(n2) is characterized as the common
irreducible constituent of the cuspidal Rr?p with #? = 1 and the Gelfand-Graev representation

corresponding to the nilpotent orbit ((1 1) , (1 T)) of Hy,.

By Lemma 3.1.3, the formal degree of the singular depth-zero supercuspidal 75(610 ® x) is

11/2,0, — 1)2 6
(3.1.16) fdeg(ms(010 © X)) = 5 _ql)(q‘i(ﬁ 1)(()14 1 q1/22(q + 1§(q4 —1y
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since dim(f10) = 245V dim(GSp,(F,)) = 11 and |GSp,(F,)| = (¢— 1)q* (g% —1)(¢* — 1) by [Car93,
p.75]. Note that the normalization of volumes given by [DR09] guarantees that there is a factor of
¢'/? in the formal degree formula for GSp,.
To compute the formal degree of mq(m2; x): since dim RS = (¢ — 1)?, we have dim(w&isp) =
3(q—1)% Note that |GSpy 5 (Fg)| = (¢ — 1)¢*(¢* — 1)? and dim GSp, 5(F,) = 7. Therefore, we have

2

(q —1)? —q 1/2 q
(¢ —1)q*(q* — 1)%¢7/2 20+ 1)(¢> - 1)
The formal degree of (s gragy) is similar:

(3.1.17) fdeg (ma (2 X)) =

(¢ — 1)2 1/2 q
3.1.18 fdeg (7(s omosn)) = R LA E—
( ) (ms.0mse) (¢ = 1)g*(¢? = 1)2q~7/2 (¢+1)(¢* - 1)
The remaining cases of formal degrees can be easily computed as they are non-singular super-
cuspidals.

3.1.19. The case of Sp,(F)) is given as follows.

Proposition 3.1.20. The depth-zero supercuspidal representations of G = Sp,(F') are given by:

(1) ™= ms,p) for some mazimally unramified elliptic maximal torus S and a regular character
0 of depth zero. These are reqular supercuspidals.

(2) Induced representations c—Inng p and C—IndgY p, where p is one of the following represen-
tations of Spy(Fy), inflated via Gg, G, — Spy(Fy):

(a) The unique cuspidal unipotent 019 of Sp,(Fy), which gives rise to F'-singular represen-
tations mg(019) = c—Ind(G’:ﬁ inf 619 and 7, (010) := C—IndgW inf 019 coming from Gg and
G.. These are kp-singular hence F-singular supercuspidals.

(b) Corresponding to the characters 1,sgn of Gy = O2(F,) x Ua(F,) under (3.1.6); this
gives rise to kp-nonsingular, and hence F-nonsingular. This gives a total of ¢ — 1
nonsingular representationS'

(3) Induced representations 7 (ns) = c- IndSGp4(R’ (o) x R (6p)¥2e(=1)) where R (fy) are
representations of SLa(F ) defined in [Bonll, 8§5.2]. This is kp-singular and hence F'-
stngular.

(4) Induced representations mwa(0) := c—IndZi‘*(R%@ (RY.)%2e(=:1)) where 0 is a regqular character
of an anisotropic torus T of SLa(Fy). This is F'-singular but kp-nonsingular.

By Lemma 3.1.3, the formal degree of the singular supercuspidals 73(610) and ., (610) is
3a(g — 1)° ¢’

= Dg" =g 2 2(q+ 12 + 1)
since dim(619) = 3¢(¢ — 1)* by [Lus77, Theorem 8.2], dim [Sp,(F,)| = 10 and [Sp,(F,)| = ¢*(q?
1)(¢* —1). Note that mz(610) and 7 (10) live in the same L-packet IL,(,), mixed with two principal
series representations as in §6 L-packet (5.2.2).

To compute the formal degree of 7 (n2): since dim(R/(fy) x R (6)%2e(=1)) = 1(g — 1)2,
dim(SLa x SL2) = 6 and |SL2(F,) x SLa(F,)| = ¢*(¢*> — 1)?, we have

Hg—1)?
q q

3.1.22 fdeg(mZ =4 = :
(31.22) CBmE () = o =
These representations live in stable mixed L-packets as in Corollary 6.5.6.

Similarly, the formal degree of 7, (6) is

(3.1.21) fdeg(ﬂg(glo)) = fdeg(m(elo)) =

U
(3.1.23) fdeg(ma (0)) = (g2 — 1)261_6/2 - (g+1)2
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This representation lives in the mixed L-packet in (5.2.6).
3.1.2. Positive-depth supercuspidal representations of Sp,, GSpy.

3.1.24. Type datum. Recall Yu’s classification of arbitrary-depth supercuspidals in terms of
type datum [YuOl] (which was later generalized in [KY17] to include non-supercuspidal types).

Definition 3.1.25. A cuspidal G-datum is a tuple D := (é, y, 7,70, qg) consisting of

(1) a tamely ramified Levi sequence G = (G° ¢ G* C --- ¢ G? = G) of twisted E-Levi
subgroups of G, such that Zgo/Zg is anisotropic;
(2) apoint y in B(GY, F)NA(T, E), whose projection to the reduced building of G is a vertex,
where T is a maximal torus of G® (hence of G?) that splits over E;
(3) a sequence 7 = (rg,71,...,7q) of real numbers such that 0 < rog < r; < -+ <rg_q < rgif
d>0,and 0 <rgif d=0;
(4) an irreducible depth-zero supercuspidal representation p° of K° = G’[ ] whose restriction to
Gy o4 1s trivial and such that the compact induction c- Ind% KO pV is irreducible supercuspidal;
(5) a sequence ¢ = (¢o, 1, ..,0q) of characters, where ¢; is a character of G which is trivial
on GY ., and nontrivial on G}, for 0 <i < d—1, such that
® ¢4 is trivial on G rat and nontr1v1al on Gyr
(with r_; defined to be 0).
e Moreover, ¢; is G*tl-generic of depth r; relative to y in the sense of [Yu01, §9] for
0<i<d-1.

Jifrgy <rg,and ¢g = 1if rg1 =1y

Formal degrees of arbitrary-depth tame supercuspidal representations in the sense of [Yu01] can
be computed as in [Sch21, Theorem A]. Let G be a semisimple F-group, and let D be a cuspidal
G-datum with associated supercuspidal representation w. Let R; denote the absolute root system
of G, for the twisted Levi sequence (G")o<i<a. Let exp,(t) := ¢".

Proposition 3.1.26. The formal degree of 7 is given by

. d 1
d
(3127) fdeg( ) ﬁe q < dim G + dlmGO 0 + = Zrz ’R2+1| - ‘R D)
[y] 0+ i=0

Remark 3.1.28. The Formal Degree Conjecture of [HIIO8], which describes the formal degree
fdeg(m) of any irreducible smooth representation 7 of G in terms of adjoint gamma factor, has been
proved for regular supercuspidal representations in [Sch21, Theorem B], for non-singular supercus-

pidal representations in [Oha21, Theorem 9.2], and for unipotent supercuspidal representations in
[FOS20, Theorem 3].

3.1.29. Twisted Levi Sequences. We first classify twisted Levi subgroups in Sp, and GSpy,.

Proposition 3.1.30 ([Wal01, page 23]). Conjugacy classes of mazimal tori in Spy,, (F') are given
by the data of:

e finite extensions Fl#, e F,#/F,

e 2-dimensional étale Fi#-algebms F;; and

such that n =Y. _|[F;: F|. Then, W := @;_, F; is a 2n-dimensional vector space over F with a
symplectic form

(3.1.31) ZwZ,Zw Z 7 : F] P (i),



12 KENTA SUZUKI AND YUJIE XU

where elements ¢; € F;* are such that ¢; = —c¢;, where * denotes the unique nontrivial automorphism
ofFi/Fi#. Then there is a torus (whose conjugacy class depends only on the ¢;’s modulo NF_/F#Gm)

(1) 1)
(3.1.32) TFl/F#,...,FT/FT# : HRF#/FRF /F#G

acting component-wise on W. Similarly, conjugacy classes of GSps,, (F') are given by the same data,
giving rise to the torus

(3133) Ty pe g = {(wi) € HRFl/F(G PNy, (1) = e = Ny (2) € FX),
i=1

For Sp,(F'), the anistropic maximal tori are thus of the following form:

. T}l)/F F2/F(cl, c2) = R%)/FGm X R%)/FGW with Fy, F»/F quadratic extensions, where ¢; €
FX).
Fx /NFi/F( 1 )7

1) _ o — ; # : fon-
TFfEBFl#/FI# ={(z,y) € RFI#/FGm XRFl#/FGm : xy = 1} with F|" /F a quadratic extension;
and

o TV (¢c) =R RY G, with Fl/Fl#/F a tower of quadratic extensions, where

F/F# Ff/F gy p ™
e (Ff')*/N et (FT):

Twisted Levi subgroups are obtained as centralizers of coroots into these tori.
For the torus

TIE“?/FFQ/F<CI’CQ) RJ(P“)/FG X R%)/FGW C SLa(F) x SLa(F) C Spy(F),

its subtorus R\, Gy, x 1 (resp., 1 x rRY G m) has centralizer RY Gy x SLo(F') (resp., SLa(F) x

F/F Fy/F P /F
(1)
RFQ/FGm)'
When F; = F; the torus TI(, )/FF /F(cl, ¢2) also has the diagonal sub-torus A(RE,I)/F(G ), which

has centralizer U m/F(c1,c2), the unitary group of the hermitian space '@ E with hermitian form
(w1 @ wa, w) & wh) = %(clwlw’l + cowoh).
(1) ~ x X . _ ; :

The torus TFI#@FI# I has the sub-torus {(x,y) € F* x F* : zy = 1}, which has centralizer
GLa(F) x Spy(F).

The torus 7 )/ has no nontrivial F-rational sub-tori.

Similarly, for GSp4( ), the maximal tori which are anisotropic modulo center are thus of the
following form:

® T /pmyr(cr,c2) = {(,y) € R ypGm X Ry, jpGm : Nmp, px = Nmp, py} for quadratic
field extensions Fi, Fy/F,

o T Frort/FF = {(z,y) € RF#/FGm X RF#/FG :xy € F*} for a quadratic extension
F#/F and

T /F#( = {2 € Rp, /rGm : NmFl/Fl# x € F*}, where Fl/Fl# is a quadratic field exten-
sion.

For the torus T /pp/r C {(z,y) € GLo(F) x GL2(F) : det(z) = det(y)} C GSpy(F), its
subtorus {(z,y) € Rp, /pGy x F* : Nmp jpz = y?} has centralizer
{(z,y) € Rp, ypGm x GL2(F) : Nmp, jp 2 = det(y)}.

The base change to F; gives the Levi subgroup F[* x GLa(F}).
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When F} = Fj it also has the diagonal sub-torus A(Rp, /pGp), which has centralizer GUp, /p(2),
whose base change to F} gives the Levi subgroup Fi x GLa(F}).
Finally, the tori TFl# oFF and TF1 JF# have no interesting sub-tori.

3.1.34. Explicit type data for GSp,(F') and Sp,(F).
For G = Sp, the type datum are:

(pos-depth;) G = (T(l) ) for a tower of quadratic extensions F1/F1#/F Here GV is abelian, so dim p° =

Fi/Ff
1. The corresponding representation is nonsingular.
(pos-depthy) G = (T;Q@F#/F#) for a quadratic extension Fl# /F. Here G is abelian, so dim p° = 1. The
1 1 1

corresponding representation is nonsingular.
5 1
(pos-depthy) G = (Tl(pl)/EFQ/F

corresponding representation is nonsingular.
(pos-depth,) G = (R(l) Gm x SLo(F') C G) for a quadratic extension Fy/F. The positive-depth repre-

), with Iy, F»/F quadratic extensions. G is abelian, so dim p® = 1. The

P /F
sentation is nonsingular, since Rgl) / G x SLa(F') does not have any singular supercuspidal
representations.

(pos-depthy) G = (Up, /r(c1,c2) C G) for a quadratic extension Fy/F. Here, the character ¢ is trivial,
since GO does not have any interesting characters.
The unitary group G' = U m/r(c1, c2) is quasi-split if and only if the discriminant —cjcp €
Nmp, /p(F). Thus, G has singular supercuspidals if and only if G° is quasi-split, which
happens if —cico € Nmp, jp(F)).

(pos-depthg) G = (Tf(‘—i)/F,FQ/F C Rgl)/FGm x SLo(F) C G) for quadratic extensions Fy, Fy/F. Here, GY

is abelian so dim p = 1. The corresponding representation is nonsingular.

—

(pos-depth;) G = (Tg)/F,Fl/F C Up /r(c1,c2) C G) for a quadratic extension Fy/F. Here, GY is abelian

so dim p° = 1. Moreover, G! has no interesting characters, so ¢; = 1. The corresponding
representation is nonsingular.

(pos-depthg) G = (T;Z@F#/F# C GL2(F) x Spy(F') C G), for a quadratic extension Fl#/Fl Here, GV is
1 1 1

abelian so dim p® = 1 and the representation is nonsingular.

The possibilities for G = GSp, are:
(pos-depth;) G = (G° = TFI/F# C G) for a tower of quadratic extensions Fl/Fl#/F Since G is abelian,
1
dim p® = 1. The corresponding representation is nonsingular.
(pos-depth,) G = (GY = TF#@F#/F# C @) for a quadratic extension Fl#/F Since G is abelian,
1 1 1
dim p° = 1. The corresponding representation is nonsingular.

(pos-depthy) G = (G° = Tr rryr C G), with Fy, Fy/F quadratic extensions. Since GY is abelian,
dim p° = 1. The corresponding representation is nonsingular.

(pos-depthy) G = (G° = {(z,y) € Rp,/pGm x GLa(F) : Nmp, /p 2z = det(y)} € G' = G) for a quadratic
extension F1/F'. The positive-depth representation is nonsingular, since Ry, /pGy, x GLa(F)
does not have any singular supercuspidal representations.

(pos-depths) G = (G° = GUp, /r(c1,¢2) C G' = G) for a quadratic extension F1/F. The unitary group
GO = GUp, /r(c1,¢2) is quasi-split if and only if the discriminant —cico € Nmp, /p(F)°).
Thus, G has singular supercuspidals if and only if G is quasi-split, which happens if
—C1C2 € NmFl/F(le).

(pos-depthg) G = (G° = Tp, jp.p,r C G' = {(2,y) € Ry ypGyn X GLo(F) : Nmp px = det(y)} € G* =
G) for quadratic extensions F, Fy/F. The corresponding representation is nonsingular.
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(pos-depthy) G = (G° = Trrrr C GUR p(2) C G' = @) for a quadratic extension F}/F. The
corresponding representation is nonsingular.

5 1 . :
(pos-depthg) G = (T;%@Fl#/F# C GLa(F) x GSpy(F) C G), for a quadratic extension Fl#/Fl Here, G

is abelian so dim p° = 1 and the representation is nonsingular.

Note that the trivial representation of the compact unitary group SU(2) is a singular supercuspidal,
which is only visible on the level of Vogan packets; it mixes with the Steinberg of SLy(F').

3.2. Reducibility of induced representations.

Proposition 3.2.1 ([Sha9l, Prop 6.1]). (a) Let G = GSpy(F') for F' a non-archimedean field.
Let o and B be the short and long simple roots of G, respectively. Let P = MN be the mazimal
parabolic subgroup such that M is generated by o and M =2 GLy x GLy. Fiz an irreducible unitary
supercuspidal representation o = o1 ® x of M = M(F), where o1 is a supercuspidal unitary
representation of GLo(F') with central character w and x is a unitary character of F*. Then I(o)
is always irreducible. The representation I(o1v° ® x) is reducible if and only if w =1 and s = i%,
where v denotes v = | det()| for GLo(F). The representation I(o1v"/? @ x) has a unique generic
special subrepresentation and a unique irreducible preunitary non-tempered non-generic quotient.
For 0 < s < 1/2, all the representations I(c1v°® @ x) are in the complementary series and s = 1/2
1s their end point.

(b) Let G = Sp,(F), the representation 1(c) is reducible if and only if o =& (thus w? = 1) and
w # 1. Suppose w =1 so that I(o) is irreducible. Then I(ov?®) is reducible if and only if s = £1/2.
The representation I(ov®) has a unique generic special subrepresentation and a unique irreducible
preunitary non-tempered non-generic quotient. For 0 < s < 1/2, all the representations I(ov®) are
in the complementary series and s = 1/2 is their end point.

(c) The Plancherel measure u(sa, o) is given by the formula

—w(w —2s —wl(w —1,2s . . .
V(G/P)Qqn(gl) (1_(:,(w)(q—)lq—zs))((11_w(£ﬂ))—1q(1—13—25) if w is unramified

v(G/P)?qrlo+n(w) otherwise

(3.2.2) p(sa) = {

Here n(o1) and n(w) are the conductors of o1 and w, respectively.

For a character x of I, let e(x) := log, [x(w)| be the unique real number such that y = My
where xo is a unitary character.

Lemma 3.2.3 ([ST93, Lem 3.2]). Let x1, x2, and 0 be characters of F*. Then x1 X x2 % 6 is
reducible if and only if x1 = v*Y, xo = v, or x1 = Vﬂxécl.
We thus have the following theorem:

Theorem 3.2.4. A representation of GSpy(F') parabolically induced from a Levi L C G is not
irreducible exactly in the following cases:

en L =T, the representation x1 X x2 X 0 is reducible when either:
1) When L=T, th tati 0 is reducible wh ith
(a) if x1 % x2 % 0 is regular, i.e., x1 # Lix2 # L,x1 # x5 -
(i) x1 = vx2 where x3 #v=2,v71 1 and x2 # v=2,v. Then vxa X X2 X 0 has length
2 and in the Grothendieck ring

vx2 X X2 X0 = V1/2X21GL2 x 0+ V1/2XQStGL2 X 6.
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The Langlands classification is

J (Y2 x2StGr,; 0) e(x2) > —3
VxSt 0 = 3 TV P0StaL, 1) elxa) = =
J(w2x; Star,; vx3l)  elxe) < —3
J(vxa, x2;0) e(x2) >0
J(vx2, x2 % 0) e(x2) =0
1
V20 lar, X 0 = J(VX2,X2 ; x20) 0 1> e(x2) > —3
Jxg! VX27VX29) —1>e(x2) > -1
J(xy v~ X2 xvx30) e(xz) = -1
\J(XQ Vo X2 aVXQG) e(x2) < —1

(ii) x2 = v and x1 # 1,vFY, v2. Then x1 xvx0 has length 2 and in the Grothendieck
ring
X1 XV XHO=x1x 1/1/298‘5(;31)2 + x1 X V1/2091GSp2.
Then,
J(x1; V1/?6Stasp,) e(x1) >0
x1 % v20Stasp, = { J(x1 % Vl/QHStGSpQ) e(x1) =0
J(x1 v ?x10Stasp,)  e(xa1) <0
J(xl,v 9) e(x1) >0
X1 X yl/QHIGsz =< J(v;x1 % 0) e(x1) =0

‘](Xl y V3 Xle) e(Xl) <0
(iii) x1 = v? and x2 = v. Then v?> x v x 0 has length 4, consisting of:
I/3/29StGSp4, V3/291G8p47 J(V2; V1/29StGSp2), J(V3/2StGL2; 0)
(iv) x1 = vxa and x2 of order 2. Then vxa X x2 X 0 has length 4, with a unique
essentially square-integrable subquotient denoted by §([x2,vx2],0), as well as
T2 x2StaLy: 0), J (11 x2StaLy: X20), J(vx2; X2 % 0).
(b) if x1 X x2 X 0 is not regqular:
(i) x1 = v,x2 = 1 then v x 1 x 0 has length 4 consisting of essentially tempered
representations 7(S,0) and 7(T,0) such that 1 x vY/20St = 7(S,0) + 7(T,6), as
well as J(v;1px % 0) and J(Vl/QStGLQ;Q), where 1 x 0lgsp, = J(v;1 % 0) +
J(v'/28t; 0)
(i) x1 = x2 = v then v X v x 0 has length 2 consisting of
v X V1/201G8p2 = J(v; VI/ZGStGSPQ)
7 Vl/ZGSthp2 = J(v,v;0).
(ii3) x1 = vx2 and X3 = v, then vxa X x2 X 0 has length 2 consisting of
y1/2 1/QXQSt(;,L2 X 6.
1/2

X21GL2 X 9, 14
Here, v'/?x5Star, % 0 is tempered and v/ ?xaolar, x 6 = J(vxa, vX2; x20).
(2) When L = GLaxGSpy, the representation VP pxix, where B € R, p is a unitary supercuspidal
of GLg, and x: F* — C* is reducible if and only if 8 = £1/2 and p = p¥ and w, = 1.
Moreover, 1/1/2,0 X x has a unique generic special sub-representation and a unique irre-
ducible preunitary nontempered non-generic quotient.
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(8) When L = GLy x GSps, the representation x X p, where x: F* — C* and p is a supercus-
pidal representation of GSpy, is reducible in the following cases:
(a) X = lpx, in which case 1px X p splits into a sum of two tempered irreducible sub-
representations which are not equivalent.
(b) x = vE, where &,: F* — C* is a character of order two such that &,p = p. Then
v€, X p has a unique irreducible sub-representation which is square-integrable.

Proof. Case (1) is from [ST93, §3] and Cases (2) and (3) are from [ST93, §4].

More precisely, Case 1(a)iis [ST93, Lemma 3.3], Case 1(a)ii is [ST93, Lemma 3.4], Case 1(a)iii is
[ST93, Lemma 3.5], Case 1(a)iv is [ST93, Lemma 3.6], Case 1(b)i is [ST93, Lemma 3.8], Case 1(b)ii
is [ST93, Lemma 3.9], Case 1(b)iii is [ST93, Lemma 3.7]. O

Let £ have order 2 and write £ x 1 = Tg + T€2 as a sum of irreducible representations of Sps.
Moreover, for any supercuspidal representation o of SLo(F'), let

F0>'< — {CL c FX :O_diag(a,l) ~ O'},
which is really a subgroup of the finite group £ /(F*)2.
The analogue of Theorem 3.2.4 for Sp, is:

Theorem 3.2.5. (1) When L =T, the representation x1 X x2 % 1 is reducible when:
(a) The representations coming from irreducibles of GSpy, i.e., x1 # v, x2 # v*!, and
x1 # vTlxa. Then x1 X x2 X 1 is reducible exactly when x1 or xo has order 2. We
may suppose without loss that xo has order 2.
(i) If x1 = x2 or x1 is not of order 2 then x1 X T;Q and x1 X T§2 are irreducible
(ii) If x1 = x2 then both x1 % T;l and x1 X T>?1 have length two.

(b) if x1 X x2 X 1 is reqular, i.e., x1 # 1,x2 # 1,x1 # Xécl:
(i) x1 = vx2 where x3 #v =2, v 1 and xo # v=2,v. Then

vx2 X x2 % 1= v2x0161, x 1+ v2xStar, x 1

has length two.
(ii) x2 = v and x1 # 1, v, v*2. Then

1/2

X1 Xvx1l=xp >4V1/2Stsp2—l-xl X v gy,

has length two.
(iii) x1 = v and x2 = v. Then v?> x v x 1 has length 4, consisting of:

V3/2Stsp4, 1/3/213p4, J(v% V1/2Stsp2), J(V3/2StGL2; 1)
(iv) x1 = vxe and x2 of order 2. Then
vxa X X2 X 1= V1/2X21GL2 x 14+ V1/2X28tGL2 x 1

where V1/2X21GL2 x 1 and V1/2XQStGL2 x 1 each have length three.
Otherwise, there are no extra reducibilities.
(c) if x1 X x2 ¥ 1 is not reqular:
(i) x1 = v,x2 = 1 then v x 1 x 1 has length 4 consisting of essentially tempered
representations T and 7', as well as

J(v;1px X 1Sp2),J(1/1/2StGL2; 1)
(i) x1 = x2 = v then
VXxuvxl=vx V1/213p2 4+ v X 1/1/2Stsp2.

in the Grothendieck ring, where both v I/l/2lsp2 and v X 1/1/28‘551[,2 are irreducible.
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(ii3) x1 = vx2 and X3 = v, then vxa X x2 X 1 has length 2 consisting of
1/2 1/2
1% / XQlGL2 x1,v / XQStGL2 x 1.

Otherwise, there are no extra reducibilities.
(2) When L = GLy x Spy = GLa, the representation v%p x 1, where B € R and p is a unitary
supercuspidal of GLa is reducible if and only if p is self-dual and:
(a) B ==%1/2 and w, = 1px; or
(b) =0 and w, # 1px,.
(3) When L = GL1 x Sps, the representation v’y x p, where x is a unitary character and 3 € R
and p s a supercuspidal representation of Spy, s reducible in the following cases:
(a) x =1px and B =0,
(b) x has order two and nontrivial on F) and = 0.
(c) x has order two and trivial on F)* and f = £1.

Proof. See [ST93, Section 5]. O

4. THE GALOIS SIDE

We are concerned with L-parameters of G = Sp,, GSpy, i.e, homomorphisms ¢: Wg x SLa(C) —
GY such that ¢(w) is semisimple for any w € Wp, and the restriction ¢lgy,(c) is a morphism of
complex algebraic groups.

Lemma 4.0.1. If G is abelian, then members of the L-packet for ¢ are representations with
support Zgv (ch’w)v.

Proof. Let p € Irr(S,). Since G, is abelian, the cuspidal support £? of (u, p), which is a quasi-
Levi of G, in the sense of [AMS18, pg 5], must be Zg,(Gg). Thus the cuspidal support of (¢, p)
must be Zgv(2%,) = Z(;v(g;). By Property 8.1.19 the members of the L-packet of ¢ has support
Zev (23", O

Let G = Spy(F) and p: Wg x SLy — GY = SO5(C) be an L-parameter. Consider ¢y, as a
5-dimensional representation of Wr with an invariant symmetric inner product.
We use the following notation from §8.1:

Gyo = Zs05(c)(0(Wr)) and S, = mo(Zsosc)(e(Wr)))-

The cuspidal support map Sc: ®e(G) = [er(q) Pecusp(L)/Wa (L) is defined via the Springer
correspondence® for Gy, so we conduct case-work on the shape of the L-parameter (.

There are the following cases, depending on how the Wg-representation U decomposes (param-
eterized by partitions of 5).

(1) U it is irreducible, so G, = 1 and S, = 1. This is a supercuspidal singleton packet.

(2) U =V & x where dimV = 4 with a symmetric form V@V — C and x? = 1. Here G, = s
and S, = po. Here, L, = g so Zgv (Zocw) = GV. Thus this is a purely supercuspidal packet
of size 2.

(3) U = V1 & V, where dimV; = 3 and dim Vo = 2, both self-dual with invariant symmetric
forms. Here G, = p2 and S, = po. Again, this is a purely supercuspidal packet of size 2.

(4) U=V @ x1 ® x2 where dimV = 3 and V is self-dual with an invariant symmetric form.
Either:

3There exist in literature different ways to normalize the Springer correspondences, see for example [CM84]; for
constructing LLC, the normalization used sends the regular nilpotent orbit to the sign representation of W.
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(a) x1 = x2 s0 X} = x3 = 1 since x1 & x2 must be self-dual. Now G, = S(u2 x 02(C)) =
O2(C), since an automorphism of U must act by scalars on V' and by an orthogonal
transformation on x1 @ x2. Since G, has no unipotents, ¢|sr,(c) is trivial and S, = pa.
Here £, = 1 x SO2(C) so the cuspidal support is Z¢gv (Z%¢) = Zgv(1 x SO2(C)) =
GL1(C) x SO3(C). Since supercuspidal L-parameters of SO3(C) = PGLy(C) have
trivial unipotent, by Property 8.1.5 (and the observation that ¢|gr,), we have

© = Ay = LGL; xS03 © A, = LGL; xSO03 © Po-

Thus the packet consists of sub-quotients of the parabolic induction X1 X7y where my is
the representation of Spy(F') corresponding to V' under the LLC for Spy(F') = SLa(F)
(this is well-defined, since V' corresponds to a singleton packet).

(b) x1 # x2 and X3 = x3 = 1 then G, = p3, so ¢lsry(c) 18 trivial and S, = pa. By
Lemma 4.0.1, this is a purely supercuspidal packet of size 4.

(¢) x1 # x2 and x1 = Xgl then x1 @ xo carries the symmetric form ((aq,b1), (az,b2)) :=
aibs + azby so G, = C* and ‘P’SLQ(C) = 1land S, = 1. Again by Lemma 4.0.1 the
support of the unique member of the L-packet is Zsos(g;;)v = F* X Spy(F). By the
same argument as in case 4a, the member of the L-packet is x1 % 7y

(5) U =V @ Vo @ x where dimV; = dim V5 = 2, and x? = 1. Either:

(a) Vi = V5 and V; has an invariant symmetric form so G, = C* and S, = 1. By
Lemma 4.0.1, this is a purely supercuspidal singleton packet.

(b) V1 2 V5 and V4 has an invariant symplectic form w then V3 @ V; carries the symmetric
form (vi ® vo, w1 ® wo) = w(vi,w2) — w(ve,wi). Then x = 1 and G, = Sp,(C).
The Springer correspondence for Spy = SLo is shown on Table 5b. Thus the Levi
subgroup L, C G, is either T or Spy(C) and Zgv (ZZP) is either GLy(C) x SO;(C) or
GV, correspondingly. Thus:

Unipotent pairs | Representations of W = 9
([1%],1) 1
(12],1) sgn
([2]7 *1) cusp

TABLE 2. The Springer correspondence for SLo [Lus84b, §10.3]

e When ¢|sr, = 1 then S, = 1 so the L-packet is {my x 1}. Here, since V' is an
L-parameter into SLo, we have w, = 1, so by Theorem 3.2.5 the representation
my X 1 is irreducible.

e When ¢|sr,, is nontrivial, then S, = o so the L-packet has size 2. This packet
is determined in Section 5.

Concretely, the second L-parameter can be considered the W xSLy(C)-representation
U = M3(C) @ C where Wg acts on Ma(C) by left multiplication via the repre-
sentation V7, and SLy(C) acts on My (C) by right multiplication.

(¢) Vi 2 V5 and both have an invariant symmetric form, then y = det(V;) ® det(V2). Here
G, = p3 and Sy = p3. By Lemma 4.0.1 this is a purely supercuspidal packet of size
four.

(d) Vi 2 Vo and Vi = VY then G, = C* and S, = 1. By Lemma 4.0.1 the member of
the singleton L-packet is my x 1, supported in GLa(F') x Spy(F'). The representation
7y x 1 is irreducible by Theorem 3.2.5(2), since 7y is not self-dual.

(6) U=V ®x1Dx2® x3 where dim V = 2 with V self-dual with an invariant symmetric form
V ®V — C. Either:
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Unipotent pairs | Representations of W = 9
(1%, 1) 1
(12, 1) sgn
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TABLE 3. Springer Correspondence for SO3(C)

(a) x1 = x2 = x3 with x? = 1 then G, = SO3(C) x p2, and x1 = det(V)). The Springer
correspondence for SO3(C) = PGL2(C) is given in Table 6a, where all local systems
are supported in the torus.

Thus L, = pp x C* C G,. Now Zgv(Zz ) = C* x SO3(C) and the members of
the L-packet are supported in GL1(F) x Spo(F). Explicitly, the restriction ¢[gr,,(c) is
either:

(i) trivial, so Sy = p2. The Wpe-representation V' @ x1 can be viewed as an L-
parameter Wp — SO3(C), which then corresponds to representations 7y, my of
Sps(F) under LLC for Spy(F) (the packet has size 2). The L-packet is {X1 X
71, X1 X w2}, which are irreducible by Theorem 3.2.5(3).

(ii) nontrivial. Then S, = 2, and by Property 8.1.5 the L-packet is {vx1 71, X1 %
mo}, which are irreducible by Theorem 3.2.5(3).

(b) x1 = x2 # x3 then xf = x3 = 1 and x3 = det(V) and Gy = pz x S(02(C) x p2)
with S, = po X pg. By Lemma 4.0.1 the members of the size four L-packet are
supported in GL;(F') x Spy(F'). By the LLC for Spy(F') the Wg-representation V @ x3
viewed as an L-parameter Wrp — SO3(C) gives an L-packet {m,m2}. Now, each of
the representations x1 x 71 and x; X w9 have length two by Theorem 3.2.5(3), so they
decompose into, say 711 + 712 and 7o + 7o, respectively. Then the L-packet for ¢ is
{7'1177'1277'21,722}-

(c) x1# x2 # x3 and x3 = x3 = x3 = 1 then G, = pa X S(pa X pg X p2) and Sy = pi3.
This is a purely supercuspidal packet by Lemma 4.0.1.

(d) x1# x2 # x3 and x2 = 1 and x2 = Xgl but x3 # 1. Here G, = pg x C* and S, & po.
The members of the L-packet are supported in GLi(F') x Spy(F'). Letting {m1,m2} be
the L-packet under the LLC for Sp,y(F') corresponding to the Wpg-representation V & x1
viewed as a L-parameter Wr — SO3(C), the L-packet for ¢ is {x2 x 71, x2 X 72}, which
is irreducible by Theorem 3.2.5(3).

MU=1ex1®x] @x2® x5 -
(a) x1 = x2 = 1 then G, = SO5(C). The Springer correspondence of G, is [Lus84b, §10.6]:

Unipotent pairs | Representations of W = ,u% X So
(15, 1) @, [17])
([3,17],1) (1], [1])
([37 12]7 _1) ((Z)v [2])
([22,1],1) ([1%],0)
([1°],1) ([2],9)

where we identify representations of the semidirect product (Z/2)? xSy via Lemma 4.0.2
(see also, [CM84, Theorem 10.1.2]). All of the representations are principal series.
By Property 8.1.5, the cuspidal support of the L-parameter is

po(w) = Ap, (w) = Ay (w) = p(diag(||w] /2, Jw]~/2)).

By Remark 2.1.3 all nilpotent orbits in GV are induced from some regular nilpotent
orbit in a Levi subgroup LY € GVY. Thus ¢(|lw||*/?, |w||~'/?) is dual to the modulus
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character dp,\r. Thus, by Remark 2.2.2, we have ¢, = X\fléBL\L. Thus the L-packet
contains an irreducible subquotient of i%(Sty,).

(i) If ¢|sr, is [4], then the L-packet member is a subquotient of ig(éB\G), which
is square-integrable modulo center, by Property 8.1.20. Thus the L-packet is
{StGSP4}'

(ii) If ¢|sr, is [2%] then S, = o, then the L-packet members are irreducible con-
stituents of 1xStgr,. This is case 1(c)i and the L-packet is {7(S, v~ Y/2x7 1), 7(T, v~ 1237 )}

(iii) If ¢|sr, is [2,1%]. The L-packet members is Stgr, % 1, which is case 1(c)iii.
(iv) If plgr, is trivial, then the L-packet is {1 x 1 x 1}, where 1 x 1 x 1 is irreducible
by Theorem 3.2.5(1a).
(b) x1 = x2 # 1 then x; has order 2 and G, = S(O4(C) x p2) = O4(C).
The Springer correspondence for Oy is (see [CM93, §10.1, p. 166]):

Unipotent pairs | Representations of W = ,u% X [
(0071) (1®171) = lw
(00, 1) (161,5gn)
(Oe, 1) = (e0,1) (1 ®sgn,1)
(ee, (1,1)) (sgn®@sgn, 1) = sghyy
(ee, (1,—1)) (sgn @ sgn, sgn)
(86, (_17 1)) cusp
(66, (_17 _1)) cusp

Here on the right 0 and e denote the unipotent classes of SLo, which induce unipotent
classes on SO4 = (SLy x SLg) /2, and on the left are representations of the Weyl group
W = u3 x g parameterized via Lemma 4.0.2.
Thus L, C G2, = SO4(C) is either the maximal torus or SO4(C). When L, = SO4(C),
we have ZGV(Z%«O) = GV, which corresponds to a supercuspidal member in the L-
packet for ¢. When L, is a maximal torus, we have Zgv (Z%W) is also a torus, which
gives rise to a principal series representation in the L-packet for ¢. Moreover, since the
L-parameter is bounded, by Property 8.1.20 the representations are tempered. Either
lsL, is:

(i) trivial. Here, S, = ps. The L-packet consists of irreducible constituents of

X1 X x1 % 1. This is case 1(a)i and the L-packet is {1 % T%l,il X T%}'

(ii) the embedding into the first copy of SLy(C). Here, S, = 1 and the L-packet
consists of an irreducible constituent of v1/2y; x v=1/2y; x 1, which is Theo-
rem 3.2.5(1b). Since the member is tempered, the packet is {x1Stqr, % 1}.

(iii) the diagonal embedding of SLo(C). Here, S, = pi3. Concretely, the L-parameter
¢ may be viewed as the Wr x SLa(C)-representation U = M»(C) & C where Wg
acts on M3(C) by x1 and SLg(C) acts on M3(C) by conjugation. The symmetric
form is the trace pairing on Ms(C).

Thus in case 7(b)iii the members of the size four L-packet consists of two supercuspidals
and two principal series. The L-packet is determined in Section 5.

(c) x2 =1 and x; is of order 2. We have G, = S(O3 x O2) = SO3 x Os. Since both the
Springer correspondence for SO3 and O2 do not have any nontrivial cuspidal supports
(by Table 6a), the members of L-packets are principal series. Moreover, again the
L-packet is bounded, so by Property 8.1.20 the representations are tempered.

(i) if plsr, = 1, then S, = po and the packet consists of irreducible constituents of
X1 % 1 1. This is case 1(a)i, so the L-packet is {1 x T} ,1 x T2 }.

(ii) if ¢lsr, is non-trivial, then S, = po and the packet consists of irreducible con-

stituents of x1 x #1/2x 1. This is case 1(a)i and the L-packet is {'/2 x T;l, /2%

2
1%}
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(d) x2 =1 and x3 # 1. Here G, = SO3(C) x SO2(C). By Table 6a the unipotent pairs
are all supported in the torus, so the L-packets are singletons consisting of a principal
series. The restriction ¢lgy,(c) is either:

(i) trivial, then the packet is {1 x 1 x 1}, where x; x 1 x 1 is irreducible by Theo-
rem 3.2.5(1a).

(ii) nontrivial, then the packet is {x1 x /2 x 1}, where x; x v*/? x 1 is irreducible
by Theorem 3.2.5(1a).

(e) x1 # x2 are distinct order 2 characters. Here G, = S(O2(C) x O2(C) x uz) 2 09(C)2.
Here S, = p3 and by Lemma 4.0.1 the L-packet members are principal series. The
L-packet consists of the irreducible constituents of x1 X x2 x 1, which has length 4 by
Theorem 3.2.5(1(a)ii).

(f) x1 = x5 # 1 and x? # 1. Here G, = GL2(C) and S, = 1. Here L, C GLy(C) is the
maximal torus, so the L-packet consists of principal series representations.

(i) if ¢|sr, is trivial, then the L-packet is {x1 x x1 % 1}, where irreducibility is by
Theorem 3.2.5(1a).

(ii) if ¢|sL, is nontrivial, then the member is a irreducible constituent of /2y x
v 12y 3 1 If xq # v3/2 and x? # v*! then the L-packet is {x1Star, % 1}.
Otherwise, if x1 = v*3/2 then Vi3/ZStGL2 x 1 has length two, since we are in
case 1(b)iii. By Property 8.1.3 the L-packet is {.J(v*%/?Stqr,; 1)}

If x1 = v*1/2 then v*1/2Stqr, x 1 has length two, since we are in case 1(c)i.
If xy1 = Vi1/2§1 for some order 2 character & then Vi1/2€1StGL2 x 1 has length
three, and the L-packet is {J(v"/2¢,Stqr,, 1)}

(2) If xf' and x5! are all distinct, then G, = C* x C* and ¢[gr,(c) = 1 and S, = 1.
By Lemma 4.0.1 the L-packet is a singleton {x; X x2 x 1}, which is reducible by
Theorem 3.2.5(1a).

In particular, the only mixed packets occur in cases 5b and 7(b)iii.
We also use the following well-known fact:

Lemma 4.0.2 (Mackey’s little groups method, [Ser77, §8.2]). Let G = A x H be a finite group,
where A is abelian. Then, there is a bijection

Irr(G) = {x € H\A*, p € Trr(HX)},

where H\A* denotes the set of H-orbits in A* = hom(A,C*) and HX is the stabilizer of x. A
pair (x, p) corresponds to the irreducible G-representation IndG., i (X ® p), where X(ah) := x(a)
fora e A and h € HX,

Now let G = GSpy(F') and ¢: Wg x SLa(C) — GV = GSp,(C) an L-parameter. Now ¢|p,. can
be considered a 4-dimensional Wg-representation U with a invariant symplectic form w: URU — &,
where £ is the similitude character. Now U decomposes into irreducible representations according
to partitions [4], [22], [2,12], or [1*] (the partition [3, 1] is impossible since the attached bilinear form
is necessarily symmetric). Then, G, is the group of Wp-representation endomorphisms g: U — U
such that the following diagram commutes for some constant ¢ € C* (the similitude):

UgU —“ ¢
w
UU —“— €.

Thus there are the following cases:

(1) U is irreducible with U = ¢U" and the unique pairing U ® U — £ is anti-symmetric. Here
G, =C* and S, = 1 so the packet is a singleton supercuspidal.
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2) U =

(a)

(3) U =
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V1 @ Vo where Vi and V5 are irreducible of dimension 2. Either:
Vi = Va, with an invariant anti-symmetric form w: V3 ® Vi — €. Here & = det(V1).
Then U carries the symplectic form w'(vy & wy, vy ® we) = w(vy, ws) + w(w,ve).
Thus, G, = GO3(C) = (C*)? x g, embedded as gj Zg € GSpy(C) and S, =
p2. By Remark 4.0.1, the L-parameter is supported in GLa(C) x GSpy(C), so the
representations are supported in GLj(F') x GSpy(F'). The cuspidal support of ¢ is
V1 and £ viewed as an L-parameter Wr — GL3(C) x GSpy(C). By Remark 2.2.2 to
the representation &1 det(my; ) X my. = 1wy of GLi(F) x GSpy(F), which is the
cuspidal support of ¢. Here, my, is the representation of GSpy(F') corresponding to V;
under LLC for GSpy(F'). Thus the members of the L-packet are the two irreducible
constituents of 1 x 7y, (this is case 3a).
Vi & Vs, with an invariant symmetric form (—, —): V3 ® Vi — £. Here, £ = det(17).
Then w(v1 ® wi,ve ® wa) = (v1, wa) — (vo, w1).
Thus, G, = GL2(C) embedded as diag(g, JTg~'J 1) € GSp,(C) and S, = 1. Letting
T C G, be a maximal torus the (trivially) enhanced L-parameters are supported in
Zav(T) = GL1C x GSp,C, so the members of packets are supported in GLg F' x GSpy F'.
(i) If ¢(SLg) = 1 then the cuspidal support of ¢ is £ and V viewed as a L-parameter
Wr — GL;C x GSp,C. By Remark 2.2.2, the member of the L-packet is an

irreducible constituent of (E ® my, ) X &l
We are in case 2. Since V; = £V} we have my, & £® .. Thus if £ = VB¢ for a
unitary character ¢’ and 8 € R then 7y, X {A ~1 is irreducible as long as 3 # +1.
In this case the L-packet is {my, x £ 1}.
Otherwise since the L-parameter ¢ is not (essentially) bounded the singleton
L-packet consists of the unique essentially tempered subquotient of my, x E -1
(i) If ¢|sL, is nontrivial then the cuspidal support of ¢ is v€ and v'/2V viewed as a L-
parameter Wr — GL; X GSpy(C). By Remark 2.2.2, the member of the L-packet
is an irreducible constituent of (1/1/2g®7r‘\}1) X y_lg_l > y1/27rvl X 1/‘15_1. Letting
¢ = VB¢ as above, if B ¢ {0,—2} then the singleton L-packet consists of the
unique essentially tempered subquotient of vt/ 27y, X 1/*12 ~1. by Property 8.1.20.
Vi 2 Va then Vi 2 £ ® V, and so G, = C* x C* and S, = 1. Here, £ = det(V7).
By Lemma 4.0.1 the L-parameter is supported in GL2(C) x GSpy(C), given by (V1,§)
viewed as an L-parameter Wr — GL2(C) x GSpy(C). Thus by Remark 2.2.2 the L-
packet member is an irreducible constituent of 1 x W‘\ﬁl, where my, is the supercuspidal
representation of GLa(F') corresponding to V; under the LLC for GLy(F).
V @ x1 @ x2 where V is irreducible of dimension 2 and x1, x2 are characters of Wg.

There is an anti-symmetric pairing w: V ® V' — &, where £ = det(V'). Moreover, x1x2 = ¢
and there is an anti-symmetric pairing w’ on x1@®yx2 given by W' (a1 ®b1, aa®be) = a1ba—azby.
Either:

(a)

X1 = X2, then G, = {(2,9) € C* x GLy(C) : 22 = det(g)} = C* x SLy(C). By Table 5b
there are two cases:

(i) ¢lsL, =1, in which case the unipotent pair is supported in C* x T". Then S, =1
and the L-parameter is supported in GL;(C) x GSpy(C). The support is V and x;
viewed as an L-parameter Wp — GL1(C) x GSpy(C). Thus by Remark 2.2.2, the
packet is {(Y1®@m/)x Xy ' }. Here, (X1®7,)xX; © is irreducible by Theorem 3.2.4,
since det(y1 ® VV) = 1 implies the representation x; ' is unitary.

(ii) ¢|sL, is regular unipotent, in which case the unipotent pair is supported in either
C* x T or C* x SLo(C). Thus the L-packet is of size 2, with an intermediate



EXPLICIT LOCAL LANGLANDS CORRESPONDENCE FOR GSp, AND Sp, 23

series supported in GLa(F') x GSpy(F') and a supercuspidal representation. This
packet is determined in Section 5.
(b) x1 # x2 and x1x2 = & then G, = {(z,9) € C* x T : 22 = det(g)} = C* x C*,
a

embedded as : ; € GSp4(C) where ab = z2. Here S, = 1 and the enhanced

b
L-parameter is supported in GL;(C) x GSpy(C), given by x1 and V viewed as an L-
parameter Wrp — GL;(C) x GSpy(C). Thus the L-packet member is an irreducible
constituent of (Y1 ® 7)) X X
We are in case 2 of Theorem 3.2.4. Let § = e(x1xy ') = logq(X1X2_1(w)). Then
(X1 ® m) x X7 " is irreducible unless 8 € {£1}. If 8 € {£1} then the L-packet
member is the unique essentially non-tempered subquotient of (X1 ® W‘\ﬁ) X )?1_1, since
the L-parameter ¢ is not bounded.
(4) U = x1® x2® x3 ® x4 where x; are characters of Wr. Either:

(a) x1 = x2 = X3 = x4 and x} = &, then G, = GY. The Springer correspondence of

GY = GSp,(C) is (by the classification in Remark 2.1.3):

Unipotent pairs | Representations of W = ,u% X S
(14],1) @, [1%)
([2%],1) (1], [1)
([2%], -1) (0, [2])
([2,17],1) ([1%],0)
([1],1) ([2],9)

Here, again the representations of W are parametrized by Lemma 4.0.2 (see also,
[CM84, Theorem 10.1.2]%). Since all the unipotent pairs are supported in the torus,
all representations here are principal series. By Property 8.1.5, the cuspidal support
of the L-parameter is

po(w) = Ap, (W) = A (w) = X1 (w)p(diag(||w] /2, w|~1/2)).

By Remark 2.1.3 all nilpotent orbits in GV are induced from some regular nilpotent
orbit in a Levi subgroup LY ¢ GV. Thus o(||w||*/2, |w|~/?) is dual to the modulus
character dp,\r. Thus, by Remark 2.2.2, we have ¢, = 5(\1_153L\L. Thus the L-packet
contains an irreducible subquotient of X7 1% (Stz).

(i) If ¢|sL, is [4], then the L-packet member is a subquotient of Y7 'i% (d\@), which
is square-integrable modulo center, by Property 8.1.20. Thus the L-packet is
{X1 " Stasp, }-

(ii) If p|sp, is [2%] then S, = 2, then the L-packet members are irreducible con-
stiuents of 137 'Star,. This is case 1(b)i and the L-packet is {7(S, v~ Y2x7"), (T, v~ 2371}

(iii) Tf ¢|sL, is [2,1%]. The L-packet members is Star, X X7 ', which is case 1(a)i.
(iv) If @|st, is trivial, then the L-packet is {1 x 1 x X7'}, where 1 x 1 x x;! is
irreducible by Lemma 3.2.3.
(b) x1 = x2 # X3 = x4 and X% = X% = ¢, then G, = {(g,h) € GSpy x GSpy : u(g) = p(h)}.
Thus Wr — TV C GSp,(C) is given by (x1, X3, X3, x1)- The Springer correspondence
for G, is:

4Note that our normalization of the Springer correspondence differs with [CM84] by a sgn-twist.
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Unipotent pairs | Representations of W = u%
(00,1) 1®1
(Oe, 1) 1 ® sgn
(e0,1) sgn ®1
(ee, 1) sgn ® sgn
(ee,—1) cuspidal

In all cases the image ¢(Wp) is compact modulo center, so by Property 8.1.20 the
representations in the L-packets are essentially tempered. Either:
(i) If (SLa(C)) =1, then S, = 1. The L-parameter is supported in x1®@x3®§, so by
Remark 2.2.2, the member is an irreducible constituent of Y7 X3 x X7 X3 ¥ X1 -
By [ST93, Lem 3.2] this is irreducible.

(ii) If ¢[gr,(c) is the embedding to the first factor of Gy, then S, = 1 and the L-
parameter is supported in x3 ® /2y ® £&. Thus by Remark 2.2.2 the member is
an irreducible constituent of V1/25(\15(\§1 X 1/*1/2551)’{51 X )?1_1. This is case 1(b)iii,
so the L-packet is {X1Star, ¥ X1 ' }-

(iii) If plsr,(c) is the embedding to the second factor of G, swap the role of x;1 and
x3 and we are in the case above.

(iv) If ¢lgr,(c) is regular we have S, = pg, and the corresponding unipotent pairs
have support in either TV or G,. Thus the packet is of size 2 consisting of a
principal series and a supercuspidal. The L-packet is determined in Section 5.

(c) x1 = X2 # x3 = x4 and x1x3 = &, then G, is the Levi GL2(C) x GSpy(C). Here S, =1
and the L-packet members are principal series, since the unipotent pairs are supported
in TV. Moreover, since the L-parameter factors through the Levi GLy(C) x GSp,(C),
the L-packet is not discrete, and hence by Property 8.1.20 the members are not square-
integrable modulo center.

(i) if p(SLg) = 1, then the L-parameter has support x1 ® x1 ® {&. Thus L-packet is
{X3'X1 x 1 x X'}, where irreducibility is by Lemma 3.2.3.

(ii) if ¢|s1, is nontrivial, then the L-parameter has support v'/2y; @ v=1/2y; @ €,
so the L-packet member is an irreducible constituent of X3 'x1 x v x v~ /2%, L.
If )?gl)?l ¢ {1,v% v*2} then this is case 1(a)ii and the L-packet is {)?gl)?l X
)?flStGSPQ} by Property 8.1.3.

If X5 X1 = v*! then we are in case 1(b)ii and the L-packet must be {v*/2Star,; v~ /2% '}
Otherwise, 55;1551 = v*2 and we are in case 1(a)iii. By Property 8.1.3 the L-
packet is {J(VQ;)?IIStGsz)}.

(d) x1 = x2 # X3 # x4 and X? = x3x4 = £ then the L-parameter ¢|y,: Wr — TV — GV
is given by (x3, X112, x4). Here G, is the Levi GL1(C) x GSp,(C), so by Property 8.1.20
the L-packet members are not square-integrable modulo center. Here S, = 1 and the
L-packet members are principal series.

(i) if ¢(SLa) = 1 then the L-parameter has support x1 ® x3 ® £. The L-packet
consists of a subquotient of )?1_1 X3 X X1X3 Uy )’51_1. There are several cases:
e If (X7 'X3)? = v*!, then we are in case 1(a)i and the L-packet is {vT/2¥7 X31q1, x
X1k
e If Y7 'X3 = v*! then we are in case 1(b)ii and the L-packet is {vxv /23] ' 1asp, }-
e Otherwise by Lemma 3.2.3 the packet is {5{1_1)?3 X )?15551 X )?1_1}

(€) x1 # X2 # X3 # xa with x1x4 = x2x3 then G, is the maximal torus. Thus S, = 1 and
the L-parameter is supported in x1 ® x2 ® £&. The L-packet member is an irreducible
subquotient of 55155?:1 X 5{1)?2_1 X 521_1.
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If @5@_1 is not of the form v*! for any i # j then this is irreducible by [ST93, Lem 3.2].
Otherwise:

o if YiX;' = v and X1X3" gé {1,v%!, %2} then we are in case 1(a)ii and the
VAT asp, )
o if )21251 = )?25551 = v then we are in case 1(a)iii and the L-packet is {v

L-packet is {)?1)?3?1 X v
3/2X1 11GSP4}

The mixed packets are cases 3(a)ii and 4b.

5. MIXED PACKETS

Denote the three order 2 characters of F* as 1, n2, 5, where n(x) := (—1)"F (#) is unramified and
ne and ) are ramified quadratics.

5.1. The GSp, case. The mixed packet for GSp, occurs in:
(1) case 3(a)ii
Proof. In case 3(a)ii, let ¢, = (x1,Xx1%u): W — GLi(C) x GSpy(C) be the cuspidal
support of the intermediate series, where ¢,|sr, = 1 by Remark 5.2.8 and det(¢,) = 1. By
Property 8.1.5 we have ¢, (w,x) = Ay, (w) = Ay(w). Here,

Ap(w) = diag([[w][x1(w), x1 (w)pu(w), [[w]| = x1 (w))

50 oy (w) = [Jw||"?x1 (w )®X1( Jou(w). By Remark 2.2.2 this corresponds to the represen-
tation v1/2m, Ky —1/2% X1 ! where m, is the self-dual supercuspidal representation of PGLy(F)
corresponding to ¢, under the LLC for PGLg(F'). Thus the intermediate series member of
the L-packet is an irreducible subquotient of v1/2m, V71/25<\1—1. By Theorem 3.2.4 (2) it has
a unique irreducible sub- representation 5(1/1/ 2 1/ 2)/{;1), which is square-integrable.
Thus §(v'/ %, x v 12371 € T0,,.

e when the PGLy(F ) representation 7, has depth zero, it is classified by a regular depth-

zero character §: E*/F* — C*, where E/F is the unramified quadratic extension.

__ 1/2 —1/25-1
(5.1.1) ) = {5 (1/ / T(Ex 9) XV / X1 ) , W(S,é)&(?@)?fl)}’
where the supercuspidal T (502005, ") is defined in Lemma 3.1.14.

Ty XV

e when the GLo-representation 7, has positive depth, the L-packet is of the form
(5.1.2) I, = {6(v"?m, @ v 2500, 7(m) @ X7,

where:

— 7y 18 a supercuspidal representation of GLy(F'), which corresponds to a nontrivial
representation JL(m,) of D*/F* under the Jacquet-Langlands correspondence,
for D/F the quaternion algebra. The Kim-Yu type is given by a twisted Levi
sequence (G° C --- C G¥ = D*/FX).

— 7(m,) has Kim-Yu type given by the twisted Levi sequence (G° C --- € G4 =
D*/F* C GSpy(F)).

O
(2) case 4(b)iv
Proof. In case 4b, let ¢,: W} — TV be the cuspidal support of the principal series, where
since TV has no unipotents, we have p,|sr,, = 1. By Property 8.1.5 we have ¢, (w,x) =
Ap, (W) = Ap(w). Here,

Ap(w) = diag([[w]|"/x1 (w), [[w]|*xa (w), [[w]| 7 xa(w), [[w]| 72 x1 (w)).
Under the isomorphism of Remark 2.1.1. the L- parameter o corresponds to an irreducible

subquotient of v0 x 0 xv 1/2)( where 0 := X1X3 is an order 2 character of F*. By [ST93,

~1/2%

Lemma 3.6] the representation v x 6 x v 1 has a unique essentially square integrable
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subquotient §([0, v0], v~1/2x7"). Thus by Property 8.1.20, we have §([0, v6],v~Y/2x71) €

II,. Here 6 € {n,n2,15}.
The only singular supercuspidal from Theorem 3.1.14 that’s unipotent (up to twisting)

is m3(010 ® 1). Therefore it must be in the L-packet ).
There are three L-packets, with notation from Proposition 3.1.14.
T, = {0([n,vm), v 2R ), w610 @ X7 1)}
e 0 = {6([n2, vma), v 20 1), man2s X1}
) : = {6([nh v, v 2R, ma(h: XD -
Here the L-packets I 2 and I s are assembled in Proposition 6.5.5 via stability of charac-
ters. Note that the twist X5 ! can be recovered as the central character of the representations.
We now compute the formal degree of §([n2, via], v~ /2x71): By [Roc98], we have
(5.1.3) Irr(H(G, 7°)) = Irr(H(J%, 1)),
under which §([n2, vn2], v~ 1/2x7 1) corresponds to StGLyxGLy /Gy - BY [R0c98, Theorem 10.7],
up to normalization factors of volumes, we have

(5.1.4) fdeg(m(n2)) = d(St&1, xarn/c,,):
Now by [CKK12, Theorem 4.1], we have

1 1 g¢-1 i
1. d(StH =_. : Cq3? = ‘
(5.1.5) (SteLoxara/e.) = 3 2-1 ¢£-11 2(q + 1)
Thus we have
3/2
—1/2~— q
(5.1.6) fdeg(([n2, vo], v /?R7 1)) =

2(¢+1)(¢> - 1)’

which agrees with the formal degree for the singular supercuspidal computed in (3.1.17). O

5.2. The Sp, case. The mixed packets for Sp, occur in:

(1) case 7(b)iii, when the packet is of size 4, consisting of two supercuspidals and two principal
series the irreducible constituents of v/ 2x1Stgr, @ 1. The L-packets consist of principal
series from case 1(b)iv, and depth-zero supercuspidals from Theorem 3.1.20.

Proof. To each X1 = n,m2,7,, we denote by ¢(x1) the corresponding L-parameter, as
in case 7(b)iii. Concretely, ¢(x1): Wi — SO5(C) corresponds to the Wr x SLa(C)-
representation U = My (C) @ C where Wy acts on Ma(C) by x1 and SLa(C) acts on My (C)
by conjugation. In particular, the L-packet I ) is a unipotent L-packet.

The principal series members 71 (X1), 72(X1) € IL,(y,) have unipotent pairs (ee, (—1,41))
on Oy, by the discussion in case 7(b)iii. Let ¢,(x1): Wi — T be the cuspidal support,
where ¢, (x1)(SLa) = 1 since TV does not have unipotents. Then by Property 8.1.5 we have

w2
o) (@W,2) = A () = A (W) = (1) w0, (' | 1/2)>-

This acts on Ms(C) as:

Aoy (w)(e11) = xa(w)enr
Aoy (w)(e12) = [[w][x1(w)erz
Aoy (w) (e21) = [[w]| ™ xa (w)ea
Ap(xn) (W) (€22) = x1(w)e2z,



(5.2.1)

(5.2.2)
(5.2.3)
(5.2.4)

(5.2.6)
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50 wp(x1) = || det | x1 ® x1 ® 1. Now 71 (x1) and m2(x1) are subquotients of vy x X1 x 1=
v12%11ar, X 1+v1/2%,Stqr, 3 1. Moreover, since 71 (x1) and (1) are square-integrable by
Property 8.1.20, they must be subquotients of v1/2%Stqr, X 1. By [ST93, Lemma 3.6] over
GSp, the representation vY; X X1 X 1px contains a unique square integrable subquotient
d([X1,vX1],1px). This splits into two irreducible representations when restricted to Sp,
by [ST93, Prop 5.4], and these are exactly the square-integrable subquotients of the Sp,-
representation rx1 x X1 X 1. Thus, in the Grothendieck group

S([x1, vXal, L) lsp, (r) = m1(x1) + m2(x1)-

For the supercuspidals in Il ), there are only two unipotent supercuspidals 75(610) and
7y(010) coming from Theorem 3.1.20(2a). Therefore these two must be in the L-packet
I,y- Note that this agrees with the unipotent L-packet in [LS20]. Moreover, [LS20,
Example 9.4] says that () and He@(né) contains the depth-zero representations inflated
from SLg(F,) x SLy(F,), i.e. the ones in Theorem 3.1.20(3). In summary, we have three
L-packets

I, : = {m1(n), m2(n), m5(610), ™y (610) }
My = = {m1(n2), m2(n2), 7t (n2), 7, (n2)}
oy = = {m1(m5), m2(m3), ek (n3), 7o (1)}
The choices between II,(,,) and II,,,) are pinned down in Corollary 6.5.6 via stability of

characters. Similar computations as in (5.1.6) shows that the formal degrees of 7;(n2) and
7 (n9) agree. O

Remark 5.2.5. The L-packets II and II are those in [LS20, Ex 9.4].

w(n2) ©(n5)

case (5b), where the packet is of size 2 consisting of a supercuspidal and an intermediate
series.

Proof. Let m € 1, be the intermediate series member. By Property 8.1.5 we have A\, =
LGLy © Ap, Up to SOs-conjugacy. For the intermediate series representation, since ¢, : Wy —

1/2
GL2(C) is cuspidal, by Remark 5.2.8 we have ¢, (w,z) = ¢(w, <|w|| |_1/2> ), which

[|wl
actson U =V2® 1 as
[Jw]|* 2o (w)
1
[[w[| =1/ 2p(w)

Thus, the L-parameter of the cuspidal support is || det||'/%p. Let ¢ correspond to the

unitary representation o of GLp(F) under the LLC for GLso, so v'/20 is the image of
|| det ||'/2¢ under the LLC for GLy. Thus, 7 := 7(0) is an irreducible sub-representation of
the induced representation /20 x 1, which is the unique square-integrable subquotient by
[ST93, Prop 5.6(iv)]. It must be the member by Property 8.1.20. In summary,

e when ¢ has depth zero, the L-packet is of the form

I, :={n(0), ma(n)},
where 7, (n) (for n # 71,72) is the (singular) depth-zero supercuspidal from Theorem
3.1.20(3). There are qgl such depth-zero L-packets, which agrees with the number of
depth-zero supercuspidals of PGLo(F).
e when ¢ has positive depth, let 7(o) be the intermediate series representation with o a
positive-depth supercupsidal of PGLg corresponding to the character ¢ (o) : E*/F* —

~

C*. The LLC for GLgy (hence PGLy) gives us a canonical identification E* /F* —
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Rg}FGm which identifies (o) : E*/F* — C* with a character x(o) : RS)F
C*. Let m, be the corresponding positive-depth singular supercuspidal. The L-packet
in this case is of the form

(5.2.7) Uy, :={7(0), Ty(0)}-

Gy —

Remark 5.2.8. Let ¢: W}, — GL,(C) be a cuspidal L-parameter for GL,,. Then ¢(SLy) = 1.

6. STABILITY OF L-PACKETS

6.1. Parahoric invariants for the GSp,(F) case. Via twisting by the character /233 o u of
GSpy, we may focus our attention on d([na, vn2],1). It is characterized as the intersection of the
sub-representations I/l/anStGL(g) x 1 and yl/QmStGL(z) X 12 of vme X g X 1.

We calculate the invariants of d([n2,vn2],1) with respect to Gz4, where z is a vertex of the
Bruhat-Tits building (i.e., @ or 4).

6.1.1. Calculating 6([n2, vns], 1)Ce+.

Definition 6.1.1. Let H, be the parahoric subgroup of GSp, 5(F’) defined in §2.3, which contains
the subgroup

(6.1.2) HY :={(g,h) € My(0) x <; p:) :det(g) = det(h) = 1}.

For a ramified quadratic character 7y of F'*, let w € F be a uniformizer such that na(w) = 1
(unique up to (07)?). We define the following irreducible representations of Gg/Gpy = Hg/Hp:

G iag(w
(6.1.3) Wptine ©= Indggz(R+<a0) X Ry () Be8=1)
(6.1.4) wngISp = Indggz(R/_‘r(go) X R/_"_(Qo)diag(w,l))

This is independent of the choice of the uniformizer w.
By [SX23, Lemma 2.0.1], we have:
Lemma 6.1.5. There are canonical support-preserving Hecke algebra isomorphisms
(6.1.6) H(GSpy//1,e® e ® 1) = H(GSpiny //J, € o dety)
(6.1.7) H(GSpy//1,e® e ® €) = H(GSpiny //J, € o dety)
where GSpin) = (GLy x GL2)/G,,, and &gti(gl,gg) := det(g;) are well-defined homomorphisms

GSpin) (F) — F*/(F*)%.  Under these isomorphisms ([, vns],1) corresponds to ng o det; ®
StGSpinX'

By the Mackey formula, we have an isomorphism of representations of Go/Ga = GSpy o(Fy)

~ Ga/Ga w
(6‘1'8) (VT}Q X M2 X 1)Ga+ = @ IndG,BI’/WwB+w_1/(Ga+ﬁwa_l)(6 ®e® 1) ’
weEB\G2/Gq
where
(6.1.9) B\Ga/ G = W (G) /W (GSpy) = W/ {55, 5205) = {1 50}
Therefore, the G -invariants of (vny x 179 x 1)+ gives

(6.1.10) (i ® 12 % 1)%+ = Inds P (e ® 1@ ¢ @ 1)2
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Likewise, computing the G,-invariants gives us the following
(6.1.11) (1208t % 1) %t ~ (11208t 0 1g) Gt ~ Indgsm’2 (e®1®e®1).
We pin down the G -invariants of 7(12) in Corollary 6.1.13.
Proposition 6.1.12. The I-invariants of §([n2,vne], 1) is
S([n2, v, N X e@e@1+e@e@e.
Proof. A priori we know

S([ma,vma), DM = vy x e x )+ = P (e0ea )V = (e@eal) +(c@e®e)’.
weWw

By Lemma 6.1.5, the multiplicity of e® e® 1 in §([n2, vn2], 1), which is the same as the multiplicity

of eo c@cl in the representation 72Stso,, is one. Thus the same holds for all Weyl group orbits of
the character. g

Corollary 6.1.13. There is an isomorphism of G /G a4 -representations
6([n2, vma], 1) o= wgimc

Proof. The argument is the same as in the proof of Corollary 3.0.8 in [SX23] . By Proposition 6.1.12
we conclude §([n2, ve], 1)E8+ must be an irreducible component of IndGSp2‘2 (e®1®e®1), ie

" orw! Together with Lemma 6.1.5 we conclude 6([na, vno], 1)Fe+ = W™ O

wprinc pr1nc princ

6.1.2. Calculating 6([n2, vne], 1)%5+. Again by a Mackey theory calculation, we have:

(6.1.14) (v x 11 % 1)+ 2 Ind P (e @ e 1)
(6.1.15) (1 nsStar, x 1)+ = Ind P9 (eStgr, © 1)
(6.1.16) (1 /2naStar, 2 12) % 2 Ind 525 (eStar, @ €),

where P, is a parabolic subgroup of GSpy(F,). Thus, &([n2,vn2],1)%+ is the intersection of

In dGSEM(;Fq)(eStGLQ ® 1) and Indgj&gfq)(eStGLZ ® €), denoted wprmc

alence [Lus84a, Theorem 4.23], if s € GSpins(F,) is of order 2 such that its image in SOs5(Fy) is
diag(—1,—1,1, -1, —1) then Zggpin, (r,)(s) = GSP1114( q) = GSpy o (Fy):

(6.1.17) E(GSpy(Fy), s) = E(GSpy»(Fy), 1) = {Sthpz,z’ 1 X GSp,, GSpy X 1, 1ggp2’2},

In terms of Lusztig’s equiv-

and wg ;. corresponds to StGSpZQ(IFq)‘ Thus, in conclusion:

Proposition 6.1.18. The following are the

(6119) 6([7727 V772]7 1)G5+ = wprmc
(6120) 5([712, V772]7 1)Ga+ = wgimc'

6.2. Parahoric invariants for the supercuspidal representations. Recall from Proposition
3.1.14(3), we defined the supercuspidal representation

(6.2.1) Ta(n2; 1) —cIndGSp‘l(w"2 ),

cusp

where wlisp := (ﬁ?rA )\))(IQ’diag(w’l)) is a cuspidal representation of G,/Gq+. We may readily calcu-

late the G4 -invariants of the supercuspidal representation 7, (192; 1), for various vertices = in the
Bruhat-Tits building:
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Lemma 6.2.2. Let wo(n2;1) be as defined in (6.2.1). We have

(6.2.3) a(m2; 1) 7% 2 Wiy,
(6.2.4) Ta(n2;1)95+ =0
Proof. For each vertex x, by Mackey theory we have
Gey ~ (e Gy “1G,

(6.2.5) Tl ) 2 @D md% g (@hy)?)Cr 9 G

gEGa\G2/Gw

Gz Gy NG, —

(626) = @ Indszggila((w?ﬁsp)g) Tl

g€G\G2/Gy
Here,

GetNG 1, ~ a z
(wizgp)?) et MComte 2 () FaltCom

which is 0 unless a@ = gx since otherwise Gg N Gy, will contain the unipotent radical of some
parabolic subgroup of Gy, 50 (wdisp)“e"%+ = 0 since weasp is cuspidal. O

6.3. Stable distributions on GSp, and Sp,. For this section alone, we switch notation for k to
denote the non-archimedean local field, as we reserve the notation F for the facets. First we recall
from [DeB02, DeB06, DK06] the general theory of invariant distributions associated to unramified
tori. We now recall a few more precise results for later use. Let J(g) be the space of invariant
distributions on g. Let J(N') be the span of the nilpotent orbital integrals.

For each Weyl group conjugacy class [w] of G, consider pairs (F, QL) consisting of a facet
F € B(G) and the toric Green function QF (see for example [Car93, §7.6]) associated to the torus
Sw in G corresponding to [w]. Let S be a maximal K-split k-torus in G lifting the pair (F,Sy,).
Let Xg, € Lie(S)(k) C gr be a regular semisimple element for which the centralizer in G of the
image of Xg, in Lie(GF) is Sy,. Since G is simply-connected, the number of rational conjugacy
classes in @) Xg N g is in bijection with the group of torsion points of X, (T')/(1 — w)X.(T) for
the maximal torus T of G. The following Table 4 is the analogue of [DK06, Table 5] for GSp,
(note that the analogous table for Sp, is calculated in [Wal01], although we do not need it), which
records the number of relevant rational conjugacy classes.

class of w | tor[ X, (T")/(1 — w)X.(T)]
1 0
Ay 0
Ay 0
A1 X A1 Z/2
Cs 0
TABLE 4.

For each character k of tor[X,(T)/(1 — w)X.(T)], one can associate a distribution
(6.3.1) Tw(k) := > RN - pixy
Aetor[ X (T)/(1—w) X« (T)]

where Xé\w belongs to the G-conjugacy class in “®) Xg N g indexed by A. Note that T, (1) is
stable for any reductive group G. On the other hand, the rational classes in ) X that intersect
Lie(S)(k) are parameterized by the quotient

(6.3.2) N(F, $4) = [Naro(S(K)) /SR EHEI [[NG (S (k) /S (k)]
We record the cardinality of the above quotient in the following table:
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class of w | vertex | |N(F,Sy)|
A1 X A1 02 1

A1 X A1 A1 X Al 1

In general, consider the set I¢ := {(F,G)} (see for example [DKO06, §4.3]) of pairs consisting of facet
F and a cuspidal generalized Green function on Lie(Gr)(ky), which is endowed with an equivalence
relation ~ as in Definition 4.1.2 loc. cit.

Let go be the set of compact elements in g, and J(gp) C J(g) the subspace of distrubitions with
support in gg. Let Dy be the invariant version of the Lie algebra analogue of the Iwahori-Hecke
algebra, and let DY be the subalgebra spanned over facets contained in (the closure of) a fixed
alcove Fjz. We recall the following homogeneity result due to DeBacker and Waldspurger.

Theorem 6.3.3 (Waldspurger, DeBacker). We have

(1) resp,J(go) = resp,J (N).
(2) Suppose D € J(go). We have

resp,D =0 if and only if respgD =0

As a corollary, one has the following.
Corollary 6.3.4. Let D € J(go). We have
resp,D =0 if and only if D(Grp) =0  for all (F,G) € I/ ~
We have the following list of stable distributions:

DS =D F
T T ey 05)

D} =D

FAl
(FA17QSA1)

D% = D(F;: Q™)
A Ay’ Sﬁl
6.3.5 st .
(6:3.5) De' = Dip, of)
st -
DA1><A1 = DF Fe, +D r Fayxaq
CQ,QsAlel ( Ale17QSAle1)
DEXI;S;Al =D Foy -D FApxAq
F F
CQ,QsAleI ( A1><A17QSA1XA1)

st o
FA1 X Aq agsgn T D(FAl x Aq 7gsgn)

Finally, we record the following result from [DKO06, Lemma 6.4.1] (see also [Wal0l, Théoréme
IV.13]) for later use. Let B be the set of stable distributions in the above list (6.3.5).

Lemma 6.3.6 (Waldspurer, DeBacker-Kazhdan). The elements of the set {resp,D|D € B>} form
a basis for resp,J(go) Nresp, J*(g).

6.4. Characters on a neighborhood of 1. In this section, we express d[n2, 1/772]6'9“r in terms of
generalized Green functions, for z = «, 6.

(1) When F = Fg, corresponds to the vertex &, we have that §([nz,vna],1)%5+ = Whyine COT-
responds to Stgsp, ,(F,) under Lusztig’s equivalence (6.1.17). By [DL76], the character of

Steinberg is
1
041 Ot = (RATA — R — R + R,

Since Lusztig’s equivalence (6.1.17) preserves multiplicities, we have
1

ﬂfsrinc = Z

(6.4.2) Ch (RS2 ca, —2RS + RE?).
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Restricting to the unipotent locus, we have

1 F, F F,
(6.4.3) Chye . (0) = (Q 24 =200 4+ 0 c2> :

(2) When F = F4, x4, corresponds to the vertex a, we have that §([ng, vng], 1)+ = wgiinc.

The character formula can be computed in the same way as [SX23, (3.4.5)] and we have

1 Fpixa *
(644) Chﬁm - 5(Q1A1 = iq gsgn)'

princ

(3) When F = Fj,, since §([n2, vn2],1)F+ is the Jacquet restriction TﬁiXAl((S([TIQ,VTIQ], 1)),
thus by (6.1.3) on the unipotent locus we have Ch(8([ng, vn2],1)67+) = QfAl
(4) When F = Fz , we have Ch(6([n2, vn2], 1)Gr+) = Qfgl;
(5) When F = F,, we have Ch(d([n2, v, 1)GF+) = 2.
Similarly, we have for F' = Fa,x4,,

)

1, _Fa « .
(6.4.5) Ch(ma (72 1)) = 2(Qu st & 4" Gon).
Therefore, we have the following

Proposition 6.4.6. For any (possibly equal) ramified quadratic characters na,nj, the sum 6([n2, vnz], 0)+
Ta(Ny; p) has a stable character on the topologically unipotent elements.

Proof. As remarked at the beginning of §6.1, it suffices to work with the case o = 1 in the notation
d([n2,vn2], 0). From the discussions above, we see that for some explicitly computable constants ¢;,

1
Chis((m el 1) = €1 5 (D ay — Didika,) £ 2+ D +cDY

(FAl XAy 7gsgn)

1
Chﬂ'a(WZ?l) =a- 5( Ztl x Ay + D}X?S;EAI) + €2+ D?;ﬂfn XAlvgsgn)

Thus by Lemma 6.3.6, the sum is always stable. O

6.5. Characters on a neighborhood of s. Let

s = 1 € GSpy(F)
-1

be order 2 such that Zgsp,(s) = GSpy,. By the construction in [AKO7, §7], the distributions
Chs([ns,vma),0) a0d Chr (:0) 00 GSpy induce distributions O, vm0],0) A0 O, (10:0) 1 (GSP2 2)0+
the topologically unipotent elements in GSpy 5, such that the attached locally constant functions
are compatible (see [AKO7, Lemma 7.5]). We shall see when the sum ©Os ([, v15],0) T Orras is a
stable distribution on (GSpg5)o+-

We now look at the characters on an element of the form su for u topologically unipotent. They
follow from computations in the previous section §6.4.

(1) When F = Fg,, by [DL76, Theorem 4.2], we have

75;0)

Chye

princ

(su) = % (RS, (s0) = 2RS, (su) + RS, (su)

a=11 x A1 1x A1 1X A1 1x A1
= (1) 5 (QE M () — Qi (w) — Q4 () + 98 M (w))

Saqxaq Sagx1 S1x Ay

(6.5.1)
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(2) When F = Fy4,x4,, we have

g=1 1 Fa,x 1 *
(6.5.2) Oy gy (50) = (1) 2 (@I (1) £ 4" Guga(w)
PES Fa,x *

The following lemma is an analogue of [SX23, Lemma 3.5.1].

Lemma 6.5.4. The distribution D(FAle1 Gean) 0T GSpy o is mot stable.

Proof. A distribution on GSpy o(F) is stable if and only if it is stable under conjugation by GLa(F) x
GL2(F'). Thus all stable distributions on GSpy 5 must be restricted from invariant distributions
on GLy(F) x GLa(F). But the only invariant distributions on GLg(F') x GL2(F') are spanned by
semisimple orbital integrals, and D p w4y Gsgn) is linearly independent from them (as can be seen
by evaluating against Gggy). O

Proposition 6.5.5. Let G = GSpy(F). For ramified quadratic characters na and ), the character
Chs((na,vmal o) T Chwa(ng;@) is stable in a neighborhood of s if and only if ny = nj.

Thus, {0([n2,vn2], 0), ma(n2; 0)} is an L-packet, as dictated by Property 8.1.27, for each ramified
quadratic character 1.

Proof. This follows from the above computations (6.5.1), (6.5.2) and (6.5.3), as well as Lemma
6.5.4 that D is a non-stable distribution on GSpy 5. O

FAl X A1 »gsgn)

Now, by Property 8.1.26, functoriality for Sp, — GSp,, we obtain the following corollary of
Proposition 6.5.5. Let m;(n2) be as defined in (5.2.1). Let i (n2) be as defined in Proposi-
tion 3.1.20(3).

Corollary 6.5.6. Let G = Spy(F). The character Chy, () + Chy,,) + Chﬂ(nz) + Chﬂ;(nz) is sta-
ble in a neighborhood of s, for each ramified quadratic character ne. Thus we have the following
explicit L-packets, as dictated by Property 8.1.27:

My (n,) o= {m1(12), m2(n2), 7 (12), 7o, (n2) },
for each ramified quadratic character no.

Proof. Indeed, by definition we have

3(IX1, vX1]s Dlsp, 7y = m1(x1) + ma(x1)

and
S
(6.5.7)  Talm2; Dlsp,(r) = c-Ind g (i)
(6.5.8) = c-IndgP (R, (60) R (R, (60)) 6=V + R’ (6y) R (R (6p))Ti2e(=D)
(6.5.9) = ma (n2) + 75 (n2).
The claim now follows from Proposition 6.5.5. g

7. EXPLICIT L-PARAMETERS

We construct L-parameters for each reducible induced representation in Theorem 3.2.4. For
representations that are not essentially tempered, we give explicit Langlands classifications, so by
Property 8.1.3 we have explicit L-parameters (since LLC is known for Levis of GSp,). We only
give the L-parameters for GSp,, but those for Sp, follows by functoriality, Property 8.1.26.
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7.1. Principal series for GSp,. We proceed by considering Bernstein blocks: let s = [T, x1 ®
X2 ®0]. Then by Remark 2.2.2 the dual of y1 ® x2 ®6 is the homomorphism F* — TV(C) given by
p-1 diag(1, )?51, )?fl, yflgl), whose restriction ¢ to o} is well-defined. Let J° = Zgv (Im(c®)) and
let J® be the Langlands dual group. Then [Roc98] gives a (non-canonical) isomorphism between
H(G// Ty, x1 @ x2 ® 0) and H(J®//I%,11s), where I° is an Iwahori subgroup of J°. There are the
following cases (up to Weyl group conjugates):

(J1) If x1 = x2 = 1 then J° = G". Representations of the Iwahori-Hecke algebra are classified
in [Ram03, Table 5.1].

(J2) If x1 # 1 and x2 = 1 then J° = GLg x GSpg so J* = GL; x GSps.

(J3) If x1 = x5! # 1 and x? = 1 then J° = {(g9,h) € GLa(C) : det(g) = det(h)}. Here
J* = GLa(F') x GLo(F)/F*. Representations of the Iwahori-Hecke algebra are classified in
[Ram03, Table 2.1].

(J4) TIf x1 = x5 " and x? # 1 on 05 then J° = GL1 x GSp, so J* = GLa x GSp,. Representations
of the Iwahori-Hecke algebra are classified in [Ram03, Table 2.1].

We have the following cases:

e In case 1(a)i the only essentially tempered representation is v'/2yoStqr, % 6 where e(x2) =

N[

— if x2 is unramified, we are in case (J1). This is case t. in Table 5.1 of [Ram03] so the
enhanced L-parameter is: (¢4, [14]; 1), (#0,[22], 1)-

— In case (J3), when X3 is unramified but x» is not, we have J* of type A; x Aj. This
is case t, X t, in the notation of Table 2.1 of [Ram03] since the induced representa-
tion is of length 2 with a tempered subquotient. Thus the enhanced L-parameter is
(900,[14}7 1)a ((100',[22}7 1)

— In case (J4), when 3 is ramified, we have J° = GLg x GSpy, of type A, which is case
to in [Ram03, Table 2.1] so the L-parameter is (¢4 [14], 1), (P0,[22], 1)

e In case 1(a)ii the only essentially tempered representation is xi X 1/1/298‘5C;Sp2 for e(x1) = 0.
Here s = [x1, 1,0].

— In case (J1), when i is unramified, we have J/ = GV. This is case t. in Table 5.1 of
[Ram03] so the enhanced L-parameters are: (4,141, 1), (¢g,[22], 1)

— In case (J2), when x; is ramified, we have J/ = GL; x GSp,. This is case t, in [Ram03,
Table 2.1] so the L-parameters are (¢,.14), 1), (¢0,[22]5 1)

e In case 1(a)iii the Steinberg representation corresponds to (@07[4}, 1), with the regular unipo-
tent.
e In case 1(a)iv the representation §([x2, vx2],0) is essentially square-integrable, living in the

— In case (J1), when s is the unramified quadratic character, we have J* = GV.
This is case t, or t. in [Ram03, Table 5.1]. To see which case we're in, note that
§([n2, vma], 0)C5+ corresponds to Stgspin, under Lusztig’s equivalence £(GSpy, e ® € ®

0) = E(Zaspin, (5), 1) = £(GSpiny, 1). Thus,
dim &([n2, vna], 0)" = (3([112, v1e], 6) >+, Ry)
= <StGSpin47R%“> = 17

and we are in case t, of [Ram03, Table 5.1]. Thus the L-parameter of §([x2, vx2],0) is
(@01, 1), with trivial unipotent.

— In case (J4), when x» is ramified, we have J° of type A; x A;. This is case t, X t, in
the notation of [Ram03, Table 2.1]. Thus the L-parameters are:

(@014 1) (o 2,12) 1) (@0 2,12]5 1) (90,225 1)-
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Here there is a slight abuse of notation; the two unipotents [2,1%] are embedded into
G, in different ways.
e In case 1(b)i, where s = [T,1 ® 1 ® 6], we have J* = GV. Here, there are two essentially
tempered subquotients so we are in case t;, of [Ram03, Table 5.1]:

Indexing triple | nilpotent orbit | representation
(ty,0,1) [17] J(v;1px x 0)
(v, es,1) [22] J(u1/2StGL2; 0)

(tb7 Ca1 485 _1) [2, 12] T

(to, Ca;+8; 1) [2a 12] 7’

We again used that Stgr, corresponds to the regular unipotent under LLC for GLo.
e In case 1(b)iii the representation vt/ 2x2StaL, * 0 is essentially tempered.
where 5 = [T, x1 ® x1 ® 0], with 3 = 1, either:
— In case (J1), when y; = 1, we have J* = GY. Then we are in case t. of [Ram03,
Table 5.1] so the L-parameters are (¢(14),1) and (2}, 1).
— In case (J4), when x; # 1, we have J° of type A; x Aj. This is of type ¢, X t, in the
notation of [Ram03, Table 2.1] so the L-parameters are (4], 1) and (g2, 1).

7.2. Intermediate series for GSp,.

Lemma 7.2.1. Let ¢ be a 2-dimensional irreducible semisimple representation of Wg. Then ¢|r,
remains irreducible.

Proof. Suppose otherwise, that ¢|7, = Cl <) Cg for some characters Q of I'r. Since Wg acts trivially
on I ab = X » the group Wp intertwines Cl @ {2 Thus if Cl £ Cg then ¢ also splits into two

distinct characters, a contradiction, and if (; = Cy then o(w) for w € Wg such that |w| =1 can be
diagonalized, which provides a splitting of ¢. O

7.2.1. When L = GLy x GSpy, i.e., case 2. Let s = [L,m ® x|, where we assume w, = 1. By
Remark 2.2.2, local Langlands for the Levi gives an L-parameter Y 1@x oY = Y1 (1®pY): W —
GL;(C) x GSpy(C), whose restriction ¢® to Ir is well-defined. The centralizer J° := Zgv (Im(c?))
is independent of xy. When J° is connected we have the bijection Irr®(G) = Irr(H(J°//I7)), where
the group of F-rational points on the Langlands dual of J*° and I° is an Iwahori subgroup.

By Lemma 7.2.1, the restriction |7, remainds irreducible, so J° = {(z,9) € C* x GSpy(C) :
det(g) = 22} = C* x SLy(C) so J* = F* x PGLy(F). Since the induced representation is of length
2, we are in case t, of [Ram03, Table 2.1], and the L-parameter for the tempered sub-representation

is (900,[2,12} ’ 1) :

7.2.2. When L = GL; x GSps, i.e., case 3. Let s = [L, x ® 7]. By Remark 2.2.2, local Langlands
for the Levi gives an L-parameter

o) @ det(p)X ' Wp — GLa(C) x GSpy(C),

whose restriction ¢® to Ir is well-defined. The centralizer J° := Z¢gv (Im(c®)) is independent of .
That is,

o) @ det(p) )X H(w) = (%Vr(w) Ql(w)%vr(w)> '

The induced representation y x 7 is irreducible only when a) x = 1px or b) x = v*'¢, where
& is of order two and {,m = 7. In either case Xp, = @, so the Ip-representation ¢° is simply

diag(ey (w), ¢x (w)).
Here, in the notation of [AX22b, §2.1],

Xpr(M,m):={£€X(M): £ =7}



36 KENTA SUZUKI AND YUJIE XU

has order 1 or 2, since £ ® m = 7 implies £2w, = w,. Moreover, W (M, O) is order 2, since the Weyl
group acts by x ® 7 = x "1 ® xm. Thus, W (M, m, Xn:(M)) is of order 2 or 4, and by [Sol22], there
is a bijection

Ir*(G) ~ Irr(C[Xp (M)] x CIW (M, 7, Xne (M))]).
The Kazhdan-Lusztig triples can be computed by following the commutative diagram in Prop-
erty 8.1.19.

8. MAIN THEOREM

8.1. Properties of LLC. We assume for the rest of this paper that p does not divide the order
of the Weyl group.
We now state a compatibility property of the LLC with supercuspidal supports.

Definition 8.1.1. [Vog93] The infinitesimal parameter of an L-parameter ¢ for Gis A\,: Wp — GV
defined by, for w € W,
(8.1.2) Ap(w) = (w (”le/Q 0 )) for any w € W,

oL © = ; 0 kufl/Q Yy F-
Property 8.1.3. Let (P, m,v) be a standard triple for G. We have

PI(Pm,w) = LLY O Pr@x,-

Property 8.1.4. ([Art06, §2], and [Kall6, Conjecture B]) The elements of I1,(G) are in bijection
with Irr(S,).

The following property is [Vog93, Conjecture 7.18], or equivalently [Hail4, Conjecture 5.2.2].

Property 8.1.5. Let P C G be a parabolic subgroup with Levi subgroup L, and o a supercuspidal
representation of L. For any irreducible constituent w of Indg o, the infinitesimal L-parameters
Ao, and tpv o Ny are GV -conjugate.

8.1.6. The following Property 8.1.19 generalizes Property 8.1.5. Let £L(G) be a set of representatives
for the conjugacy classes of Levi subgroups of G. By [ABPS17a, Proposition 3.1], for any L € L(G)
there is a canonical isomorphism

(8.1.7) Wa(L) = Wev (LY).

We set the following notations

(8.1.8) Zev(p) = Zav(p(Wp)) and Gy := Zav(p(Wr)).

We also consider the following component groups

(8.1.9) Ay :="Z¢v(p)/Zav(p)° and S, :=Zgv(p)/Zav - Zav(p)°.
Recall that Ag,_(u,) denotes the component group of Zg,(u,). By [Moul?7, § 3.1],
(8.1.10) A, ~ Ag, (uyp), where ug, := ¢ (1,(§1))-

Let (¢, p) be an enhanced L-parameter for G. Recall that u, := ¢ (1,({1)). Then u, is a
unipotent element of the (possibly disconnected) complex reductive group G, defined in (8.1.8),
and p € Irr(Ag, (uy)) by (8.1.10). Let t, := (L%, (v, €?)) denote the cuspidal support of (uy, p),
ie.

(8.1.11) (L7, (0%, €9)) = Scg, (ug, p).
In particular, (v?,€?) is a cuspidal unipotent pair in £¥.

Upon conjugating ¢ with a suitable element of Zg; (uy), we may assume that the identity compo-
nent of L# contains ¢ ((1, (Z 0 ))) for all z € C*. Recall that by the Jacobson—Morozov theorem

0z1
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(see for example [Car93, § 5.3]), any unipotent element v of £¥ can be extended to a homomorphism
of algebraic groups

(8.1.12) Ju: SLa(C) — L% satisfying 7, (§1) = v.
Moreover, by [Kos59, Theorem 3.6], this extension is unique up to conjugation in Zge(v)°. We
shall call a homomorphism j, satisfying these conditions to be adapted to .

By [AMS18, Lemma 7.6], up to G'V-conjugacy, there exists a unique homomorphism j,: SLy(C) —
L¥ which is adapted to ¢, and moreover, the cocharacter

(8.1.13) Xow: 2= ¢ (1,(5.%)) do (35 9)
has image in Z3,. We define an L-parameter ¢,: Wr x SLa(C) — Zgv(Z%,) by
(8.1.14) @u(w, ) := o(w, 1) - Xpu(Jw]*?) - ju(x) for any w € Wr and any € SLy(C).

lwl'/? 0

Remark 8.1.15. Let w € Wg and z,, := ( 0 [w|-1/?

). By (8.1.2), we have
(8.1.16) Ap, (W) = ‘Pv(w@’w') :_ﬁ(w».l) -x@,v(lell/z) *Jo(Tw)

=o(w, 1) - (1, z0) - jo(2y ) * Jo(w) = o(w, Tw) = Ap(w).
Definition 8.1.17. [AMS18, Definition 7.7] The cuspidal support of (¢, p) is
(8.1.18) Sc(,p) 1= (Zv (20, (9o, €9)).
Property 8.1.19. [AMSI18, Conjecture 7.8] The following diagram is commutative:

LLCqg

Irr(G) ®.(G)

| Js

LJLLC
Urera Irseusp(L)/Wa(L) = Upesiq) ®e.cusp (L) /Wa(L)

Property 8.1.20. [Bor79, §10.3] Let ¢ be an L-parameter for G.

(1) ¢ is bounded if and only if one element (equivalently any element) of I1,(G) is tempered;

(2) ¢ is discrete if and only if one element (equivalently any element) of I1,(G) is square-
integrable modulo center;

(3) ¢ is supercuspidal if and only if all the elements of I1,(G) are supercuspidal.

fdeg ()

dim(p)

Property 8.1.22. [Sha90, Conjecture 9.4] If ¢ is bounded, then the L-packet I1,(G) is w-generic

for some Whittaker datum w. Moreover, the conjectural bijection iy: I, (G) — Irr(Sy,) maps the

-generic representation to the trivial representation of S.

Property 8.1.21. [Sha90] The quantity is constant in an L-packet.

Conjecture 8.1.23. [AMS18, Conjecture 2] For any s = [L, o] € B(G), the LLC for L given by
o — (g, po) induces a bijection
(8.1.24) I (G) = @37 (G),
where 5V = [LY, (@5, po)]Gv-

Conjecture 8.1.23 is proved for split classical groups [Moul7, §5.3], for GL,(F) and SL,(F)
[ABPS16b, Theorems 5.3 and 5.6], for principal series representations of split groups [ABPS17b,
§16]. For the group Ga, a bijection between Irr®(G) and ®¢”(G) has been constructed in [AX22b,

Theorem 3.1.19]. For GSp,(F') and Sp,(F'), one can easily verify the axioms in the Main Theorem
of [AX22b], and thus we have an isomorphism

(8.1.25) I (G) = @3 (G)
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for each Bernstein series Irr®(G) of intermediate series. On the other hand, the bijection (8.1.25)
holds for principal series blocks thanks to [Roc98, Ree02, ABPS16a, AMS18].

Property 8.1.26 (Functoriality). There is a commutative diagram

T1(GSpy,) % ®(GSpy,)

| b

H(SPQn) LC} q)(SPQn)

Here, the left vertical arrow is a correspondence defined by the subset of II(GSpsy,) x II(Sps,)
consisting of pairs (w,w) such that w is a constituent of the restriction of ™ to Spy,,.

Property 8.1.27 (Stability). Let ¢ be a discrete L-parameter. There exists a non-zero C-linear
combination
(8.1.28) SO, = Z 27Or, for zz € C,

welly,

which is stable. In fact, one can take z; = dim(p,) where p is the enhancement of the L-parameter.
Moreover, no proper subset of 11, has this property.

8.2. Main Result. Construction of the Local Langlands Correspondence

LLC: Irr(G) =5 &.(G)

(8.2.1)
= (Sowv Pn)-
Recall from [AX22a, (3.3.2)] and [AX22a, (2.4.3)] that we have
(8.2.2) f(G) = || I*(G) and @(G)= || @2(G).
seB(G) sVeBY(G)

When 7 € Irr(G) is not supercuspidal, we have s = [L, o] where L is a proper Levi subgroup of
G. Recall from §2.2, L is conjugate to GL; x GL; x GSpy (resp. GL; x GL; X Spy), GL2 x GSp,
(resp. GLg x Spy) and GL; x GSp,y (resp. GL1 x Spy). Let ¢o: Wi — LY be the L-parameter
attached to o by the Local Langlands Correspondence for L (see [BH06, LL79]). The L"-conjugacy
class of ¢, is uniquely determined by o, and one can easily check that ¥(yodet)ns = Po @ (see for
example [Kal21, Proposition 3.4.6]), i.e. [AX22b, Property 3.12(1)] holds. This allows us to define

(8.2.3) s =LY, (ps, Dgv-
Let m — (¢x, px) be the bijection
(8.2.4) I (G) = @37 (G),

established in [AX22b, Main Theorem] (for intermediate series) and in [ABPS16a] (for principal
series). We have given explicit Kazhdan-Lusztig triples and L-packets in §7.

We consider now the case where 7 is supercuspidal. Hence we have s = [G, 7| for 7 an irreducible
supercuspidal representation of G.

(a) When 7 is non-singular supercuspidal, we define (¢, pr) to be the enhanced L-parameter
constructed in [Kall9, Kal21].
(b) When 7 is a unipotent supercuspidal representation of G, we define (¢, pr) to be the
enhanced L-parameter constructed in [Lus95], [Mor96, § 5.6] and [Sol18] (see also [Sol23]).
e z = 4: From §3.1.1 Proposition 3.1.14(2), the reductive quotient G5 = GSp,4(F,) has a
unique unipotent cuspidal representation 69, giving unipotent supercuspidals ms(619 ® X)
for each character . Define the following L-parameter ¢(n;x) with unipotent [2%]:

(n; x) = diag(Mx, X> X> 1X)-
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By case 4(b)iv we have G, =~ GSpy5(C) and S, ~ ps. By the discussion in §5, we have
@023 X) = Po(fna,vmal w12
(¢) Let 7 be a non-unipotent depth-zero singular supercuspidal representation of G. As recalled
in (3.1.2), we have 7 = C-Indgm 7, where x is a vertex of the Bruhat-Tits building of G
and 7 is inflated from a representation in the Lusztig series £(G,,s) with s # 1. By
Proposition 3.1.14, We have two cases, where x = a:
e From §3.1.1 Proposition 3.1.14(3), the reductive quotient G5 = GSp, »(F;) := {(g,h) €
GL2(F,) x GL2(F,) : det(g) = det(h)} has a rational Lusztig series £(Gy,,s), where

s = (A, A) for some A € 2 such that A~1 = —1, with singular cuspidal representations

weasp. Let m(n2; x) denote the compact induction (:—Indgilz4 (wesp @ x), for each unramified

character x of F*. There are two (depth-zero) ramified cubic characters ny and n), of F*.
Define the following L-parameter with unipotent [22]:

(8.2.5) ©(m2; X) lwy = diag(Mm2X, X, X, 12X)-

By case 4(b)iv we have G, ~ GSpy 5(C), the unipotent element u is regular in G, and S, =~

2. By the discussion in § 5, we have p(n2; x) = P , where d([n2, vn2], V_1/2X)

n2,vn2],v =1/ 2x)
is the unique discrete series subquotient of vny X 79 x v~ 1/2y.
By Proposition 6.5.5, we obtain two L-packets of size 2, for each i = 1,2, 3,

(8.2.6) (i) (G) = {m(nfy; x), 6([m2, vi], v~ /2X) ).

e From §3.1.1 Proposition 3.1.14(4), the reductive quotient G, = GSpy o(Fy) := {(g,h) €
GL2(F,) x GLa(F,) : det(g) = det(h)} has a cuspidal representation RY X RS, where
T C GLy(F,) is an anisotropic maximal torus and 6 is a character of 7' such that 62 is
regular. This gives rise to the singular supercuspidal 7(g gxg), where 6 is a regular character
of E*, for an unramified quadratic extension E/F (see Definition 3.1.4). Let ¢y be the
L-parameter which is x? @Indwg (0) as a Wp-representation, with unipotent SLy(C) acting
on x2.

Then by the discussion in §5, the L-packet is

) = {5(u1/27r(Ex,9) X V_1/2Xf1),7r(s,axe®>?;l)}'

(d) Let ™ be a positive-depth singular supercuspidal representation of G. As in §5, such a
singular supercuspidal representation necessarily arises from a self-dual supercuspidal rep-
resentation 7, of PGLo(F'), via the following recipe:

e 7, is a supercuspidal representation of GLy(F'), which corresponds to a nontrivial
representation JL(m,) of D*/F* under the Jacquet-Langlands correspondence, for
D/F the quaternion algebra. The Kim-Yu type is given by a twisted Levi sequence
(GO cC---Cc GY=D*/F>).

e 7 has Kim-Yu type given by the twisted Levi sequence (G° C --- ¢ G = DX/F* C
GSpy(F)).

It lives in a mixed L-packet together with &(v'/?m, x v=1/2%~1), the essentially tempered
sub-representation of v1/27m, x v=1/23~1. Letting ¢ be the L-parameter x?> @ V where V is
the Wg-representation corresponding to ¢, under the LLC for PGLy(F'), with unipotent
[2,12]. Then

1/2

(8.2.7) I,(G) = {m, 6" ?my, x v 12371}

Let GG be the group of F-rational points of the groups Sp, and GSp,. We suppose that the residual
characteristic of F' is different from 2.
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Theorem 8.2.8. The explicit Local Langlands Correspondence defined in (8.2.1) satisfies (1.1.1)
for any s € B(G), where sV = [LY, (¢s, po)|av, and also satisfies Properties 8.1.3, 8.1.4, 8.1.19,
8.1.20, 8.1.22. Moreover, we have Property 8.1.21 for depth-zero L-packets.?

Moreover, Properties 8.1.3, 8.1.4, 8.1.5, 8.1.19, and 8.1.20 (and Property 8.1.26 for Sp,) uniquely
characterize our correspondence.

Proof. By Property 8.1.3, the L-parameter ¢, of each irreducible non-tempered representation m of
G is uniquely determined. For GSp,, since the L-packets of the representations of the proper Levi
subgroups of G are all singletons, the L-packet I, (G) is a singleton. Hence, by Property 8.1.4,
we have pr = 1. Thus the map (8.2.1) is uniquely characterized for non-tempered representations.
This finishes the case of non-discrete series tempered representations.

Property 8.1.20 holds for supercuspidal L-packets by [AX22a, Lemma 10.1.7]. For the mixed
L-packets, this can be seen directly from §8.2 and the lists loc.cit., where we specify which member
in a given L-packet is generic.

Since we have already treated the discrete series in 8.2, we are done. For Sp,(F), this follows
from Property 8.1.26. Finally, Property 8.1.21 follows from the calculations in Sections 3 and 5, as
in [AX22a]. Note that we fix a Whittaker datum for Sp,(F') as in [AMS22] (see also [Sol23]). O

APPENDIX A. APPLICATIONS TO THE TAYLOR-WILES METHOD

In this appendiz, we adopt notations consistent with standard literature on this topic, though
these notations may differ slightly from our main text.

We apply the theory developed in [Whi22], which gives a generalized Taylor-Wiles method (see
for example [Tho22]) using input from (explicit) Local Langlands Correspondences (e.g. [RS07]),
except that we are now equipped with our explicit Local Langlands Correspondence (1.1.2)

(A.0.1) LLCsx : 7 (Vi, Ny).

Here we switch to the notation (Vi, N;) loc.cit. instead of our original notations in (1.1.2). We
work with @p—coefﬁcients by fixing an isomorphism ¢ : C = @p compatible with the choice of qf,%/ 2
as loc.cit. As in [BCGP21], we view LLC as sending an equivalence class of a smooth irreducible
@p—valued representation of GSp,(F,) to a Weil-Deligne representation of Wy, valued in GSp(@p).

Let g € T'(k) for a split maximal torus 7' contained in a Borel subgroup B of G. Let Mg =74, @)
be the scheme-theoretic centralizer of g.

Suppose that ¢, = 1 mod p. Our explicit LLC gives the following “local lemmas” [Whi22,
Propositions 5.18, 5.19], which are analogues for GSp, of [Tho22, Proposition 3.13].

Proposition A.0.2 (Whitmore). Let m be an admissible irreducible Q,[G(F,)]-module such that
(7P ), # 0. Then (1) 7 is a subquotient of a parabolically induced representation Gy for some
tamely ramified smooth character x : T(F,) — Z;. (2) The characters through which O[T /TNp1 ]V~
acts on " are Wg-conjugates of x and there exists w € We such that wy lifts X. (3) The localized
invariants (7°1)y, are 1-dimensional and the action of O[T /(T Np1)|"F is through wx. (4) Finally,
if LLCp(m) = (V, Ny) is the Weil-Deligne representation associated to m under the Local Langlands
Correspondence (1.1.2), then N = 0.

Proof. Statements (1)—(3) follow from [Whi22, Lemma 5.16]. To verify (4), one works case by case
according to Mg up to conjuacy.

e Suppose that g is regular semisimple. In this case, L is a maximal torus and = is an
irreducible principal series y1 X x2 % 0. Then by §4 Case (4e), we have N, = 0.

Swe certainly expect this property to hold for positive-depth L-packets as well.
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e Suppose that Mg is conjugate to a Levi subgroup of the Klingen parabolic subgroup
GL2(C) x GSpy(C). In this case, we claim that m cannot be conjugate to a representa-
tion of the form xStqr, % x’ for some smooth characters y and x’, otherwise (7¥1),, = 0.
This can be seen by first applying the geometric lemma in [BZ77] along with [Whi22, Lemma
5.15]. Then by our classification §4 Case (4c), we have N, = 0.

e Suppose that Mg is conjugate to a Levi subgroup of the Siegel parabolic GL1(C) x GSp,(C).
In this case, L is conjugate to a Levi subgroup of the Klingen parabolic GL1(F') x GSpy(F).
We claim that m cannot be conjugate to a representation x X x’'Stasp,; otherwise, similar to
the previous bullet point, we get (7"1),, = 0 which is a contradiction. Then by §4 Case (4d),
we have N, = 0.

e The remaining case is when L = G. By §4 Case (4a), we have N, = 0.

O

The following proposition is an analogue of Proposition A.0.2 for representations with nonzero
localized p-invariants (instead of mi-invariants).

Proposition A.0.3 (Whitmore). Let m be an admissible irreducible Q,[G(F,)]-module such that
(7)ng # 0. Then (1) 7 is a subquotient of a parabolically induced representation i%x for some

tamely ramified smooth character x : T'(F,) — Z;. (2) The characters through which O[T /T (OF,)]"*
acts on ™ are Wg-conjugates of x and there exists w € W such that wy lifts X. (3) The localized
invariants (7¥)y, are 1-dimensional and the action of O[T /(T(Or,))|V* is through wx. (4) Finally,
if LLCp(7) = (Vx, N) is the Weil-Deligne representation associated to w under the Local Langlands
Correspondence (1.1.2), then Ny = 0 and (5) there is an isomorphism of O[T /T (OF,)]"é-modules
(7P )y — 9.

Proof. Representations with Iwahori-fixed vectors are classified in §7.1, and we attach explicit L-
parameters. ]

Proposition A.0.2 is then applied in [Whi22, Theorem 7.7] to a certain 7, for some cuspidal
automorphic representation 7w of GSpy(Af) and v € Q a Taylor-Wiles place, where @ is part of
a Taylor-Wiles datum (Q, {(T, 1,,B@)}WEQ) as in [Whi22, Definition 3.9], thus giving the existence
of Galois representations associated to a classical weight cuspidal automorphic representation .
Combined with the patching criterion of [BCGP21, Proposition 7.10.1], one can then construct
the patched modules as in [BCGP21] and [Whi22, 7.11] to deduce modularity lifting theorems for
abelian surfaces.

REFERENCES

[ABPS16a] Anne-Marie Aubert, Paul Baum, Roger Plymen, and Maarten Solleveld, Geometric structure for the
principal series of a split reductive p-adic group with connected centre, J. Noncommut. Geom. 10 (2016),
no. 2, 663-680. MR 3519048

, The local Langlands correspondence for inner forms of SLy, Res. Math. Sci. 3 (2016), 2-34.

MR 3579297

, Conjectures about p-adic groups and their noncommutative geometry, Around Langlands corre-

spondences, Contemp. Math., vol. 691, Amer. Math. Soc., Providence, RI, 2017, pp. 15-51. MR 3666049

, The principal series of p-adic groups with disconnected center, Proc. Lond. Math. Soc. (3) 114
(2017), no. 5, 798-854. MR 3653247

[AKOT] Jeffrey D. Adler and Jonathan Korman, The local character expansion near a tame, semisimple element,
Amer. J. Math. 129 (2007), no. 2, 381-403. MR 2306039

[AMS18]  Anne-Marie Aubert, Ahmed Moussaoui, and Maarten Solleveld, Generalizations of the Springer cor-
respondence and cuspidal Langlands parameters, Manuscripta Math. 157 (2018), no. 1-2, 121-192.
MR 3845761

[AMS22]  Anne-Marie Aubert, Ahmed Moussaoui, and Maarten Solleveld, Affine hecke algebras for classical p-adic
groups, 2022.

[ABPS16b)]

[ABPS17a]

[ABPS17b]




42

[Art06]

[Art13]

[AS06]
[Asg02]

[AX22a]
[AX22b)

[BOGP21]

[BHO6]

[BM97]
[Bonll]

[Bor79]

[BTS84]
[BZ77]

[Car93|

[CKK12]

[CM84]

[CM93]
[DeB02]
[DeBO06]

[DKO06]

[DL76]
[DROY]

[DS00]

[FOS20]
[GKS1]

[GK82]

KENTA SUZUKI AND YUJIE XU

James Arthur, A note on L-packets, Pure Appl. Math. Q. 2 (2006), no. 1, Special Issue: In honor of John
H. Coates. Part 1, 199-217. MR 2217572

, The endoscopic classification of representations, American Mathematical Society Colloquium
Publications, vol. 61, American Mathematical Society, Providence, RI, 2013, Orthogonal and symplectic
groups. MR 3135650

Mahdi Asgari and Freydoon Shahidi, Generic transfer for general spin groups, Duke Math. J. 132 (2006),
no. 1, 137-190. MR 2219256

Mahdi Asgari, Local L-functions for split spinor groups, Canad. J. Math. 54 (2002), no. 4, 673-693.
MR 1913914

Anne-Marie Aubert and Yujie Xu, The explicit local langlands correspondence for g2, 2022.

, Hecke algebras for p-adic reductive groups and Local Langlands Correspondence for Bernstein
blocks, arXiv:2202.01305 (2022), 37pp.

George Boxer, Frank Calegari, Toby Gee, and Vincent Pilloni, Abelian surfaces over totally real fields are
potentially modular, Publ. Math. Inst. Hautes Etudes Sci. 134 (2021), 153-501. MR 4349242

Colin J. Bushnell and Guy Henniart, The local Langlands conjecture for GL(2), Grundlehren der mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 335, Springer-Verlag,
Berlin, 2006. MR 2234120

Dan Barbasch and Allen Moy, Local character expansions, Ann. Sci. Ecole Norm. Sup. (4) 30 (1997),
no. 5, 553-567. MR 1474804

Cédric Bonnafé, Representations of SLa(F,), Algebra and Applications, vol. 13, Springer-Verlag London,
Ltd., London, 2011. MR 2732651

Armand Borel, Automorphic L-functions, Automorphic forms, representations and L-functions (Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math.,
XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 27-61. MR 546608

Francois Bruhat and Jacques Tits, Groupes réductifs sur un corps local, II: Données radicielles valuées,
Publ. Math. LH.E.S. 60 (1984), 197-376. MR 86¢:20042

Joseph Bernstein and Andrei Zelevinsky, Induced representations of reductive p-adic groups. I, Ann. Sci.
Ecole Norm. Sup. (4) 10 (1977), no. 4, 441-472. MR 579172

Roger W. Carter, Finite groups of Lie type, Wiley Classics Library, John Wiley & Sons, Ltd., Chichester,
1993, Conjugacy classes and complex characters, Reprint of the 1985 original, A Wiley-Interscience
Publication. MR 1266626

Dan Ciubotaru, Midori Kato, and Syu Kato, On characters and formal degrees of discrete series of affine
Hecke algebras of classical types, Invent. Math. 187 (2012), no. 3, 589-635. MR 2891878

David H. Collingwood and William M. McGovern, Nilpotent Orbits In Semisimple Lie Algebra: An
Introduction, Nilpotent Orbits In Semisimple Lie Algebra: An Introduction, Travaux en Cours, Hermann,
Paris, 1984, Edited by P. Deligne, pp. 1-32. MR 771671

, Nilpotent orbits in semisimple Lie algebras, New York, NY: Van Nostrand Reinhold Company,
1993 (English).

Stephen DeBacker, Parametrizing nilpotent orbits via Bruhat-Tits theory, Ann. of Math. (2) 156 (2002),
no. 1, 295-332. MR 1935848

, Parameterizing conjugacy classes of mazximal unramified tori via Bruhat-Tits theory, Michigan
Math. J. 54 (2006), no. 1, 157-178. MR, 2214792

Stephen DeBacker and David Kazhdan, Stable distributions supported on the nilpotent cone for the group
G2, The unity of mathematics, Progr. Math., vol. 244, Birkhduser Boston, Boston, MA, 2006, pp. 205—
262. MR 2181807

Pierre Deligne and George Lusztig, Representations of reductive groups over finite fields, Ann. of Math.
103 (1976), no. 1, 103-161.

Stephen DeBacker and Mark Reeder, Depth-zero supercuspidal L-packets and their stability, Ann. of
Math. (2) 169 (2009), no. 3, 795-901. MR 2480618

Stephen DeBacker and Paul J. Sally, Jr., Germs, characters, and the Fourier transforms of nilpotent
orbits, The mathematical legacy of Harish-Chandra (Baltimore, MD, 1998), Proc. Sympos. Pure Math.,
vol. 68, Amer. Math. Soc., Providence, RI, 2000, pp. 191-221. MR 1767897

Yongqi Feng, Eric Opdam, and Maarten Solleveld, Supercuspidal unipotent representations: L-packets
and formal degrees, J. Ec. polytech. Math. 7 (2020), 1133-1193. MR 4167790

S. S. Gelbart and A. W. Knapp, Irreducible constituents of principal series of SLy(k), Duke Math. J. 48
(1981), no. 2, 313-326. MR 620252

, L-indistinguishability and R groups for the special linear group, Adv. in Math. 43 (1982), no. 2,
101-121. MR 644669




[Hail4]

[HC99]

[Hen00]
[HII08]
[HS12]

[HTO1]

[Kall6]
[Kal19]
[Kal21]
[Kal22]
[Kosb9]
[KY17]
[LL79]

[LS20]

[Lus77]

[Lus78]

[Lus84al
[Lus84b]
[Lus95]

[Moel1]
[Mor96]
[Moul7]
[MP96]

[Oha21]
[Ram03]

[Ree02]
[Roc98]
[RS07]

[Sch13]

EXPLICIT LOCAL LANGLANDS CORRESPONDENCE FOR GSp, AND Sp, 43

Thomas J. Haines, The stable Bernstein center and test functions for Shimura varieties, Automorphic
forms and Galois representations. Vol. 2, London Math. Soc. Lecture Note Ser., vol. 415, Cambridge
Univ. Press, Cambridge, 2014, pp. 118-186. MR 3444233

Harish-Chandra, Admissible invariant distributions on reductive p-adic groups, University Lecture Series,
vol. 16, American Mathematical Society, Providence, RI, 1999, With a preface and notes by Stephen
DeBacker and Paul J. Sally, Jr. MR 1702257

Guy Henniart, Une preuve simple des conjectures de Langlands pour GL(n) sur un corps p-adique, Invent.
Math. 139 (2000), no. 2, 439-455. MR 1738446

Kaoru Hiraga, Atsushi Ichino, and Tamotsu Ikeda, Formal degrees and adjoint y-factors, J. Amer. Math.
Soc. 21 (2008), no. 1, 283-304. MR 2350057

Kaoru Hiraga and Hiroshi Saito, On L-packets for inner forms of SL,, Mem. Amer. Math. Soc. 215
(2012), no. 1013, vi+97. MR 2918491

Michael Harris and Richard Taylor, The geometry and cohomology of some simple Shimura varieties,
Annals of Mathematics Studies, vol. 151, Princeton University Press, Princeton, NJ, 2001, With an
appendix by Vladimir G. Berkovich. MR 1876802

Tasho Kaletha, The local Langlands conjectures for non-quasi-split groups, Families of automorphic forms
and the trace formula, Simons Symp., Springer, [Cham], 2016, pp. 217-257. MR 3675168

, Regular supercuspidal representations, J. Amer. Math. Soc. 32 (2019), no. 4, 1071-1170.
MR 4013740

, Supercuspidal L-packets, arXiv:1912.03274 (2021), 83.

Tasho Kaletha, Representations of reductive groups over local fields, 2022.

Bertram Kostant, The principal three-dimensional subgroup and the Betti numbers of a complex simple
Lie group, Amer. J. Math. 81 (1959), 973-1032. MR 0114875

Ju-Lee Kim and Jiu-Kang Yu, Construction of tame types, Representation theory, number theory, and
invariant theory, Progr. Math., vol. 323, Birkhduser/Springer, Cham, 2017, pp. 337-357. MR 3753917
J.-P. Labesse and R. P. Langlands, L-indistinguishability for SL(2), Canadian J. Math. 31 (1979), no. 4,
726-785. MR 540902

Jaime Lust and Shaun Stevens, On depth zero L-packets for classical groups, Proc. Lond. Math. Soc. (3)
121 (2020), no. 5, 1083-1120. MR, 4118530

G. Lusztig, Irreducible representations of finite classical groups, Invent. Math. 43 (1977), 125-175 (Eng-
lish).

George Lusztig, Representations of finite Chevalley groups. Ezpository lectures from the CBMS regional
conference held at Madison, Wisconsin, August 8-12, 1977, Reg. Conf. Ser. Math., vol. 39, American
Mathematical Society (AMS), Providence, RI, 1978 (English).

, Characters of reductive groups over a finite field, Annals of Mathematics Studies, vol. 107,
Princeton University Press, Princeton, NJ, 1984. MR 742472

, Intersection cohomology complezes on a reductive group, Invent. Math. 75 (1984), no. 2, 205-272.
MR 732546

, Classification of unipotent representations of simple p-adic groups, Internat. Math. Res. Notices
(1995), no. 11, 517-589. MR, 1369407

Colette Moeglin, Multiplicité 1 dans les paquets d’Arthur auz places p-adiques, On certain L-functions,
Clay Math. Proc., vol. 13, Amer. Math. Soc., Providence, RI, 2011, pp. 333-374. MR 2767522
Lawrence Morris, Tamely ramified supercuspidal representations, Ann. Sci. Ecole Norm. Sup. 29 (1996),
no. 5, 639-667. MR 1399618

Ahmed Moussaoui, Centre de Bernstein dual pour les groupes classiques, Represent. Theory 21 (2017),
172-246. MR 3694312

Allen Moy and Gopal Prasad, Jacquet functors and unrefined minimal K -types, Comment. Math. Helvetici
71 (1996), no. 3, 98-121. MR 1371680

Kazuma Ohara, On the formal degree conjecture for non-singular supercuspidal representations, 2021.
Arun Ram, Representations of rank two affine Hecke algebras, Advances in algebra and geometry (Hy-
derabad, 2001), Hindustan Book Agency, New Delhi, 2003, pp. 57-91. MR 1986143

Mark Reeder, Isogenies of Hecke algebras and a Langlands correspondence for ramified principal series
representations, Represent. Theory 6 (2002), 101-126. MR 1915088

Alan Roche, Types and Hecke algebras for principal series representations of split reductive p-adic groups,
Ann. Sci. Ecole Norm. Sup. (4) 31 (1998), no. 3, 361-413. MR 1621409

Brooks Roberts and Ralf Schmidt, Local newforms for GSp(4), Lecture Notes in Mathematics, vol. 1918,
Springer, Berlin, 2007. MR 2344630

Peter Scholze, The local Langlands correspondence for GLy over p-adic fields, Invent. Math. 192 (2013),
no. 3, 663-715. MR 3049932




44

[Sch21]
[Ser7T7]
[Sha90]
[Sha91]
[Sol18]
[Sol22]

[Sol23]
[ST93]

[SX23]
[Tad94]
[Tho22]
[Vog93]
[Wal01]

[Whi22]
[YuO1]

KENTA SUZUKI AND YUJIE XU

David Schwein, Formal degree of reqular supercuspidals, 2021.

Jean-Pierre Serre, Linear representations of finite groups, Graduate Texts in Mathematics, Vol. 42,
Springer-Verlag, New York-Heidelberg, 1977, Translated from the second French edition by Leonard
L. Scott. MR 0450380

Freydoon Shahidi, A proof of Langlands’ conjecture on Plancherel measures; complementary series for
p-adic groups, Ann. of Math. (2) 132 (1990), no. 2, 273-330. MR 1070599

, Langlands’ conjecture on Plancherel measures for p-adic groups, Harmonic analysis on reductive
groups. Proceedings of a conference, held at Bowdoin College in Brunswick, ME, USA, from July 31 to
August 11, 1989, Boston, MA etc.: Birkh&user, 1991, pp. 277-295 (English).

Maarten Solleveld, A local Langlands correspondence for unipotent representations, 2018.

, Endomorphism algebras and Hecke algebras for reductive p-adic groups, J. Algebra 606 (2022),
371-470. MR 4432237

Maarten Solleveld, On principal series representations of quasi-split reductive p-adic groups, 2023.

Paul J. Sally, Jr. and Marko Tadié, Induced representations and classifications for GSp(2, F') and Sp(2, F),
Mém. Soc. Math. France (N.S.) (1993), no. 52, 75-133. MR 1212952

Kenta Suzuki and Yujie Xu, The explicit local langlands correspondence for gs ii: character formulas and
stability, 2023.

Marko Tadié, Representations of p-adic symplectic groups, Compositio Math. 90 (1994), no. 2, 123-181.
MR 1266251

Jack A. Thorne, On the vanishing of adjoint Bloch—Kato Selmer groups of irreducible automorphic Galois
representations, arXiv:2207.04925 (2022), 32 pp.

David A. Vogan, Jr., The local Langlands conjecture, Representation theory of groups and algebras,
Contemp. Math., vol. 145, Amer. Math. Soc., Providence, RI, 1993, pp. 305-379. MR 1216197
Jean-Loup Waldspurger, Intégrales orbitales nilpotentes et endoscopie pour les groupes classiques non
ramifiés, Astérisque, vol. 269, Paris: Société Mathématique de France, 2001 (French).

Dmitri Whitmore, The taylor-wiles method for reductive groups, 2022.

Jiu-Kang Yu, Construction of tame supercuspidal representations, J. Amer. Math. Soc. (2001), no. 3,
579-622. MR 1824988

M.I.T., 77 MASSACHUSETTS AVENUE, CAMBRIDGE, MA, USA
Email address: kjsuzuki@mit.edu

M.I.T., 77 MASSACHUSETTS AVENUE, CAMBRIDGE, MA, USA
Email address: yujiexu@mit.edu



	1. Introduction
	2. Preliminaries
	3. The group side
	4. The Galois side
	5. Mixed packets
	6. Stability of L-packets
	7. Explicit L-parameters
	8. Main Theorem
	Appendix A. Applications to the Taylor-Wiles method
	References

