
Old Quantum Theory (1900–1925)

 E = hf = !ω  	        
 
p = h

λ
= !k                Bohr-Sommerfeld

Quantization Rule :   

 

pq ⋅dq = nqh
  one
period

!∫
Probability
for a probability
density P(x) :   mean x = P(x) x dx

xmin

xmax∫ ,     variance σ x
2 ≡ x − x( )2 = x2 − x 2 ,       σ x ≡  standarddeviation

Gaussian probability density:   P(x; x0,σ ) =
1
2πσ

e− x−x0( )2/ 2σ 2

Wave Mechanics

 

probability density
P(x,t) or ρ(!r ,t) = Ψ* Ψ     

 

prob. current
density 

!
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= Re Ψ*
!̂p
m
Ψ

⎡

⎣
⎢

⎤
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continuity
equation :  

!
∇⋅
!
j = − ∂ρ

∂t

Schrödinger
  equation   ÊΨ = ĤΨ   with  Ĥ = p̂2

2m
+V        →    

 
− !

2

2m
∂2Ψ
∂x2

+VΨ = i! ∂Ψ
∂t

  in 1D   

operators:       
 
Ê = i! ∂

∂t
,   

 
p̂x =
!
i
∂
∂x

,    x̂ = x         expectationvalue   Q = Ψ*
−∞

+∞

∫ Q̂ Ψ dx  

boundary
conditions on
wavefunctions:

a.  Wavefunctions are always continuous.
b.  Wavefunctions have continuous derivatives, except at points where V = ±∞
          where 

 
lim
ε→0

′ψ (x + ε )− ′ψ (x − ε ) = 2m / !2( ) lim
ε→0

V (x)ψ (x)dx
x−ε

x+ε

∫
c.  Wavefunctions are zero in any region where V = ∞ .

Miscellaneous Math
Gaussian
Integrals       e−ax

2−bx dx = π
a
e
b2
4a

−∞

+∞

∫      xe−ax
2−bx dx = − π b

2a3/2
e
b2
4a

−∞

+∞

∫      x2 e−ax
2−bx dx = π

4a5/2
2a + b2( )e

b2
4a

−∞

+∞

∫

Exponential
Integrals    e−ax dx∫ = − e

−ax

a
               xe−ax dx∫ = − e

−ax

a2
ax +1( )           x2 e−ax dx∫ = − e

−ax

a3
a2x2 + 2ax + 2( )

Sinusoidal
Integrals     sin2(aφ)

cos2(aφ)
dφ =

0

π

∫
π
2
− sin(2πa)

4a
      sin(nφ) sin(mφ)

cos(nφ)cos(mφ) dφ = δ nm0

π

∫      sin(nφ) cos(mφ)dφ = 0
0

π

∫

Fourier
Integrals       

f (x) = 1
2π

A(k)
–∞

+∞

∫ eikx dk   where  A(k) = 1
2π

f (x)e− ikx dx
−∞

+∞

∫
1

2π
eik1xe−ik2x dx

−∞

+∞

∫ = δ k1 − k2( ) = 0   if k1 ≠ k2

∞  if k1 = k2

⎧
⎨
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Classical Mechanics security blanket  ☺︎ "

 L qi , !qi ,t( ) = T −U ,    LagrangeEOM : 
 
  ∂L
∂qi

= d
dt

∂L
∂ !qi

⎛
⎝⎜

⎞
⎠⎟

 H ≡ !qi (∂L / ∂ !qi )− L         dH / dt = −∂L / ∂t

Common
Forces : Fgrav =

Gm1m2

r2
,  Felec =

q1q2
4πε0 r

2 ,  Fcf =
mv2

r

Generalized momentum 
 
pi ≡

∂L
∂ !qi

, force Qi ≡
∂L
∂qi

Hamilton’s EOM:   − ∂H
∂qi

= dpi
dt

,    ∂H
∂pi

= dqi
dt

Special Relativity:  E2 = (pc)2 + (mc2 )2

γ = 1
1− (v / c)2

, E = γ mc2 , p = γ mv ,  v = pc2

E


