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Linear Time Invariant (LTI) systems 

In the previous lectures we have introduced a number of basic system properties. Two of 

these, linearity and time-invariance (these two properties are sometimes called superposition 

property), plays an important role in signals and systems analysis.  

Any system possess these two properties is called linear time- invariant (LTI) system. 

LTI have an important property that, if the input to a LTI system can be represented in terms 

of linear combination of a set of basic signals, by the same way the output of the system can be 

computed using the superposition property in terms of it’s response to these basic signals.  

  

The unit impulse is an important basic signal, because any general signal 𝑥[𝑛] can be 

represented as a linear combination of delayed impulses. 

𝑥[𝑛] = ∑ 𝑥[𝑘] 𝛿[𝑛 − 𝑘]

∞∞

𝑘=−∞

 

The above two properties allow us to develop a complete characterization of LTI system in 

terms to it’s impulse response using convolution sum for discrete time system and convolution 

integral for continuous time system. 

Discrete Time LTI systems: the convolution sum 

The convolution sum is the mathematical relationship that links the input and output signals 

in any linear time-invariant discrete-time system. Given an LTI system and an input signal x[n], 

the convolution sum will allow us to compute the corresponding output signal y[n] of the system. 

Representation of Discrete-Time Signals in Terms of Impulses 

A discrete-time signal x[n] can be viewed as a linear combination of time-shifted impulses: 

𝑥[𝑛] = ∑ 𝑥[𝑘] 𝛿[𝑛 − 𝑘]

∞∞

𝑘=−∞

  

Example 1: 

The following signal can be written as:                                                                           

                                        x[n] = −2 δ[n + 1] + 2δ[n] + δ[n − 1] + 2 δ[n − 2] 
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Response of LTI as a linear combination of impulse response 

The Principle of Superposition applies to the class of linear discrete-time systems. By the 

Principle of Superposition, the response y[n] of a discrete-time linear system is the sum of the 

responses to the individual shifted impulses making up the input signal x[n]. 

Let hk[n] be the response of the LTI system to the shifted impulse δ[n − k]. 

Example 2: For k=-4, the response h−4[n] to δ[n + 4] might look like the one in the 

following figure. 

 

Example 3: For the input signal in Example 1 

x[n] = −2 δ[n + 1] + 2δ[n] + δ[n − 1] + 2 δ[n − 2] 
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, the response of a linear system would be y[n] = −2 h−1[n] + 2h0[n] + h1[n] + 2 h2[n] 

Thus, the response to the input x[n] can be written as an infinite sum of all the impulse 

responses: 

𝑦[𝑛] = ∑ 𝑥[𝑛] 

∞

𝑘=−∞

h𝑘[n] 

If we knew the response of the system to each shifted impulse δ[n − 1], we would be able to 

calculate the response to any input signal x[n] using the above equation.  

It gets better than this: for a linear time-invariant system (the time-invariance property is 

important here), the impulse responses h𝑘[n] are just shifted versions of the same impulse 

response for k = 0. 

h𝑘[n] = h0[n − k] 

Therefore, the impulse response of an LTI system ℎ[𝑛] = ℎ0[𝑛] characterizes it completely. 

This is not the case for a linear time-varying system: one has to specify all the impulse responses 

h𝑘[n] (an infinite number) to characterize the system. 
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Finally, the convolution of a signal with a unit impulse leaves the signal unchanged (this is 

just Equation 𝑥[𝑛] = ∑ 𝑥[𝑘] 𝛿[𝑛 − 𝑘]∞∞
𝑘=−∞ ), and therefore the LTI system defined by the 

impulse response ℎ[𝑛] = 𝛿[𝑛] is the identity system. 
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Example: Let us compute y[0] and y[1] for the input signal and impulse response of an 

LTI system shown in the following Figure. 
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Solved Problems 

1. Let  𝒙[𝒏] = 𝛅[𝐧] + 𝟐 𝛅[𝐧 − 𝟏] − 𝛅[𝐧 − 𝟑] and 𝒉[𝒏] = 𝟐𝜹[𝒏 + 𝟏] + 𝟐𝜹[𝒏 − 𝟏] 

Compute and plot each of the following convolutions: 

a. 𝒚[𝒏] = 𝒙[𝒏] ∗ 𝒉[𝒏] 

 

b. 𝒚[𝒏] = 𝒙[𝒏 + 𝟐] ∗ 𝒉[𝒏] 

 

c. 𝒚[𝒏] = 𝒙[𝒏] ∗ 𝒉[𝒏 + 𝟐] 
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2. Compute and plot y[n] = x[n] ∗ h[n] where 

𝑥[𝑛] = {
1           3 ≤ 𝑛 ≤ 8
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  ,  ℎ[𝑛] = {
1           4 ≤ 𝑛 ≤ 15
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

3. A linear system has the relationship  

𝑦[𝑛] = ∑ 𝑥[𝑘]𝑔[𝑛 − 2𝑘]

∞

𝑘=−∞

 

Between its input x[n] and its output y[n] where g[n]=u[n]-u[n-4]. 

a. Determine y[n] when 𝑥[𝑛] = 𝛿[𝑛 − 1] 

b. Determine y[n] when 𝑥[𝑛] = 𝛿[𝑛 − 2] 

c. Is the system is LTI? 

d. Determine y[n] when 𝑥[𝑛] = 𝑢[𝑛]. 
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4. Find the impulse response for each of the following discrete-time systems: 

a. 𝑦[𝑛] + 0.2 𝑦[𝑛 − 1] = 𝑥[𝑛] − 𝑥[𝑛 − 1]. 

   𝑦[𝑛] + 0.2 𝑦[𝑛 − 1] = 𝑥[𝑛] − 𝑥[𝑛 − 1].  𝑙𝑒𝑡 𝑦[𝑛] = ℎ[𝑛]  then 𝑥[𝑛] = 𝛿[𝑛] 

ℎ[𝑛] + 0.2 ℎ[𝑛 − 1] = 𝛿[𝑛] − 𝛿[𝑛 − 1] 

ℎ[𝑛] =  − 0.2 ℎ[𝑛 − 1] + 𝛿[𝑛] − 𝛿[𝑛 − 1] 

𝑎𝑡 𝑛 = 0    ℎ[0] =  − 0.2 ℎ[0 − 1] + 𝛿[0] − 𝛿[0 − 1] 

          =  − 0.2 ℎ[−1] + 𝛿[0] − 𝛿[−1] = −0.2 ∗ 0 + 1 − 0 = 1 (1) 

𝑎𝑡 𝑛 = 1    ℎ[1] =  − 0.2 ℎ[1 − 1] + 𝛿[1] − 𝛿[1 − 1] 
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          =  − 0.2 ℎ[0] + 𝛿[1] − 𝛿[0] = −0.2 ∗ 1 + 0 − 1 = −1.2   (2) 

𝑎𝑡 𝑛 = 2    ℎ[2] =  − 0.2 ℎ[1] + 𝛿[2] − 𝛿[1] = −0.2 ∗  −1.2 + 0 − 0 = 0.24        (3) 

𝑎𝑡 𝑛 = 3    ℎ[3] =  − 0.2 ℎ[2] + 𝛿[3] − 𝛿[2] = −0.2 ∗  0.24 + 0 − 0 = −0.48     (4) 

From (1) , (2) , (3) , (4)  ℎ[𝑛] = (−0.2)𝑛+1(−1.2)       𝑓𝑜𝑟 𝑛 ≥ 1 

b. 𝑦[𝑛] + 1.2 𝑦[𝑛 − 1] = 2 𝑥[𝑛 − 1]. 

𝑦[𝑛] = − 1.2 𝑦[𝑛 − 1] + 2 𝑥[𝑛 − 1].   Put y[n]=h[n] and x[n]=𝛿[𝑛] 

ℎ[𝑛] = − 1.2 ℎ[𝑛 − 1] + 2 𝛿[𝑛 − 1] 

ℎ[0] =  −1.2 ℎ[−1] + 2 𝛿[−1] = −1.2 ∗ 0 + 2 ∗ 0 = 0   Put n=0 

ℎ[1] =  −1.2 ℎ[0] + 2 𝛿[0] = −1.2 ∗ 0 + 2 ∗ 1 = 2   put n=1 

ℎ[2] =  −1.2 ℎ[1] + 2 𝛿[1] = −1.2 ∗ 2 + 2 ∗ 0 = −1.2 ∗ (2)   put n=2 

ℎ[3] =  −1.2 ℎ[2] + 2 𝛿[2] = −1.2 ∗ −1.2 ∗ (2) + 2 ∗ 0 = (−1.2)2 ∗ (2)put n=3 

𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 

h[n] = (−1.2)n−1 ∗ 2   and  n ≥ 0 

c. 𝑦[𝑛] =  0.24 { 𝑥[𝑛] + 𝑥[𝑛 − 1] + 𝑥[𝑛 − 2] + 𝑥[𝑛 − 3] }. 

Let x[n] = 𝛿[𝑛]  then y[n] will be h[n] 

h[n] = 0.24 { 𝛿[𝑛] + 𝛿[𝑛 − 1] + 𝛿[𝑛 − 2] + 𝛿[𝑛 − 3] }. 

ℎ[𝑛] = 𝑓(𝑥) = {
0.24, 0 ≤ 𝑛 ≤ 3

𝑜, 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

d. 𝑦[𝑛] = 𝑥[𝑛] + 0.5𝑥[𝑛 − 1] + 𝑥[𝑛 − 2] 

Let x[n] = 𝛿[𝑛]  then y[n] will be h[n] 

 h[n] = 𝛿[𝑛] + 0.5𝛿[𝑛 − 1] + 𝛿[𝑛 − 2] 

h[n]=[1    0.5   1], h[n]=0 for all other n. 

 

5. Perform the following convolutions, x[n]*v[n] 

a. 𝑥[𝑛] = 𝑢[𝑛] − 𝑢[𝑛 − 4], 𝑣[𝑛] = 0.5𝑛𝑢[𝑛] 
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b. 𝑥[𝑛] = [1 4 8 2]; 𝑣[𝑛] = [0 1 2 3 4] ( 𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒𝑠 𝑠𝑡𝑎𝑟𝑡𝑠 𝑎𝑡 𝑛 = 0). 

 

c. 𝑥[𝑛] = 𝑢[𝑛]     𝑣[𝑛] = 2 ∗ (0.8)𝑛𝑢[𝑛] 
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a. 𝑥[𝑛] = 𝑢[𝑛 − 1]     𝑣[𝑛] = 2 ∗ (0.5)𝑛𝑢[𝑛]

 

6. Determine the discrete-time convolution of 𝑥[𝑛] and ℎ[𝑛] for the following two cases. 
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