Lipschitz condition

Definition: function f(t,y) satisfies a Lipschitz condition in the
variable y on a set D C R? if a constant L > 0 exists with

f(t,y1) = F(t,y2) < Liy1 = yal,

whenever (t,y1),(t,y2) are in D. L is Lipschitz constant.



Lipschitz condition

Definition: function f(t,y) satisfies a Lipschitz condition in the
variable y on a set D C R? if a constant L > 0 exists with

f(t,y1) = F(t,y2) < Liy1 = yal,

whenever (t,y1),(t,y2) are in D. L is Lipschitz constant.

» Example 1: f(t,y) = t y? does not satisfy any Lipschitz
condition on the region

D={(t,y) | 0<t<T}.



Lipschitz condition

Definition: function f(t,y) satisfies a Lipschitz condition in the
variable y on a set D C R? if a constant L > 0 exists with

f(t,y1) = F(t,y2) < Liy1 = yal,

whenever (t,y1),(t,y2) are in D. L is Lipschitz constant.

» Example 1: f(t,y) = t y? does not satisfy any Lipschitz
condition on the region

D={(t,y) | 0<t<T}.

» Example 2: f(t,y) = t y? satisfies Lipschitz condition on the
region



What is going on with f(t,y) = t y??
Initial value problem
Y(t)=ty(t), y(to)=a>0

has unique, but unbounded solution

(t) = 2«
i a@ =8y

the denominator of which vanishes at

2
t=1/—+ta.
Oé+ 0

» for |to| < T, ODE has unique solution on

D={(t,y) | 0<t<T, -Y<y<Y}.

» for \/2 + t2 < T ODE solution breaks down at t = /2 + 2

on
D={(ty) | 0<t<T}.



Well-posed problem

Definition in English: ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.



Well-posed problem

The initial-value problem

% =flty), agigh ya)=q, (32)

is said to be a well-posed problem if:

® A unique solution, y(f), to the problem exists, and

® There exist constants &y = 0 and k > 0 such that for any ¢, withgg = £ = 0,
whenever 8(1) is continuous with |8(£)| < & for all £ in [a, k], and when |§| < &, the
initial-value problem

dz
E=f{f,z}+3{1), azt<h, za)=u+b, (5.3)
has a unique solution z(r) that satisfies

l2() = y(1)| < ke forall ¢ in [a,b]. [



Well-posed problem
Definition in English: ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.

Theorem

Suppose D) = {(1,y) | @ <1 < hand -0 <y < oo}, f { is continuous and satisies a
Lipschitz condition in the variablz y on the set ), then the iniiel-value problem

d
d—f=f(r,y), astsh ya)=o

s well-posed. i



Well-posed problem, example

Show that the initial-value problem

d

Loy 0s1<) =08 54
iswell posedon D ={(t,y) | 0 <7 <2and - 00 <y < 0},

Solution: Because

of
@(t’y)_lv ‘@/(t7y)'_1

f(t,y) = y — t?> + 1 satisfies a Lipschitz condition in y on D with
Lipschitz constant 1.Therefore this ODE is well-posed. In fact,

1
y(t)=1+t>+2t— 5et.



Euler's Method: Initial value ODE to solve

¥ _,

dt_ (tay)v agtgb, y(a):oz.



Euler's Method: Initial value ODE to solve

@ _,

dt_ (t?y)v agtgb? y(a):oz.

» Choose positive integer N, and select mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

¥ ou
vty = wid) T

yiez) T

wied +
»ltgd = o T




Euler's Method: Initial value ODE to solve

@ _,

dt_ (tay)v agtgb? y(a):a.



Euler's Method: Initial value ODE to solve

b _

™ =f(t,y), a<t<b, y(a)=a.

» Choose positive integer N, and select mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.



Euler's Method: Initial value ODE to solve

b _

™ =f(t,y), a<t<b, y(a)=a.

» Choose positive integer N, and select mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, do 2-term Taylor expansion
h? _
y(t:j-i-l) :y(tj)+hy/(tj) + ?y”(éj% J = 0717"' 7N_ 1.



Euler's Method: Initial value ODE to solve

Y _fty), a<t<h ya)=a

» Choose positive integer N, and select mesh points

ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, do 2-term Taylor expansion
h? _
y(t:j-i-l) :y(tj)+hy/(tj) + ?y”(éj% J = 0717"' 7N_ 1.

> Because y(t) satisfies ODE,
h? _
y(tj+1) = y(tj)+h f(tjay(tj))_'_?y”(gj)v J = Oa 1a Ty N—1.



Euler's Method: Initial value ODE to solve

b _

dt_f(tay)v agtgb, y(a):a.

v

Choose positive integer N, and select mesh points

ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

v

For each j, do 2-term Taylor expansion
h? _
y(t:j-i-l) :y(tj)—i—hy/(tj) + ?y”(éj% J = 0717"' 7N_ 1.

> Because y(t) satisfies ODE,
h? _
y(tj+1) = y(tj)+h f(tjay(tj))_'_?y”(gj)v J = Oa 1a Ty N—1.

v

Ignore error term, set wy = «,

wit1 =w; +hf(t,w), j=01--- N—1



Euler's Method: Initial value ODE to solve

@ _,

dt_ (tay)v agtgb? y(a):a.



Euler's Method: Initial value ODE to solve

b _

™ =f(t,y), a<t<b, y(a)=a.

» Choose positive integer N, and select mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.



Euler's Method: Initial value ODE to solve

dy _

p” =f(t,y), a<t<b, y(a)=a.

» Choose positive integer N, and select mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» Set wy = «,

Wit1 = wj + hf(t, w)),

Vv Figure 5.4




Euler's Method: example

dy

Initial Value ODE i t2+1, 0<t<2, y(0)
exact solution  y(t) = (1+t)> —0.5¢".
» Choose positive integer N = 10, so
h=0.2, t;=0.2j, for j=0,1,2,---10.

0.5,



Euler's Method: example

d
Initial Value ODE % —y—t2+1, 0<t<2, y(0)=05,

exact solution  y(t) = (1+t)> —0.5¢".

» Choose positive integer N = 10, so

h=0.2, t;=0.2j, for j=0,1,2,---10.

» Set wp =0.5. For j=0,1,---,9,

Wis1 = wi+h(w— 7 +1) =w; +0.2(w; — 0.042 + 1)
= 1.2w; —0.008% +0.2.



Euler's Method: example

d
Initial Value ODE d% —y—t24+1, 0<t<2 y(0)=05,

exact solution  y(t) = (14 t)*> —0.5¢".
» Set wp =0.5. Forj=0,1,---,9,
wiy1 = 1.2w; —0.008/% +0.2.



Euler's Method: example

d
Initial Value ODE di}t/ =y—t24+1, 0<t<2, y(0)=05,
exact solution  y(t) = (14 t)*> —0.5¢".

» Set wp =0.5. Forj=0,1,---,9,

wit1 = 1.2w; —0.0082 4 0.2.

i; wy Yi = J"'-':-fu':l Iy_- - LI'.;'.-I
0.0 05000000 O_SO00000 00000000
oz Q8000000 08292086 0.0292986
a0 1. 1520000 12140877 00620877
0.6 1550000 164859406 00985406
0.8 1. 9E8AB00 21272295 0.1387495
1.0 2 AS581760 2 6408591 0.1826831
1.2 20408112 31799415 0.2301303
1.4 3. 4517734 3 7324000 0. 2806266
1.6 19501281 42834838 0.31333557
1.8 4 4281538 48151763 0.3870225
2.0 4 B6S5TEAS 53054720 0.4396874



Error Bounds for Euler's Method

» Set wp =0.5. For j=0,1,---,9,

wiy1 = 1.2w; —0.008/% +0.2.

va Figure 5.4




Theorem: Suppose that in the initial value ODE,

a _

i f(t,y), a<t<b, y(a)=a,

» f(t,y) is continuous,

» f(t,y) satisfies Lipschitz condition

|f(t,y1) — f(t,y2)] < Lly1 —y2| on domain

D = {(t,y) | a<t<b, —oco<y<oo}.
Let wo, wy, - -, wy be the approximations generated by Euler's
method for some positive integer N. Then for each j =0,1,--- | N,

M [ e
D — el <« 222 (tji—a) _
y(5) = wl < 5 (K7 —1),

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-



Theorem is a mixed bag

Theorem:

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-
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‘ How good is Theorem?‘




Theorem is a mixed bag

Theorem:

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-

‘ How good is Theorem?‘

» Good News: Euler's method converges:

lim % <eL(ff*a) . 1) —0.

N—oo



Theorem is a mixed bag

Theorem:

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-

‘ How good is Theorem?‘

» Good News: Euler's method converges:

lim % <eL(ff*a) . 1) —0.

N—oo

» Bad News: N may have to be impossibly large:

el(tv=a) — oLb=2) 5 10" if [ >10 and b—a> 10.



Theorem: Suppose that in the initial value ODE,

a _

i f(t,y), a<t<b, y(a)=a,

» f(t,y) is continuous,

» f(t,y) satisfies Lipschitz condition

|f(t,y1) — f(t,y2)] < Lly1 —y2| on domain

D = {(t,y) | a<t<b, —oco<y<oo}.
Let wo, wy, - -, wy be the approximations generated by Euler's
method for some positive integer N. Then for each j =0,1,--- | N,

M [ e
D — el <« 222 (tji—a) _
y(5) = wl < 5 (K7 —1),

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-



Proof of Theorem |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.



Proof of Theorem |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2



Proof of Theorem |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2

» Euler's method for each j

Wjt1 = wj + hf(t, wy).



Proof of Theorem |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2

» Euler's method for each j

Wjt1 = wj + hf(t, wy).

» Subtraction of two equations:

2

y(Gsa)=wj1 = y () —with (F(5, y (1)) = £ (8, wi))+ =" (&)



Proof of Theorem Il

» Difference of two equations:
h2
y(Gs1)=wi1 = y () =with (5, y (1)) = £ (8, wi))+ 7" (&)



Proof of Theorem Il

» Difference of two equations:
2

h
y(Gs1)=wi1 = y () =with (5, y (1)) = £ (8, wi))+ 7" (&)
» This implies a linear recursion:

h2
y(Gsa) = winl < () = wil + hIF(G, y(4)) = (5 w)l + = " (&)
h2
< (@) —wil +hLly(t) —wl+ = M
h2
= (L+hL)ly(t) —wjl + = M.



Proof of Theorem Il

» Difference of two equations:
2

y(ti1)—wir1 = y(t)—w+h (f(t, y(t)) — (1, Wj))+5y"(§j)-

» This implies a linear recursion:

h2 "
(1) =winl < Iy(6) = wil + hIF(E, v(5)) = (5, w)l + = [Y"(&)]

h2
< (@) —wil +hLly(t) —wl+ = M
h2
= (14 hL) Iy () — wl + 5 M,
» Further simplification for j =0,--- ;N — 1,
hM h? hM
ly(ti41) — wja| + 50 = (1+hL)[y(t) — wj| + 5 M + ETh

= (1+hL) <|y(fj) —wl+ ZAL/I> '



Proof of Theorem Il|
» Solving linear recursion:

hM

ly(tj1) — EYR

wjy1| +

IN

IN

» Since y(tp) = wo = «a,

ly(tjis1) —
it follows that

wjy1] +

ly(tjir1) —wia| <

IN

IN

(1+10) (Ivts) ~ wl+ 57 )

(14 407 (Iy(-2) — wal + )
:(1 + Ly (\y(to) ~ ol + )

M
14 hLy
o0 =+

2L

2L

2L

+1 hM
2L

hM

o ((1 ALY 1)

hM

5 (eL(th—a) — 1) )



Theorem: Suppose that in the initial value ODE,

a _

i f(t,y), a<t<b, y(a)=a,

» f(t,y) is continuous,

» f(t,y) satisfies Lipschitz condition

|f(t,y1) — f(t,y2)] < Lly1 —y2| on domain

D = {(t,y) | a<t<b, —oco<y<oo}.
Let wo, wy, - -, wy be the approximations generated by Euler's
method for some positive integer N. Then for each j =0,1,--- | N,

M [ e
D — el <« 222 (tji—a) _
y(5) = wl < 5 (K7 —1),

where h=(b—a)/N, t;=a+jh M=max.yly"(t)-



Euler's Method: example (I)

d
Initial Value ODE —irzy—¢L+L 0<t<2, y(0)=0.5,

exact solution  y(t) = (14 t)> —0.5¢".

» Choose positive integer N = 10, so

h=02, t=02j, for j=0,1,2,---10.



Euler's Method: example (I)

d
Initial Value ODE d—{ —y 2411, 0<t<2, y(0)=0.5,

exact solution  y(t) = (14 t)> —0.5¢".

» Choose positive integer N = 10, so

h=02, t=02j, for j=0,1,2,---10.

» Set wp =0.5. Forj=0,1,---,9,
wis1 = wj+h(wj— 7 +1) = w+0.2(w; — 0.04% + 1)
= 1.2w; —0.008> +0.2.



Euler's Method: example (I)

d
Initial Value ODE d—{ —y 2411, 0<t<2, y(0)=0.5,

exact solution  y(t) = (14 t)> —0.5¢".
» Choose positive integer N = 10, so

h=02, t=02j, for j=0,1,2,---10.

» Set wp =0.5. Forj=0,1,---,9,
wis1 = wj+h(wj— 7 +1) = w+0.2(w; — 0.04% + 1)
= 1.2w; —0.008> +0.2.

f
Since y"(t)=2-0.5¢", gy(t,)/) =1,

it follows that |y”(t)| < 0.5 2 —2% M, L=1.



Euler's Method: example (II)

d
Initial Value ODE d—}; =y—t24+1, 0<t<2, y(0)=05,
exact solution  y(t) = (14 t)*> —0.5¢".

» Therefore M =05e%> —2,L =1,

y(t) — wi| < % (eL(ff*a) - 1) =01 (0562—-2) (ef —1).



Euler's Method: example (II)

d
Initial Value ODE di}t/ =y—t24+1, 0<t<2, y(0)=05,
exact solution  y(t) = (14 t)*> —0.5¢".

» Therefore M =05e%> —2,L =1,

y(t) — wi| < % (eL(ff*a) - 1) =01 (0562—-2) (ef —1).

I g Fg =— .}‘{-l'r) I.}"_- - r-r-:l'l
LA NN LSOO O SO0 O OO
0.2 OB D.B292086 00292986
0.4 1. 1520000 1.2140877 00820877
LN T 1.553 00000 1.648936 DO9E540
0.8 1. 9884800 2. 1272295 0. 1387495
1.0 24581760 26408591 0.1826831
1.2 29498112 3.1T799415 02301303
1.4 3. 4517734 3. 7324000 0.2806266
1.6 39501281 A4 2HIARZE 0.3333557
1.8 4. 4281538 48151763 D.3BT0O225
2.0 4. BG5TE4AS 53054720 0. 4396874



y(t) — wi| <0.1 (0.5 —2) (et —1)

t; Actual Error | Error Bound

0.200000 | 0.029300 0.037520
0.400000 | 0.062090 0.083340
0.600000 | 0.098540 0.139310
0.800000 | 0.138750 0.207670
1.000000 | 0.182680 0.291170
1.200000 | 0.230130 0.393150
1.400000 | 0.280630 0.517710
1.600000 | 0.333360 0.669850
1.800000 | 0.387020 0.855680
2.000000 | 0.439690 1.082640




y(t) — wi| <0.1 (0.5 —2) (et —1)

o 0 03

o

]

t; Actual Error | Error Bound
0.200000 | 0.029300 0.037520
0.400000 | 0.062090 0.083340
0.600000 | 0.098540 0.139310
0.800000 | 0.138750 0.207670
1.000000 | 0.182680 0.291170
1.200000 | 0.230130 0.393150
1.400000 | 0.280630 0.517710
1.600000 | 0.333360 0.669850
1.800000 | 0.387020 0.855680
2.000000 | 0.439690 1.082640

Actual Error vs. Error Bound




Euler's Method in Finite Precision, |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.



Euler's Method in Finite Precision, |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2



Euler's Method in Finite Precision, |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2

> Euler's method for each j, in finite precision
ujr1 = uj + hf(tj, uj) + 04,

where |§; 1] < 6.



Euler's Method in Finite Precision, |
» Mesh points
ti=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each j, we have 2-term Taylor expansion

h2
ygn) = y(5)+hy(5)+ y(E)
h2

> Euler's method for each j, in finite precision
ujr1 = uj + hf(tj, uj) + 04,

where |§; 1] < 6.
» Subtraction of two equations:

2
V(1) w1 = y(6)-urth (F (5. () — F(t )+ ()70,



Euler's Method in Finite Precision, Il

» Difference of two equations:
h2
y(Gs1)=ujn1 = y(§)=u+h (F(4, y(5)) = F(5, 4))+5y" () =041



Euler's Method in Finite Precision, |l

» Difference of two equations:
2

y(tjiv1)—ujr1 = y(t)—ui+h(f(t,y (tj))_f(tJaUJ))'i‘h y (fj) jt1-

» This implies a linear recursion:

h2
ly(tiv1) — uiral <Ily(t)—ul+h|f(t;, y(£))-f (1, Uj)!+7 " (&)|+16j+1]

IN

h2
() = uil + hLly(t;) — ujl + = M+

h2
= (L+hL)Iy(5) = gl + 5 M+6.



Euler's Method in Finite Precision, |l

» Difference of two equations:
h2
y(Gs1)=ujn1 = y(§)=u+h (F(4, y(5)) = F(5, 4))+5y" () =041
» This implies a linear recursion:

h2
ly(tiv1) — uiral <Ily(t)—ul+h|f(t;, y(£))-f (1, Uj)!+7 " (&)|+16j+1]

h2
() = uil + hLly(t;) — ujl + = M+

<
h2
= (1—|—hL)|y(tj)—uJ'|+?/\/l+5.
» Further simplification for j =0,--- ;N — 1,
hM 0 h? hM )
. — U < N\ — us _ _ —_



Euler's Method in Finite Precision, IlI

» Solving linear recursion:

hM 6
2L hL 2L hL

hM )
(1) — gl + M +<<1+hL>(ry(r,) gyl M0

' - YR
< i+ - :
< (1+hL) (D/(to) uo| + = oL hL>

> Assume |y(to) — ug| = | — wp| < 9,
hM hM 6 )

0
t; — < (LAY 6+ o
tea) = wpsal+ G+ g < @by (0 54

it follows that

1 /hM 4 : :
o) =l < 7 (T4 5) (A1) 45 ey

L(AM 6N ( (t,1-a) L(ts1—a)
L<2+h>(e 1)+ getlind),

IA



Euler's Method in Finite Precision, IV

» Error bound in finite precision

1 /hM 4 o _a i—a
|)/(tj+1) - uj+1| < 7 <2 + h) (eL(thrl ) — 1) + § etltin=a),



Euler's Method in Finite Precision, IV

» Error bound in finite precision

1 /hM 4 o _a i—a
|)/(tj+1) - uj+1‘ < 7 <2 + h) (eL(tj+1 ) — 1) + § etltin=a),

» Value of h can't be too small:



Euler's Method in Finite Precision, IV

» Error bound in finite precision
1 /hM
|)/(tj+1) - uj+1‘ < 7 <2 + i) (eL(tj“_a) - 1) + 5€L(tj+1_a)-

» Value of h can't be too small:

» "Optimal” value of h

2 hopt M
hopt = M& and <°pt 40 ):x/za/w.



Euler's Method in Finite Precision, IV

» Error bound in finite precision

1 /hM 1) ) )
|)/(tj+1) - uj+1‘ < Z <2 + h) (eL(t’“_a) — 1) + 5€L(t’+1_a)-

» Value of h can't be too small:

» "Optimal” value of h

20 hoptM 6
hopt =4/ —, and + = V20 M.
op M ( 2 hopt

> "Practical” value of h>> hgpt.



Midterm Scope

v

First 5 Chapters of Text Book.

Chapter 1: Calculus, Computer Math.
Chapter 2: Solve f(x) = 0.

Chapter 3: Approximate given functions.

v

v

v

v

Chapter 4: Derivatives, integrals.
Chapter 5: Initial value ODEs, up to Section 5.3.

v



Review: Midterm rules

No calculators.

v

v

one-sided one-page cheat sheet.

exam problems are mostly (modified) from exercises in
textbook.

free to use results in the proper text, but not anything else.

v

v



Chapter 1

» Calculus

» Extreme Value Theorem

» Mean Value Theorem

» Intermediate Value Theorem
» Machine Precision

» Round-off errors
» Stable quadratic roots
» Numerical stability

» Rate of convergence: the Big O



Root finders

v

Bisection

Fixed Point Iteration
Newton’s Method
Order of convergence

v

v

v

v

Polynomial roots

v

Multiple roots

Able to develop, use, and analyze methods




Interpolation and Polynomial Approximation

v

Interpolation and the Lagrange Polynomial

v

Error Analysis
Divided Differences

Hermite Interpolation

v

v

v

Cubic Spline Interpolation

Able to develop and analyze approximation methods




Numerical Differentiation and Integration

» Numerical Differentiation

» Extrapolation

» Trapezoidal /Simpson rules, DoP

» Composite Numerical Integration

» Adaptive Quadrature, error bounds vs. estimates
» Gaussian Quadrature

» Multiple/Improper Integrals

’Able to develop and analyze basic integration methods




Initial-Value Problems for ODEs

» Elementary Theory of Initial-Value Problems, Lipschitz
conditions

> Euler’'s Method
» Higher-Order Taylor Methods



Local Truncation Error for a general difference method

%:f(t,y)7 a<t<b, y(a)=a.

Definition: The difference method

wp = «Q,

wit1 = w;+ho(t,w;), for j=0,1,--- N-1
has local truncation error

def y(tiy1) — (v(t) + ho (L, y(t;)))
h

_ y<t+1>h—y<t> — 6 (4, y(t)).

Ti+1(h)




Local Truncation Error for Euler's method

Y _fty), a<t<h ya)=a

Euler's method

Wy = «,
wiy1 = wj+hf(tj,w;), for j=0,1,--- N—-1

has local truncation error

= XY gy
= YY) i) = 2e), g e (o).
This implies

h hM
ITi11(h)] < >MaXec(a b ly"(1)| o 5 @ first order method.



n-th Order Taylor Methods:

— =1f(t,y), a<t<b, y(a)=a.



n-th Order Taylor Methods:

— =1f(t,y), a<t<b, y(a)=a.

» (n+ 1)-term Taylor expansion

h? h"
y(tipn) = y(g) +hy' () + Sy () + -+ oy ()
hn+1
+ 7,y(”+”(€j)-

(n+1)



n-th Order Taylor Methods:

— =1f(t,y), a<t<b, y(a)=a.

» (n+ 1)-term Taylor expansion

h? h"
y(tia) = y() +hy' () + Sy () + o+ ()
hn+1
(n4+1)(¢.

» On the other hand,

Y'(t) = f(t,y(5), y'()="f(t,y(t)), -
yO(y) = (g, (1),



n-th Order Taylor Method:

b _

™ =f(t,y), a<t<b, y(a)=a.



n-th Order Taylor Method:

b _

™ =f(t,y), a<t<b, y(a)=a.

» (n+ 1)-term ‘Taylor expansion ‘

2

V(t1) = y(5) + A V() + 0 F (5 (5) + -+ (g, (5)

F(&,y(&)).

hn+1

TS




n-th Order Taylor Method:

dy

E:f(t,y), a<t<b, y(a)=a.

» (n+ 1)-term ‘Taylor expansion ‘

2

V() = y(5) + (5, y(5)) + o

F(&,y(&)).

Pt () + -+ e FO D (1, ()
hn+1
TS

> n-th order ‘ Taylor method‘

wo =«
M/_[+1:M/_j+hT(n)(t:jaVVJ)a jZO,l,"',Nfl,

n—1

h h
where  TU)(tj, w)) = £(tj, w)+5 (8, wi) -+ =

(g wg).



Example: Second Order Taylor Method:

@ _,

dt_ (tay)v agtgb? y(a):a.



Example: Second Order Taylor Method:

b _

™ =f(t,y), a<t<b, y(a)=a.

» Second order Taylor method
Wwo=«q,
wiii=wj+hTO(t,w), j=0,1,--- N—1,

h
where T(z)(tj7 WJ) = f(tja WJ) + Ef/(tﬁ WJ) with



Example: Second Order Taylor Method:

b _

™ =f(t,y), a<t<b, y(a)=a.

» Second order Taylor method
Wwo=«q,
wiii=wj+hTO(t,w), j=0,1,--- N—1,

h
where T(z)(tﬁ WJ) = f(tja WJ) + Ef/(tﬁ WJ) with

Fle(t) = GAE() = SHEN(O) + 5 (e ()

= SElErO)+ 5 () (e ()



Example: Second Order Taylor Method:

Y _fty), a<t<h ya)=a

» Second order Taylor method
Wwo=«q,
wiii=wj+hTO(t,w), j=0,1,--- N—1,
h
where T(z)(tﬁ WJ) = f(tja WJ) + Ef/(tﬁ WJ) with
d of of
f = —f = — — !
(E0(0) = ZA(Ey(0) = GEy(0) + 5 (L y(O)(1)

= SElErO)+ 5 () (e ()

» Second order Taylor method in explicit form

h <8f of

wa =+ (1(5m) + 3 (o) + 5 (5.m) F((5w) ) ).



Example: Second Order Taylor Method:

d



Example: Second Order Taylor Method:

d
d—);:f(t,y), flty)=y—t2+1, 0<t<2, y(0)=05

» Second order Taylor method

of of
wa=w +(7(5m) + 3 (Golsm)+ 5 (5w (5w ) ).
of of
a(tay(t)) - _2t7 aiy(tvy(t)) =1
Thus,
2 h 2
Wir1 = Wj+h<Wj_tj +1+§(—2tJ+WJ_tJ +1)>

h2 2 2
+ h+? (1—tj)—h t;.

h2



Euler's Method vs. Second Order Taylor Method: N = 10

d
d—};:f(t,y), flt,y)=y—t2+1, 0<t<2, y(0)=05.



Euler's Method vs. Second Order Taylor Method: N = 10

Y f(ty) fey)=y-£+1 0<t<2 y(0)=05
ti Euler's Method | Taylor Method | Exact Solution
0.00000 0.50000 0.50000 0.50000
0.20000 0.80000 0.83000 0.82930
0.40000 1.15200 1.21580 1.21409
0.60000 1.55040 1.65208 1.64894
0.80000 1.98848 2.13233 2.12723
1.00000 2.45818 2.64865 2.64086
1.20000 2.94981 3.19135 3.17994
1.40000 3.45177 3.74864 3.73240
1.60000 3.95013 4.30615 4.28348
1.80000 4.42815 4.84630 4.81518
2.00000 4.86578 5.34768 5.30547




Euler's Method vs. Second Order Taylor Method: N = 10

» Second order method looks more accurate.

ODE Solution vs. Approximations




Euler's Method vs. Second Order Taylor Method: N = 10

» Second order method looks more accurate.

ODE Solution vs. Approximations

» Second order method has much smaller errors.

ODE Approximations: First Order vs. Second Order




Runge-Kutta methods

With orders of Taylor methods yet without derivatives of f(t,y(t))‘




First order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are
continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,¥0),(t,y) € D,Ar =t —to,Ay =y — yo. Then

f(t,y) = Pi(t,y) + Ri(t,y), where



First order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are
continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,¥0),(t,y) € D,Ar =t —to,Ay =y — yo. Then

f(t,y) = Pi(t,y) + Ri(t,y), where

of
Pi(t,y) = f(to, YO)+At (thYO)+A ay(thYO)7
A2 O*f 0*f A7 0%f
Rl(t,}/) = #atz(é M) )/a 8 (5 N)+7y87)/2(§7/j‘)7

for some point (&, 1) € D.



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddg{(t,y)\ a<t<b, c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddﬁf{(ty)\ a<t<b c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where
of of
Pa(t,y) = f(to,y0)+ (Atat(t07)/0)+Ay8y(to,yo)>

AZ &°f O f A7 9°f
JAVIAN vz
+< 2 at2(t0>y0)+ yatay(thYO)‘f‘ 2 ayg(t():yO) 5



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddﬁf{(ty)\ a<t<b c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where
of of
Py(t,y) = f(to, )+ (Atat(to,yo) + Ay@y(to’yo)>

A7 9*f O f A2 p2f
A A vz
+< 2 atZ(t07y0)+ yatay(thYO)‘f‘ 20 2(t07y0))7

3
Ra(t,y) = % (Z ( j )A3 JA;athgyJ(ﬁ M))

Jj=0



Example: Second order Taylor expansion in two variables

f(t,y) = exp <—(t _42)2 _ b _43)2> cos(2t+y —7)

= Py(t,y)+ Ra(t,y), with (to,y0)=(2,3).




Example: Second order Taylor expansion in two variables
Y a2

f(t,y) = exp <—(t 42) b 43) >cos(2t+y —7)

= 'DZ(t)y) + R2(t7y)7 with (t07y0) = (273)

let Ay =t—2,A, =y—3,

of of
Px(t,y) = f(to,)/o)+<At6t(t07)/0)+Ayay(t07YO)>

A7 &°f &2 f A2 p2f
As A
+< 2 8t2(t0 y0)+ }’ata (to)yO)—i_ 2 8 2(t07.y0)



Example: Second order Taylor expansion in two variables
Y a2

f(t,y) = exp <—(t 42) b 43) >cos(2t+y —7)

= 'DZ(t)y) + R2(t7y)7 with (t07y0) = (273)

let Ay =t—2,A, =y—3,

of of
Px(t,y) = f(to,)/o)+<At6t(t07)/0)+Ayay(t07YO)>

A7 &°f &2 f A2 p2f
As A
+< 2 8t2(t0 y0)+ }’ata (to)yO)—i_ 2 8 2(t07.y0)

9 3
= 1- 707 -2A:0, - 2A]



Example: Second order Taylor expansion in two variables
Y a2

f(t,y) = exp <—(t 42) b 43) >cos(2t+y —7)

= 'DZ(t)y) + R2(t7y)7 with (t07y0) = (273)

let Ay =t—2,A, =y—3,

of of
Px(t,y) = f(to,)/o)+<At6t(t07)/0)+Ayay(t07YO)>

A7 &°f &2 f A2 p2f
As A
+< 2 8t2(t0 y0)+ }’ata (t0>y0)+ 2 8 2(t07.y0)

9 3
= 1- 707 -2A:0, - 2A]

so f(t,y)~ Py(t,y) = 1—%(t—2)2—2(t—1)(y—3)—%(y—3)2.



%

exp <—(t _42)2 b _43)2) cos(2t +y —7)

1= 2(6= 2P =2t~ 1)y ~3) ~ 5 (v 3%,



t—2)? - 3)?
f(t,y) = exp ! 4) _(y4) cos(2t +y —7)
9

1= 2(6= 2P =2t~ 1)y ~3) ~ 5 (v 3%,

%

Pty = 1= 3G — 20 — 20t — 2y

oy
ol
e
B
e ey
AN
AN
AT

Aby) =exp{—(t— 24 — (3 — D eos 2t + 3 —T)  p

Approximation good near (2, 3), bad elsewhere




Taylor's Theorem in two variables
Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,y0),(t,y) € D,Ar =t —ty,Ay =y — yo. Then for n > 1,
f(t,y) = Pa(t,y) + Ru(t,y), where



Taylor's Theorem in two variables
Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,y0),(t,y) € D,Ay =t —ty,A, =y — yo. Then for n > 1,
f(t,y) = Pa(t,y) + Ru(t,y), where

of of
Po(t,y) = f(thYO)+(Atm_(thYO)+Ay6}/(thYO)>

A2 O*f *f A2 §2f
+ ( > 8t2 (t07y0)+At Ayw(tg,yo)—F 7?“0’}/0)

n

P > NN ot (to, yo)
nl = _/ yatn -’8 j 0, Y0 ;



Taylor's Theorem in two variables
Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,y0),(t,y) € D,Ay =t —ty,A, =y — yo. Then for n > 1,
f(t,y) = Pa(t,y) + Ru(t,y), where

of of
Po(t,y) = f(thYO)+(Atm_(thYO)+Ay6}/(thYO)>

A2 O*f *f A2 §2f
+ ( > 8t2 (t07y0)+At Ayw(to,yo)—F 7?“0’}/0)

1 [ nej o"f
++/’1|<Z<_/>A Ayat"J(?J(toyo))’

Jj=0

n+1 1
1 n+1 niloj ortif
= — AN
Ra(t,y) e jE < i > Y g Ty (& 1)



Runge-Kutta Method of Order Two (I)

@ _,

dt_ (tay)v agtgb? y(a):a.



Runge-Kutta Method of Order Two (I)

Y _fty), a<t<h ya)=a

» Second order Taylor method

Wo =,

wiii=w; +hTO(,w), j=01,--- ,N—1, where

TO(ty) = f(t,y)+§f'(t,y)

= A+ g (Gren+ oen )

of of
= e+ g (Geen) + o f(ey)
h h h h
= f <t+ A 2f(t,y)> — R (t+ A 2f(t,y))



Runge-Kutta Method of Order Two (II)

» Second order Taylor method

wo=«q,
wii=wj +hTO(,w), j=0,1,--- ,N—1, where

h h h h
TO(t,y) = f<t+2,y+2f(t,y)>—R1 <t+27y+2f(t7y)>,

» From first order Taylor expansion,

h h h2 82f Wf(t,y) o*f
R <t+27}/+2f(t7}/)) = gw(&ﬂﬂ' 4 AtAyatay(é’u)
W22(t,y) 62f
WY °F ) = o).

8 dy?

Method remains second order after dropping Ry (t + 4,y + 4f(t,y))




Runge-Kutta Method of Order Two (III)

» Midpoint Method

wp = q,

h h .
Wir1 = VI/J—|—hf<tJ—|—2,VI/J+2f(tJ,V|/J)), J:O71a

» Two function evaluations for each j,

» Second order accuracy.

| No need for derivative calculations




General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,
wiri1 = wj+h(af(tj, wj) + axf (8 + a2, wj + 62f (8, wj))) -



General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,

wir1 = wj+ h (a1f(t, w;) + af (4 + a2, w; + 52f (), wj))) -

» Two function evaluations for each j,
» Want to choose a1, a», ap, 9> for highest possible order of
accuracy.



General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,
wiri1 = wj+h(af(tj, wj) + axf (8 + a2, wj + 62f (8, wj))) -

» Two function evaluations for each j,
» Want to choose a1, a», ap, 9> for highest possible order of
accuracy.

local truncation error
()= EIE, o () anf (40, () 4021 0 (6))
= V(5)+ 5" (5) + O()
= (o 2 5 0(6) + s 5 (50(5)

bl y(B)5 (5.(5) + O(,,z)) |



local truncation error
mir(h)= y'(t) + Y”(f)+0(h2)
— ((31 + a2) (&, y(t)) + a2 a2 %(tja)/(tj))
+ 2df(5.0(5) g (59(5) + O ).

where y'(t;) = f(t;, y(tj)),



local truncation error

Ta(h)= Y(5)+ oy (1) + O()

- ((al + ) F(t, y(t))) + a2 2 %(U#(U))

+ 2df(5.0(5) g (59(5) + O ).
where /(1) = (& ¥(5).
V' (5) = SH(60(6) = 5 (5v(6) + F(5.7(6) 5 (5. (5)).

For any choice with

h
a1+ a =1, 32052:8252:5,

we have a second order method

7i1(h) = O().



local truncation error

Ta(h)= Y(5)+ oy (1) + O()

- ((al + ) F(t, y(t))) + a2 2 %(U#(U))

of
b a0 (G (6D 5606 + O(R)).
where y'(t;) = f(t;, y(tj)),
df of of
y'(t) = 7)) = (G y()) + f(tjv)/(tj))@(tja)/(tj))-
For any choice with
alta=1 aam=ad= >

we have a second order method

7i1(h) = O().

Four parameters, three equations‘




General 2nd order Runge-Kutta Methods
wo=q; for j=0,1,--- N —1,
Wis1 = wj+ h (af (5, wy) + axf (4 + a2, wj + 02£ (8, wj))) -

h
ai+a =1, 3204223252:5,

» Midpoint method: a; = 0,ap = 1,ap = 0 = g

h h
V|/j+1:v|/j—{—hf<tj+2,wj+2f(tj,Wj)>.

» Modified Euler method: a; = a, = %7042 = 0> = h,

B (5 w) + F (641, w; + B (55, w)))

VVJ+1 J+2



3rd order Runge-Kutta Method (rarely used in practice)

wo = «;
for j=0,1,--- ,N—-1,
h 2h  2h h  h
Wit = wj + 4<f(tjv wj) +3f<tj + 5wt ft 4 5w 3 (Y, Wj))))

i+ ho(t;, w)).



3rd order Runge-Kutta Method (rarely used in practice)

wo = «;

for j=0,1,--- ,N—-1,

h 2h  2h h h
Wit = wj + 4<f(tjv wj) + 3f<tj + 5wt ft 4 5w 3 (Y, Wj))»

def
= wj + hé(t, w;).
local truncation error

() = ZEE) G ) = o),



4th order Runge-Kutta Method
wo = «;
for j=0,1,---,N—1,
kk = hf(tj,Wj),
h 1
ky = hf(tj+2,Wj+2k1>,
h 1
ks = hf(tj+2,M/j+2k2>,
ky = hf(tj+1,Wj+k3),

1
= wj+ — (ki + 2ka + 2ks + ka) .

Wij+1
I+ 6

‘4 function evaluations per step‘




Example

Initial Value ODE d—); —y—t?2+1, 0<t<2, y(0) = 0.5,

exact solution  y(t) = (1+t)*> —0.5¢".



Example

dy

dt
exact solution  y(t) = (1+t)*> —0.5¢".

Initial Value ODE =y—t24+1, 0<t<2, y(0)=05,

Meodified Runge-Kutta
Euler Euler Order Four
i Exact h=0025 h=10.05 h=0.1

0.0 0.5000000 0.5000000 0.5000000 0.5000000
0. 0.6574145 0.6554982 0.6573085 0.6574144
0.2 (.8292986 (.825338% 0.8290778 (.5292983
0.3 1.0150706 1.0089334 1.0147254 1.0150701
04 1.2140877 1.2056345 12136079 1.2140869
0.5 1.4256394 14147264 14250141 1.4256384




Example

d
Initial Value ODE % —y 241, 0<t<2 y(0)=05,

exact solution  y(t) = (1+t)> —0.5¢€".



Example

Initial Value ODE

exact solution

dy

t
y(t) =1 +1t)?>—-05e€".

=y—t+1, 0<t<2

y(0)

le-1
—=— Euler Method
—# - Modified Euler
—& - 4th Order RK

Approximation Errors: First Order, Second Order, 4th Order

le-3 | E
[
o=
e -
e
le-4 *
le-5 |
le-6 | R -4
I T
e----
P P . . .
o 0.1 0.2 0.3 0.4 0.5

0.5,



