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dure. The sound waves propagate in nonhomogeneous media, giving rise to dis-
continuities in the gradients of the pressure field across the interfaces between
regions of different material properties. Meshfree methods usually do not repro-
duce accurately the discontinuities in a numerical solution. We overcome this
issue by introducing Lagrange multiplier fields defined at the interfaces in order
to treat the discontinuities in the gradients of the pressure field. The method does
not depend on any kind of adjustable parameter. We show by a numerical study
of the applicable inf-sup conditions that the resulting mixed formulation leads to
well-posed problems. The use of the proposed method is illustrated in the solu-
tion of a number of problems of wave propagation through nonhomogeneous
media.
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1 | INTRODUCTION

1.1 | Overview of the problem

Finite element methods (FEMs) constitute the most successful family of approximation methods in the numerical
analysis and solution of models in computational mechanics.!? Standard FEMs require meshing a geometric domain,
usually into unstructured meshes.! Despite the fact that meshing techniques are experiencing an ever-increasing level
of sophistication,? the creation of suitable finite element meshes can pose a challenge, particularly when compli-
cated three-dimensional geometries are considered* or when frequent remeshing is necessary, as in crack propagation
problems.>® The possibility of avoiding meshing procedures motivated the introduction of a family of approximation
methods, known collectively as meshfree or meshless methods.>'°
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Among the different meshfree methods, the Smoothed Particle Hydrodynamics (SPH),!! the Element-Free Galerkin
(EFG),'? the Meshless Local Petrov-Galerkin method (MLPG),'? and the Method of Finite Spheres (MFS)!# have since
been applied to a range of problems. In this work, we use the MFS as the underlying meshfree method due to its demon-
strated good performance in handling wave propagation problems.!>!6 A further development of the MFS is given by
the overlapping finite elements (OFE), more recently proposed.'’-?? Since we use the MFS in this paper, the techniques
discussed herein are also applicable to the OFE.

The propagation of linear sound waves (or electromagnetic waves in two dimensions) in the harmonic regime is
described by the Helmholtz equation. Among the methods of solution, Boundary Element Methods (BEMs) are quite
common.?® These methods use a mesh over the surface/boundary of the computational domain only, so that the cost
of producing a fully volumetric mesh (as in FEM) is eliminated. However, these methods are applicable only when the
Green’s function associated with the given differential operator is available. Even when it is available, difficulties with
hypersingular integrals and non-uniqueness of solutions may occur, which demand special techniques of treatment.?*
BEMs are usually employed in the solution of fields in linear and homogeneous media, and lead to fully populated
matrices. If we are interested in nonhomogeneous media (like those studied in this work), some transformations may be
necessary.? Finite element methods of solution have also been proposed?®?’; they can be extended to nonhomogeneous
media, in addition to leading to sparse matrices.

In this work, we consider sound waves propagating in a homogeneous host medium, in which objects of different
material properties are immersed. The properties (density and bulk modulus) are usually discontinuous across the inter-
faces separating the host medium and the objects. According to the corresponding physical model,?®?° the discontinuity
in the density leads to jumps in the gradient of the pressure field across the interfaces. The same phenomenon occurs in
other scalar physical models (e.g., in the thermal analysis of polycrystals®°).

1.2 | Finite elements and Lagrange multipliers

The standard FEM tackles this kind of problem by setting up a mesh which conforms to the interfaces, that is, a
mesh in which the edges of the elements follow the contour of the interfaces. The construction of such a mesh may
be challenging if the interfaces have complex boundaries, and the elements in the resulting mesh may have unaccept-
able aspect ratios.3%3132 Tt is possible to address this problem using the Generalized Finite Element Method (GFEM).
The idea is to use enrichment functions that contain discontinuous gradients.3":33 In this way, the edges of the ele-
ments do not need to conform to the interface. In fact, the interface just cuts through the elements, so that the
resulting mesh can be constructed independently of the geometry of the interface.3%-3234 A similar approach is used
in embedded interface methods, where the discontinuity in the gradients is enforced using Nitsche’s method.?> The
results are accurate, but stabilization parameters are required. The partition of unity finite element method (PUFEM)
enriched with plane wave functions has also been considered.3® Since the objects in the problem have different values
for density (and bulk modulus), the plane waves have distinct wavenumbers within each object. Instead of defin-
ing approximation spaces with particular wavenumbers within each region and then applying some method to match
the solution at the interfaces, all enrichment functions are combined into the same approximation space and applied
over the entire computational domain. This approach yields good results, but if the problem is characterized by many
objects with different material properties, the number of enrichment functions in the approximation space may become
large.

Another tool popular with FEM is the use of Lagrange multipliers. They can be used to enforce boundary condi-
tions and different types of interface conditions (such as jumps in constitutive laws across the interface,3” and in contact
problems®®). The use of Lagrange multipliers leads to problems in mixed formulations, which must be solved for two
fields simultaneously: The primary field (i.e., the field associated with the quantity we are interested in, such as pressure),
and the Lagrange multiplier field. These fields cannot be approximated independently. The finite-dimensional subspaces
used in the discretization of both fields must satisfy the corresponding inf-sup conditions. It is an established fact that
a discrete problem is well-posed (its solution exists, is unique, and depends continuously on the data) if and only if the
applicable inf-sup conditions (particular to each kind of problem) hold. Failure to satisfy the conditions leads to ill-posed
discrete problems, and hence to numerical instabilities. More details can be found in authoritative discussions of this
topic. 12394041

Lagrange multipliers are used to impose Dirichlet boundary conditions in the extended finite element method
(XFEM),?” where a careful procedure is presented in order to construct a stable Lagrange multiplier space on the
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boundary with the purpose of satisfying the inf-sup condition. These ideas are extended and compared to other
techniques,*? together with an algorithm (the vital vertex algorithm) proposed to construct a stable space for the Lagrange
multipliers.

The use of Lagrange multipliers is also a popular procedure for the treatment of discontinuities in the solution and/or
in its gradients. It is widely used in the context of finite element formulations,*>#+454¢ discontinuous enrichment schemes
(DE-FEMs),**8 XFEMs,? and discontinuous Galerkin methods (DG-FEMs).*>*° In discontinuous Galerkin methods, the
local approximation spaces defined within each element are discontinuous across element interfaces, and Lagrange mul-
tipliers are used to impose inter-element continuity of the solution. These methods usually require judicious selection of
numerical fluxes and stabilization parameters.>! Lagrange multipliers also play a prominent role in mortar methods,>>>3
and have also been used with the OFE method which, being based on the MFS, naturally can also carry enrichment
functions.??

1.3 | Meshfree methods and discontinuous gradients

Despite the effectiveness of the FEMs described above, they all rely on meshes set over the domain prior to the discretiza-
tion stage. Our aim in this paper is to conceive of a totally meshfree procedure able to solve problems whose solution may
have discontinuous gradients.

There are many different meshfree methods, and distinct ways to classify them.%!%>* In this work, we shall focus on
meshfree methods based on weak forms, or meshfree Galerkin methods, which are a suitable alternative to FEMs>>* (in
opposition to meshfree methods based on strong forms, usually employed together with collocation procedures,’” and
which are a suitable alternative to finite difference methods).

If the solution of a problem is expected to exhibit discontinuous gradients across an interface, the application of mesh-
free Galerkin methods without any special procedure to treat the discontinuities leads to approximate solutions usually
marked by some oscillations akin to Gibb’s phenomenon close to the interface.”® These oscillations usually begin at the
curve’s ‘knee’ and decrease as one moves away from the interface. There are at least three ways in which the discontin-
uous gradients can be treated in meshfree Galerkin methods. The first is based on the idea of jump functions.’®> Extra
nodes are placed along the interface, with which certain jump functions are associated. These jump functions are included
in the subspace used to approximate the solution. They are compactly supported and continuous across the interface.
Their derivatives, on the other hand, must be discontinuous across the interface. The second way to treat discontinuous
gradients is based on Lagrange multipliers.%° The third way is the use of some penalty method,®! which requires the specifi-
cation of numerical parameters. Comparisons between jump functions and Lagrange multipliers,®® and between Lagrange
multipliers and penalty methods®! have been made. The use of Lagrange multipliers yields slightly better results,®® using
also less quadrature points in the numerical integration. However, these works do not discuss the inf-sup conditions to
be satisfied.

Our procedure is based on the MFS, which is a ‘truly meshfree method’. Moreover, the basis (or shape) functions in the
MEFS are easier to construct than the basis functions in other meshfree methods, such as the moving least squares shape
functions,’ since inverting matrices is not necessary. The MFS has been applied thus far only to problems posed in media
with homogeneous material properties.!416-6271 In this work we choose an approach based on Lagrange multipliers and
extend the MFS to problems for which discontinuous gradients are present in the solution. The resulting procedure is
free of any stabilization parameter.

1.4 | Inf-sup testing

A rigorous derivation of the mixed problem associated with the Helmholtz equation, and specialized to the particu-
lar geometrical setting considered here, is presented in one of our works,”> which is a companion paper to this one.
In that work we show that the Lagrange multipliers arise naturally in the formulation, thus rendering this approach
more straightforward to implement (since there are no ‘amendments’ like jump functions and tunable penalty factors).
In the companion paper we also present a detailed derivation of the applicable inf-sup conditions. Once established,
these conditions serve as the basis for the application of the inf-sup test, which is discussed in Sections 7 and 8 of the
present work. This numerical test allows us to evaluate the well-posedness of the discrete problems as the discretization
is refined.
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1.5 | Organization of the manuscript

Section 2 discusses the physical model of the problem. The weak form of the governing equations is stated in Section 3.
Section 4 is devoted to the meshfree discretization scheme, used in Section 5 for the numerical solutions of a number
of boundary value problems. The well-posedness of the variational problem is discussed briefly in Section 6. The inf-sup
stability analysis is formally discussed in Section 7. In Section 8, all problems from Section 5 are revisited, and their
stability is assessed in the light of the results from the previous two sections. Concluding remarks are given in Section 9.

2 | THE PHYSICAL PROBLEM AND THE REFERENCE GEOMETRY USED

‘We state the problem considered and establish the model differential equations, for the interior of the domains and the
boundary conditions. The corresponding variational equations are given in Section 3.

2.1 | Geometrical considerations

In order to make for a cleaner presentation, all aspects of the formulation and of the discretization process will be stated
using the geometrical setting depicted in Figure 1 as a basis. The reasoning can be generalized to other geometrical set-
tings, as long as their properties satisfy the assumptions made when constructing the model in Figure 1. When specialized
to the setting in Figure 1, these assumptions become:

Assumption 1. In R?, we consider an open ball B(0; R), centered at the origin 0 and with a finite radius R. The boundary
of this ball is denoted by I'g, see Figure 1.

Assumption 2. There is a collection of M = 3 regions, or objects, that is, bounded and open sets Q;, Q,, Q3, whose
closures are contained within B(0; R) and do not touch I'g, see Figure 1.

Assumption 3. The regions Q4, Q,, Q; are mutually disjoint.

Assumption 4. The region Q). = Q4 is defined as the set difference between B(0; R) and the union of the closures of
all M = 3 regions, that is,

3
o, < Bo:»)\ | Ja. ey
r=1

The region Q, represents the host medium.

FIGURE 1 Asetting with M = 3 objects, constructed
according to the assumptions made in Section 2.1, resulting in a
total of four regions (Q is the host medium). The interfaces I'; ,
(between regions Q; and Q,), I', 4 (between €, and Q4),and I'; 4
(between Q3 and Q) are closed Lipschitz curves
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(A) (B)

FIGURE 2 Examples of ruled out cases. (A) A setting for which M = 3. The intersection I'; ; of 0Q; and 0€; is a single point, and 9Q,
is not Lipschitz continuous. (B) A setting for which M = 2. The intersection I'; , of 9Q; and 9Q, is an open curve

Assumption 5. The boundary of each one of these M + 1 = 4 regions is the union of a certain number of connected
components (“pieces’). In the geometric setting from Figure 1, we have

0Q; =14, (2a)
0Q) =T, Uy, (2b)
0Q; =T34, (2¢)
0Qs =124 UTl34UTR, (2d)

where I'1, is the interface between regions ; and Q,. Interfaces I',4 and I';s, are defined in a similar man-
ner. Each connected component in the problem must satisfy two properties: First, it is a closed curve (i.e.,
a curve whose endpoints coincide). Second, it can be decomposed into a finite number of arcs or line seg-
ments, that is, it has a finite number of vertices, see I';; and I;4 in Figure 1. The component is then
Lipschitz continuous.”>”> Boundaries of not simply-connected regions (i.e., regions with holes, such as Q,
and €,) have more than one connected component. The host medium is clearly not simply-connected.

Assumption 6. Considering the boundaries of all the M + 1 = 4 regions, if we take any two of them, then only two
mutually exclusive possibilities exist: First, they do not intersect (i.e., they are located at a certain distance from each
other, such as 0©; and 0Q; in Figure 1). Second, if they do intersect, then the intersection is a single closed curve (as 0€2;
and 0Q, or 0Q3 and 0L, in Figure 1). We rule out the cases for which the intersection is a single point (as in Figure 2(A),
which shows that 0Q, fails to be Lipschitz continuous), or an open curve (i.e., a curve whose beginning and end points
are different, as in Figure 2(B)).

2.2 | Equations of acoustic scattering
For each r =1, - - -, 4, we must solve the differential equation®: Find p; : ﬁ, —> C such that for any x € Q,,
v. (LVp (x)) +-2 p =0 3
prx) K" ’

where p, is the phasor field associated with the time-harmonic pressure z,(x, t) (in N/m?). The latter can be recovered
from the first via 72,(x, t) = Re{p,(x)é®'}, where w = 2xf is the angular frequency (in rad/s), f is the frequency (in Hz),
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and Re{-} denotes the real part of a complex quantity. Moreover, p, : Q, — R* is the density (in kg/m?), and K, : Q, — R*
is the bulk modulus (in Pa) within region Q,.
In this work, we assume that the material filling up the host medium €, has constant density p, and bulk modulus

K,4. We normalize the density and bulk modulus for all other regions, that is, we define, forallr =1, - - -, 4 and for x € Q,,
def

pr,rel(x) =e pr(x)/p4, (43)

7, rel(x) K (X)/K4, (4b)

where p, i and K, are the ‘relative’ values of the density and bulk modulus with respect to the host medium Q,4. Both
Pr.rel A0 K el are dimensionless quantities. Substituting (4a) and (4b) in (3), we get a new set of equations: Foreachr =1,
-, 4, find p, : Q, — C such that for any x € Q,,

v. Vo, , 5
<prrel( ) p( )> rrel( )p 0= ( )

where k = w/c is the wavenumber associated with the host medium (in rad/m), and ¢ = \/K4/p4 is the speed of sound in
the host medium.?

2.3 | Radiation boundary conditions

Because we assumed that both the density and the bulk modulus in the host medium are constant, it follows from (4a)
and (4b) that py r(x) = K4 i(x) = 1, for any x € Q4. Using this in (5) reveals that p, is governed by the homogeneous
Helmholtz equation within Q, that is, V2p4(x) + k?p4(x) = 0, for any x € Q.

The pressure p, can be decomposed into two parts: For any x € Q, pa(x) = p(x) + p’(x), where pc 1 Q, —C
represents the incident pressure field. It is a function known in advance, and it must be chosen as one of the possible solu-
tions of the Helmholtz equation within Qq, that is, V2p™“(x) + k*p™(x) = 0, for any x € Q4. In this work, possible sources
for this field must be located outside the boundary I'g, see Figure 1. This incident field will be scattered, or perturbed by
the materials immersed in the host medium. The result is the scattered pressure field p* : Q, — C. It follows from the
discussion above that p® will also be a solution to the Helmholtz equation within Q4.

If Q, were unbounded, that is, if the radius R became arbitrarily large (with R — ), the correct boundary condition to
be satisfied by p* would be given by Sommerfeld’s radiation condition,?6?® which represents scattered waves propagating
away from the origin. But since Q, defined in (1) is bounded (R is finite, see Assumption 1 in Section 2.1), we use the
approximate first-order Bayliss-Turkel absorbing boundary condition (ABC)?%5>7¢ along the circle I'z. The condition to
be satisfied by the total field p, thus becomes

VPAO0) - Byee(0) + (J+ 2 ) Pa) = FO0), (62)

for all x €T'k. In (6a), ny o, is the outward-pointing unit normal vector at x (see Figure 1), and the function F is given in
terms of the incident field p™: For all x € 'y,

inc 1 inc
Feo) < V00 - my ) + (e 52 ) P, (6b)

2.4 | Interface conditions

The correct interface conditions?®?®?° can be mathematically expressed as follows. If the assumptions made in the con-
struction of the geometrical setting in Figure 1 are satisfied, then for the interface I'; ,, it is the case that the normal unit
vector pointing from region Q; into region Q, is defined almost everywhere (a.e.)’* along I'; ,, and is denoted by n; ,.
Points in I'; , like vertices of polygons are excluded. For x €T, ; a.e., and for an arbitrarily small € > 0, we define the two
points:

def def
X1 = X —enip(X), and X = X+ eng (), (72)
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FIGURE 3 Acloser look at the interface I'; , between regions
Q; and Q,. The normal unit vector pointing from region Q; into
region €, evaluated at x €' ; is denoted by n; ,(x). Given a small
€ >0, the points x;,, € Q; and x,, € Q, in (7a) are shown

that is, point x1.. is in Q,, immediately ‘below’ I'1 ,, and point x,., is in Q,, immediately ‘above’ I'; ; (see Figure 3). The
first interface condition to be enforced along I' , is:

P_I}(} (P2(X2;¢) — P1(X1,¢)) = 0, (7b)

that is, the pressure field shall remain continuous as we move across the interface I'; ;. The second interface condition to
be enforced along I'; ; is:

. 1
lim | ————Vpy(x2) - 01 (X) + ————Vp1(x1,) - nl,Z(x)> =0, (7¢)
=0 < pZ,rel(xZ;e) ¢ pl,rel(xl;e) ¢

where n,;(x) = —nj,(x). Since the ‘relative’ densities p; . and p,,; may assume different values at each side of the

interface I'y 5, itis clear from (7c) that the gradients of the pressure fields p; and p, will be discontinuous. The two interface
conditions to be enforced along I'; 4 and I'; 4 are obtained by the same reasoning, and are equal in form to (7b) and (7c).

3 | WEAK FORMS

The differential equations given above are in this section recast into variational form.

3.1 | Function spaces

The solution of the problem in strong form must be determined pointwise. We relax this requirement and look for weak
solutions, which are expressed in terms of elements from Lebesgue and Sobolev spaces’” specified over a given domain
(an open and bounded subset) in R2. Elements from these spaces are not defined pointwise.”®”® Moreover, throughout
this paper, we are going to use only complex-valued versions of these spaces. Keeping the setting of Figure 1 in mind,
given a region Q,, where r=1, - - -, 4, we write L%(Q,) instead of L%(Q,; C), and likewise for the other spaces.®’ Throughout
this section, we remove the explicit dependence on position x in the equations. In Section 2.2, the pressure fields in the
pointwise sense were defined up to the boundary of Q, (i.e., defined in the closure of Q,). In the weak case, the pressure
fields are defined in the interior of Q, only; their behavior at the boundary 0Q, is given by their traces. From now on we
assume p,:Q, — C. Forall r =1, - - -, 4, we look for weak solutions p, regular enough so that p, € H'(Q,), and assume
material properties regular enough to satisfy (1/py 1) € C(ﬁr) and (K; o) € C(ﬁr).72 More details about the regularity of
weak solutions to the Helmholtz equation can be found in the literature.?%7>8! We next introduce the spaces X and
defined as:

def . 9 1 1 1
X = H (Q1) X H () X H'(83) X H (), (8a)
def
Y= H VAT ,) x HV2(0) x HV3(s 4). (8b)
It is useful to represent vectors from the spaces X and Y by lowercase boldface letters, like:

def
vV = (V1,V2,V3,4) € X, (9a)
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def
13 = (H12, 24, H34) E V. (9b)

We equip these spaces with the following norms: For any v € X, and for any p € ),

def
2 2 2 2 2
“V“X = ”vl”Hl(Q]) + ||v2”H1(92) + ||v3”H1(93) + ”v4”H1(Q4)’ (103')
def
2 2 2 2
8 2 e+ izl + Wbl (100)

The standard norm*-7880 in the H! space is given by:
2 def " "
”‘)1“H1(91> = . (Vvy - Vvi +v17)dQ, (11a)
1

and likewise for the other terms in (10a). The standard norm in the H~'/? space is given by

def [z | E)mre, )l
lpr2llz-2q,,) = sup -~ (11b)
' emrw,,y e,
140

The norm || - || 12, ) defined in (11b) is a dual norm (since H="/? is the dual space of H"/?). The term 1, | t) HIAT,,)
represents the duality pairing®® between the functional u;, € H™V3(T, ;) and the function t€ HY3(T';,). The norm
I - Iz, ) in (11D) is given in Appendix B. The H ~1/2 norm of the other terms in (10b) are calculated likewise.

3.2 | The problem in weak form

def
The problem in weak form consists in finding a vector of pressure fields p = (p1p2p3ps) € X, and a vector of Lagrange

def
multiplier fields A = (AM2424434) € Y. After a lengthy reasoning,’? and considering geometrical domains in which the
assumptions made in Section 2.1 hold true, it can be shown that the weak problem derived from (5), (6a), and the interface
conditions discussed in Section 2.4 is given by

Find (p,A) € X X Y such that
a(p,v) +b(v,A) = (Q' | v)x+x,forany ve X,
b(p,p) =0, forany p € Y. (12a)

In (12a), the bilinear form a : X x X — C is given by:

€ ¢ 2
a(w.v) ‘Lf; /Q ( L vy, - Vi, - & vrwr> dQ + / (e + 55 ) (o, Ir, (o, WDl dr, (12b)

Pr,rel r,rel 'z

for any (w,v) € X x X. The term yaq, (ws) represents the (interior) trace of w, along 0€Q4. Since w, € H'(€y), it follows
from the Trace theorem (Appendix A) that this trace belongs to H'/2(0€4). Its restriction to I'z C 0Q4 belongs to HY2(T'y),
see Appendix B. The same applies to the term y;q,(v4). The bilinear form b : X x ¥ — Cis given by

def
b(v,) = (12 | vao,W2)Ir,, — Yoo, V1) dmrc,,)
+ (24 | Yoo, W)Ir,, — vao,WDIr,, Ymr,,)
+ (34 | vo0,0a)Ir,, — vo0,(V3) Ymrr, ., (12¢0)
for any (vip) € X x Y. The term y,q, (v;) represents the trace of v, along 0€,. Since v, € H 1(€2,), it follows from the Trace

theorem that this trace belongs to H/2(dQ,). Moreover, since I'; , C 9Q, according to (2b), it follows that the restriction
of the trace ysq,(v2) to I'y; belongs to H 12(T"; ,). The other traces in (12c) are treated similarly. Finally, the functional Q'
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is defined as: For any v € X,

QW) E | (o, ), F dr. (12d)
1

where the function F is given in (6b). It can be shown that if F € L?>(T'g), then the functional Q' is linear and bounded,
that is, there is a constant C; > 0 such that |Q'(v)| < C1||V||x, for any v € X. In this way, Q' belongs to X*, the dual space
of X. Using duality pairing, we therefore write ( Q' | v )y« x = Q'(V), for any v € X. It can also be shown from (6b) that
if the incident field p™ is given by plane wave solutions of the type p"“(x) = e~ *, where k = kk and x = [x, y], then
F € L?(T'g). In this last expression, k is a unit vector in the direction the plane wave propagates. The problem (12a) is cast
in what is called a mixed formulation.!-34041,82

4 | MESHFREE DISCRETIZATION PROCESS

There are many meshfree discretization schemes, some still require a background mesh for the numerical integration,
like the EFG method.!? We use the MFS which is a truly meshfree procedure.

4.1 | Method of finite spheres

The discretization process adopted in this work follows the guidelines outlined in the MFS.!#16.626971 The MFS is a
Galerkin method with local enrichment properties. It is a totally meshfree method (in the sense that the numerical integra-
tions are carried out locally in the subdomains). In the aforementioned references, the MFS showed a good performance
when applied to problems posed in homogeneous media. We now extend it to nonhomogeneous media.

4.2 | Meshfree finite dimensional subspaces for the pressure fields
Foreachr=1, -, 4, a finite sphere system over region Q, is the pair
def
FS(€) = (B(Qr), M(L))), (13a)

where B(Q,) = {B(r1;x1), B(r2;X,) - - -} is a finite collection of (overlapping) open balls, each one centered at point
x; = (x;,y;) and with radius r;, see Figure 4. The number of balls (also called subdomains, or spheres) in B(Q,) is denoted
by |B(€;)|. The union of all balls in B(Q,) is represented by U,, and must cover the closure'* of Q,, that is,

_ LA
Q cU = U B(ri; x;). (13b)
i=1

The element M(£2,) in (13a) is a meshfree finite-dimensional subspace of real-valued functions spanned by the basis
functions defined on Q,.
In order to construct M(Q,), we first choose a relatively smooth real-valued weight function w: [0, c0) — [0, o), such
as the quartic spline®: For any ¢ € [0, o),
{1 — 612 +85 -3t%, te(0,1],
w(t) =

(14a)
0, te(, o).

The support of the weight function (14a) is supp w = [0, 1]. Both w and its first derivative are continuous on
[0, 00), and therefore we C'([0, »0)). First we associate with each ball B(r;;x;) the transformed weight function ﬁ)l.r,
defined as

def ||x—xi||> (14b)

wix) = w <

i
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FIGURE 4 The same setting from Figure 1. We see the
collection of balls B(Q;), whose union U; covers 51 (closure of
region Q). In the same way, separate collections of balls must be
set up in order to cover 52, 53, and 54 (not shown)

for any x € R?, where || e || denotes the Euclidean norm of a vector in R2. Since supp w = [0, 1], it follows that
supp W = {x € R?| ||x — x;|| <r;}, that is, the closure of the ith ball. It can be shown that each w] € C'(R?). After all
transformed weight functions have been constructed, a collection of partition of unity (PU) functions can be defined. Next
we associate with each ball B(r;; x;) the PU function ¢ ,defined as

1B

o[ S W@/ Y W, (14c)

j=1

for any x € U,.. The domain of definition of ¢! is the union U,. (Outside of U,, the denominator in (14c) is zero). It can be
verified that both ¢ and its derivatives are continuous on all of Uy, that is, ¢] € CY(U,). The support of the PU function
@; is also given by the closure of ball B(ri;x;). With each ball B(r;; x;) in B(L,), we also associate a collection & (U,; i)
of six hnearly independent local enrichment functions, that is, & (U,;i) = {lrlll’ ler3llr 411’51’ ¢}» Where ll.’Jn U, — R, m=
1,- - -, 6. The elements from & (U,; i) are defined as: For any x € U,,

rwE, 00 S x-x)/r, o= x-x)2/r,
r@ S o -y/n, I S - x)0—y)/r (15)

G(x) Y- y)?/ri.

For each function l’ listed above, it can be verified that both lr and its derivatives are continuous on all of U,, that is,
l’ € CY(U,). The meshfree finite-dimensional subspace M(Q,) 1ntroduced in (13a) is defined as

M(QV) dzefspan {him . lzl’slB(Qr)l’ and mzl""96}9 (16)

where each basis function h’ : Q. — R (indexed by i and m) is given by the restriction of the product (p?l.’ to Q,, that

is, h! ((pl'll’m)lg , or equivalently, A} (x) = ’(x)l’ (%), for any point x € €,. The collection of basis functions h{  just
deﬁned is linearly independent,'# and the dimension of space M(L,) is dim M(L2;) = 6]|B(L;)|. The support of the basis
function k] is the closure of the intersection between the ball B(r;; x;) and the region €,. Since this ball is usually much
smaller than the domain Q, (see Figure 4), the basis function h{, is zero over a large portion of Q,. The typical form of
these basis functions can be seen in some of the references.!*%2 The basis function h;, belongs to H 1(Q,).1* This implies

that its trace yoq (h! ) along the boundary o€, belongs to H 12(9Q,). Due to the smoothness of the product @[l , it can be
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shown that the resulting basis function h’ also belongs to the space C* 1(Q,), and therefore its trace is well defined and
given by the continuous extension of h’ to the boundary 09, (see Appendix A). An arbitrary function v, from M(€;)
can therefore be represented as

Vrh = var, (173-)

where the vector function H, : Q, — RImM®) collects all basis functions hi’ m (i.e., the function H, receives a point
x € Q, and returns a vector in R4mM©) whose ith component is given by h! _ (x) = ¢/®)I!, (x)), and V, € CHmM®©) jg g
(column) vector of coefficients. The trace of v, along the boundary 0Q, is represented as

Yoo, Wrn) = TIV,, (17b)

where the vector function T, : 0Q, — RIMME) collects the traces of all basis functions h]  along the boundary 0Q,
(i.e., T, receives a point x € 0Q, and returns a vector in R4™M) whose ith component is given by (vae,(h], N(X) =
@@L (x),since h] can be continuously extended to the boundary). In addition to the trace along 0€;, the gradient of

Vy, is calculated via the matrix function G, : Q, — RIMMQ@)x2 ¢

Vo = V G, V oH, JH, . (17¢)
ox’ dy
After all finite sphere systems FS(£;),- - -, FS(€4) in (13a) have been constructed, we define a finite dimensional
subspace X of X in (8a) as:
def
Xy = M(Q1) X M(Q) X M(Q3) X M(Qy). (18a)

The norm in X, is that inherited from X in (10a). Since dim M(Q,) = 6|B(L;,)| (see above), the dimension of X}, is

4 4
dim &, = ) dim M(Q,) = 6" |BQ,)]. (18b)
r=1 r=1
4.3 | Meshfree finite dimensional subspaces for the Lagrange multiplier fields

Since the Lagrange multiplier fields in problem (12a) are functionals (and not functions), we present a way to construct
meshfree spaces of functionals. The Lagrange multiplier fields are elements of the space Y in (8b), and we consider now
how the discretized versions of the functionals in the individual spaces HV2(I"; 5), H"?(I"y4), and H~?(T'34) can be
characterized. We shall focus on the space H~V/2(I" ,) first. A finite sphere system over the interface I'; , is the pair

FST, 2) (B(F1 2), M(I'12)), (19)

which is constructed exactly as described in Section 4.2. The union U, , of all balls in the collection B(I'; ;) must cover
the curve I'1, that is, I'; , C U1, see Figure 5. With each ball B(r;;x;) in B(I';2) we associate a transformed weight
function as in (14b); after these weight functions are defined, we construct a collection of PU functions (pl.l’2 U, —
R, i=1,---|B(I12)| (one for each ball) as in (14c). However, with each ball B(rl,xl) in B(I';2), we associate only one

constant local enrichment function, that is, we make & (U 2; i) = {l1 2} where l1 2(x) = 1 for any x € U; ;. The meshfree
finite-dimensional subspace M(I"; ;) introduced in (19) is defined as

def
M(T12) = span{h;? 1 i=1,---,|BT12)|}, (20)

12112

where the basis function hil’ I', — R (indexed by i only) is given by the restriction of the product @l = qo 2 to

I'1,, that is, hil’2 Gl=ef (pi1’2|ru, or equivalently, hil’z(x) = (pl.’ (x), for any point x €I'; ;. The dimension of space M(I';,) is
therefore dim M(I'1 ;) = |B(I'12)|, that is, equal to the number of balls in B(I"; ;). The support of the basis function lle.l’2
is the closure of the intersection between the ball B(r;; x;) and the curve I'; ;. This ball is usually much smaller than I'y ,
(see Figure 5), and consequently hl.l’2 is zero over a large portion of I'; ,. Using the notion of tangential gradients®*#* along
the curve I'y 5, it can be shown that the basis function hl.l’2 belongs to H'(T"; ;). We use the fact*! that H'(I'; ;) € HY3(T'; 5)
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FIGURE 5 The interface between regions Q; and Q, is
given by the closed curve I'; ,. We show the collection of balls
B(T';3), whose union U; , covers I'; ,. Separate collections of
balls must also be set up in order to cover the interfaces I'; 4 and
I'; 4 (not shown)

to conclude that hil’2 e HY X(y,), fori=1,---|B(1,)|. With each basis function hl.l’z, we can associate the functional
Tl.l’z € H™'/2(I'; ;) characterized as:

def
< Tl.l’z | 1% >H1/2(l—‘1>2) =e / hl.l’zv dF, (21)
rl,Z

for any v e H?(I'; ;). We define a meshfree space of functionals as
, def 12 . .
MTp) = span{r;” ti=1,---,[BI12)l} (22)

The collection of basis functions hl.l’2 is linearly independent, and it can be shown that the collection of functionals rl.l’z
is also linearly independent. Therefore, dim M(I'; ;)" = dim M(T;,) = |B(I12)|. Since each rl.l’z belongs to HV2(T'; ,),
it follows that M(I";,) is a finite-dimensional subspace of H~V/2(I"; ,). Let u; ., be a generic functional from the space
M(I'1,) in (22), which can be expressed as a linear combination of functionals rl.l’z as

[BUI )]

12 ~12
Hi2h = Z 7T U, (23a)
i=1

where ﬁil’z € C denotes the ith expansion coefficient. Using (21) and (23a), it is straightforward to show that the action of
1.2, ON an arbitrary function ve HY2(T, ,) is given by

~T
(Hizn |V )meg,,) = Ul,Z/ H,,vdl. (23b)
FLZ

In (23b), all basis functions hl.l’z have been ordered and collected into a vector function Hy, : I'1; — RAmMMT1o)  that
is, the function H;, receives a point x €I';, and returns a vector of real numbers whose ith component is given by
hl.l’z(x) = (pil’z(x). The expansion coefficients have also been ordered and collected into the vector U; , € ClimMT12),

The same procedure described above can be applied to the interfacesI'; , and I'5 4 in order to construct the finite-sphere
systems FS(I';4) and FS(54), respectively. In complete analogy with (23b), if the generic functionals u 4, and ps 4.
from the meshfree subspaces M(I',4)’ and M(T's4)’ are determined by the expansion coefficients U, 4 € C4m M=) and
U, € CUmMTs0) yespectively, then

~T
(H2an | W )mrer,,) = Usa / Hj4u drl, (23¢)
Iy,

~T
(Hzan | )mea,,) = Usa / H; 4t dI, (23d)
Iy,
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for any u € HY(I",4) and t € H*(T'; 4). We define the finite dimensional subspace Y, of )7 in (8b) as:
def ’ ’ ’
I = M([12) X M(IT24)" X M(T34)". (24)
The norm in Y, is that inherited from Y in (10b). The reasoning above gives us the dimension of Vj:

dim Yy, = |B(T1 )| + [BI24)| + B34 (25)

44 | Discretization
The finite-dimensional counterpart to problem (12a) is

Find (p;,, M) € &, X Yy, such that
a(Py, Vi) + bV, Ap) = ( Q' | Vi, Y= x, forany v, € X,
b(p,, 1) =0, forany p, € Y. (26)

Since the finite-dimensional spaces X, and Y, are isomorphic to C4™ % and C4™ Y, respectively, there are vectors PVe
C4im%, that uniquely determine p,, v, € Xy, and vectors L, U € C4imY: that uniquely determine A4, p;, € V. Our goal is
to derive a linear system in the unknowns P € C4m¥: and L € Cdim Vi

We represent vy, = (V1:n, Vo, Vaih, Vazn) and pr = (P1:> P2ons s D3:hs Pa; ), after (9a) and (18a). Foreachr = -, 4, we expand
Vyn and p, as in (17a), that is, v, = HY'V, and py, = HY Pr, where V,, P, € Cdlm M) The traces of vy, and of py., are
expanded in accordance with (17b), that is, ygo (Vn) = T V, and )/agy(pr;h) =

The vectors py, and A, are represented as wy, = (41.2:n, H2,4:h5 H34:0) A0d Aj = (/11,2;;1, Azan, Az an), after (9b) and (24). We
assume that the coefficients in the expansion of y 2., p2.4:n, and us 4y, are ordered and collected into the vectors I~JL2 €
CImMT.2) T, , € CImMT20 and Us, € CUmMT30) respectively, as in Section 4.3. In the same way, the coefficients in
the expansion of 41 2.4, A24:n, and A3 4., are ordered and collected into the vectors I~41,2, I~42,4, and f,3,4, respectively. Using
(12b)-(12d), we write

a(py,, Vi) = \7 AP, (27a)
b(py,. ) = U BP 27b)
bvdy) =1, BV=V'B I, (27¢)
(Q Vi )arx=V'F, @7d)

where the symmetric matrix A, the matrix B, and the vector F belong to Cdim&xdim; Rdim Y, xdim, ‘and Cdim&, | regpec-
. . . . . , ~T  ~T~T~T~T. ~ ~T~T~TT
tively. The coefficient vectors are recombined back into the ‘parent’ vectors as V. = [V V, V3V, ], P =[PP, P;P,],
~T = ~T ~T ~T ~T  ~T ~T ~T . .
U =[U;,U4Uz4],and L’ = [L;,L;4L34]. We used (23b)-(23d) in (27b) and (27c). From (26) and (27a)-(27d), we obtain

the linear system:

Find (P,L) € CIm&: x C4mY%: gych that

EMIERH]

The system in (28) above is a saddle point linear system. Other problems in mechanics,**' and electromagnetics'® are also

associated with linear systems having this structure. Since the support of each basis function used in the construction of
the meshfree spaces is small when compared to the size of the domain (see Sections 4.2 and 4.3), the matrices A and B
in the system above are sparse. In this particular application, dim }), is much smaller than dim &%. The integrals in
(12b)-(12d) can be evaluated numerically by any of the techniques routinely used in the MFS.1416:636471 The golvability
and stability of the numerical solutions derived from (26) and (28) will be discussed in Sections 6 and 7.
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4.5 | The discretization length

Suppose the finite-sphere systems have been set up over all regions and all interfaces in the problem according to the
principles outlined in Sections 4.2 and 4.3, respectively. Foreach r =1, - - -, 4, let the set X, list the centers x; of all balls in
B(L;). Analogously, let the sets Xj », X5 4, and X3 4 list the centers of all balls in B(I'2), B(I'24), and B(I'3 4), respectively.
We next form the union of these sets:

4
def
X = <er> U(Xl,z UX54UXzy4). (29a)
r=1

The set X collects the centers x; of all balls in the problem (i.e., the balls covering all regions and all interfaces). The
discretization length h is calculated as
def

h = max min ||x;—x;l, 29b
i:L'_.Jle:L'_.’leII1 a1l (29b)
J#i

where |X| is the number of elements in the set X (or the total number of balls in the problem).

5 | NUMERICAL EXAMPLES: SCATTERING PROBLEMS

In the examples to follow, we depart from the basic geometry given in Figure 1, and specialize the procedures to other
geometries. However, these geometries are such that, in each particular instance, the assumptions made in Section 2.1 are
satisfied. The solution times for the examples in Sections 5.1-5.3 are approximately 2 min, when the codes are executed
on a 4 GB, 2.4 GHz laptop.

5.1 | Numerical error in the solution of a model problem

In order to study the approximation error, we construct a problem that, although not properly a scattering problem, it
nevertheless possesses the same form of the scattering problems described in Sections 2.2-2.4. Consider the geometrical
setting in Figure 6(A), for which M = 1. In this problem, we assume all quantities to be dimensionless. The material
parameters of regions Q; and Q, are p; =4 and p, = 1 (density), and K; = 2 and K, = 1 (bulk modulus). Consequently,
the ‘relative’ values are p; ; =4 and p, oy = 1, and K, = 2 and K, - = 1, according to (4a) and (4b). We choose a unitary
frequency, or f = 1. In these circumstances, the wavenumber associated with the host medium €, ; = €, becomes
k =w/c=2xnf\/p2/K, = 27 (see Section 2.2). The wavelength of a (hypothetical) plane wave propagating in the host
medium with frequency f =1is A =2z/k =1. Region & is a circle with radius equal to 4, whereas the circle ' hasitsradius
adjusted to R =1.54. Region € is simply connected, and region Q, (the host medium) is not simply connected, as expected
(see Assumption 5 in Section 2.1). This problem has a single interface, indicated by I'; ; in Figure 6(A), representing the
interface between regions Q; and €. Since the relative densities are constant, Equation (5) becomes: For r = 1, 2, find
Dr: Q, — C such that for any x € Q,,

Pr.rel
V2p,(x) + szm

r.rel

pr(x) = 0. (30a)

def def
We define the new wavenumbers k; =k P1.rel/ K re and k, = k+/pa.rei / Kz rei- The boundary condition along I'g is chosen
as: Forall x eIy,

VD2(X) - Dg 00 (%) + jKop2(X) = 1, (30b)

where 1, , is the outward-pointing unit normal vector at x. The interface conditions along I'1 , are the same as those in
(7b) and (7c). It can be verified that the solution to this problem is

pi(x) = Ado(ky|Ix])),  x € Q,
D2(x) = Apdo(ks ||XI) + B Yo ks llx]), X € Q,, (30c)
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FIGURE 6 A (dimensionless) 1.5

model problem for the purpose of Ir

studying the error analysis. (A) I

Geometry of the problem, with M =1 '

object. (B) Real part of the solution 03
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where Jy and Y, are the zero-order Bessel functions of the first and second kinds, respectively, and ||x|| is the Euclidean
norm of vector x. The constants A;, A,, and B, can be found by inserting (30c) into the two interface conditions along I'y »
and into the boundary condition (30b).

In order to approximate the pressure fields p; and p, (in regions Q, and €;), and the Lagrange multiplier field 4; ,
(alongTI' ;), we employ the three finite sphere systems FS(Q,), F S(€2,), and FS(I'1 ), respectively. The number of balls in
each system is |B(€2;)| = 627 balls, |B(£2,)| = 852 balls, and |B(I'1,)| = 87 balls, so that |X| = 1566 balls (see Section 4.5).
The corresponding discretization length is & = 0.0732, see (29b). The solution to this problem is radially symmetric,
see Figure 6(B),(C). Figure 6(D) shows both the real and imaginary parts of the solution along the line 0 <x<R,y =0
(the white segment in Figure 6(B),(C)). The numerical solution quite closely matches the analytical solution (30c). The
interface between Q; and Q, is at x = 1, and there are no oscillations close to this point (at the curve’s ‘knee’). Finally, we
vary the number of balls in each finite sphere system so that the total number of balls in the problem |X| ranges from 172
to 1566. For each numerical solution py = (p1.n, p2:n), We calculate the relative error

d_ef ”p —_ ph”fY _ ("pl _p1§h“ip(gl) + ”p2 _pZ;h”ip(gz))l/z

_ , (30d)
Ipllx WP g, + P2l )72

as a function of the discretization length h, where the norm in space X’ is defined in (10a), and p = (p1, p2) is the vector
collecting the analytical solutions (30c). Figure 7 shows how the error in (30d) decreases with h.
5.2 | Scattering by a kite-shaped object

We again have a single object (M = 1), corresponding to the kite-shaped artifact shown in Figure 8(A). The material
properties in regions Q; and Q, are p; = 2.80x 10° kg/m? and p, = 1x10* kg/m? (density), and K; = 70 x 10° Pa and
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-0.8 ‘ " . FIGURE 7 Therelative error calculated in the X-norm (10a) as a function
of the discretization length h
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K, = 2.28 x 10° Pa (bulk modulus). The ‘relative’ values are p; o = 2.8 and p e = 1, and Ky = 30.70 and Ko = 1,
according to (4a) and (4b). Let the reference frequency be f, = 5 kHz. The reference wavenumber k, associated with the
host medium Q, is kg = wo/c = 2zfy+/p2 /K> = 20.81 rad/m (see Section 2.2). The reference wavelength of a (hypotheti-
cal) plane wave propagating in Q, with frequency f is given by 4y = 27/ky = 3.02 X 10~! m. Points X = (X, Vkize) along
the contour of region Q; in Figure 8(A) are described parametrically as

cos @ + 0.65cos 20 — 0.65 .
Xpite(0) = /Io( s ), Yiite(0) = Agsin 6, (31)

where 0 <6 < 2x is the polar angle measured counterclockwise around the origin of R2. The radius of the outer circular
boundary I'y is R = 2.34¢. Region Q is simply connected, and region Q, (the host medium) is not simply connected, as
expected (see Assumption 5 in Section 2.1). As in Section 5.1, this problem has a single interface, indicated by I'; ; in
Figure 8(A).

The actual incident field is given by a plane wave with frequency equal to the reference frequency, that is, f = fo.
The wavenumber of the problem is then given by k = ko, and the direction of propagation of the plane wave is from
the left to the right, that is, along the unit vector k = [1,0]. The incident field is therefore prex) =e e = gjkex N/m?,
X e 52.

We again set up three finite sphere systems such that |B(€2;)| = 386 balls, |B(€2.)| = 2531 balls, and |B(I"12)| = 80
balls, resulting in |X| = 2997 balls (see Section 4.5). The modulus of the total field py = (p1.1, p2:n), the real part, and the
imaginary part are plotted throughout the computational domain in Figure 8(B)-(D), respectively. A zoom is applied to
the solutions along the line segment Xjr(7) — 0.249 <X < Xyire(7) + 0.249, ¥ = 0 (see Equation (31)), shown in white in
Figure 8(C),(D). The real and imaginary parts of the meshfree and FEM reference solutions (for the finite element analysis
we used a fine mesh of triangular quadratic Lagrangian elements) are calculated along this line segment (which crosses
the interface), and are shown in Figure 8(E),(F), respectively. The agreement is very good, and the meshfree solution does
not present oscillations close to the interface.

5.3 | Scattering by a cladded object

In this example the geometric setting consists of two objects (M = 2). It corresponds to a square column Q, surrounded by
acircular cladding €, shown in Figure 9(A). The structure is immersed in the host medium Q;. The material densities in
regions Q;, Q,, and Q; are p; = 1.20 kg/m?, p, = 8 X 103 kg/m3, and p3 = 1 x 103 kg/m?3, respectively. The bulk moduli are
K; =1.01x10° Pa, K, = 200 x 10° Pa, and K3 = 2.28 X 10° Pa. The ‘relative’ values for the densities are p; ; = 1.2 X 1073,
pare = 8, and ps . = 1, whereas the ‘relative’ values for the bulk moduli are K; ,, = 4.43X107°, K, ,, = 87.72, and
K1 = 1, according to (4a) and (4b). The reference frequency is chosen as f, = 1 kHz, and consequently the reference
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FIGURE 8 Scattering by a kite-shaped object. (A) Geometry of the problem. (B) The modulus of the meshfree solution throughout the
computational domain. (C) Real part of the meshfree solution. (D) Imaginary part of the meshfree solution. (E) Real part of meshfree and
FEM solutions along the segment Xy, () — 0.24g <X < Xgie(7) +0.249, ¥ = 0 (shown in white in Figure 8(C)). (F) Imaginary part of meshfree
and FEM solutions along the same segment (shown in white in Figure 8(D))

wavenumber k, associated with the host medium Q; is kg = wo/c = 2xfy+/p3/Kz = 4.16 rad/m (see Section 2.2). The
reference wavelength of a (hypothetical) plane wave propagating in Q3 with frequency f is given by Ag = 27/ko = 1.51 m.
The side of the square column is 4y, and the radius of the circular cladding is also A, see Figure 9(A). The radius of the
outer circular boundary I'g is R = 1.754¢. Region Q; is simply connected, whereas regions Q, and Q; are not simply con-
nected. This problem has two interfaces, indicated by I'; ; and I';; in Figure 9(A), representing the interfaces between
regions Q; and €,, and between regions 2, and Q3, respectively.

The actual incident field is given by a plane wave with frequency equal to three times the reference frequency, that
is, f = 3f. The wavenumber of the problem is then given by k = w/c = 2zf+/p3 /K3 = 12.48 rad/m (see Section 2.2). The
direction of propagation of theA plane wave is from the left to the right, that is, along the unit vector k= [1,0]. The incident
field is therefore pinc(x) = e7kk* = ¢k N/m?, x € Q;.

In order to approximate the pressure fields p;, p,, and p; (in regions €, Q,, and €;), and the Lagrange multiplier
fields 41, (along I'; ;) and A, 3 (along I', 3), we employ the five finite sphere systems FS(€), FS(Q,), FS(Q3), FS(I12),
and FS(I"2;3), respectively. The number of balls in each system is | 3(€2;)| = 192 balls, |B(Q,)| = 417 balls, |B(£23)| = 1195
balls, |B(I'12)| = 48 balls, and |B([',3)| = 81 balls, so that |X| = 1933 balls (see Section 4.5). The modulus, the real
part, and the imaginary part of the total field p, = (p1.n, P2:1n> P3:1) are plotted throughout the computational domain in
Figure 9(B)—(D), respectively. A zoom is applied to the solutions along the line segment —1.254p <x< —0.254¢,y = 0,
shown in white in Figure 9(C),(D). This segment crosses the two interfaces I'; , and I', 3. We calculate the real and imagi-
nary parts of the meshfree and FEM reference solutions (using a fine mesh of triangular quadratic Lagrangian elements)
along this segment. They agree with each other, as shown in Figure 9(E),(F), and again there are no oscillations close to
the interfaces in the meshfreesolutions.



NICOMEDES ET AL.

| WILEY

2.5

0.5

—real p (Meshfree)
- - -real p (FEM)

-2 -1.5 -1
x(m)

()

-0.5

! |—imag p (Meshfree)
- - -imag p (FEM)

-1 -0.5
x(m)

®

FIGURE 9 Scattering by a square column surrounded by a circular cladding. (A) Geometry of the problem. (B) The modulus of the

meshfree solution throughout the computational domain. (C) Real part of the meshfree solution. (D) Imaginary part of the meshfree

solution. (E) Real part of meshfree and FEM solutions along the line segment —1.254, <x < —0.2549, ¥ = 0 (shown in white in Figure 9(C)).

(F) Imaginary part of meshfree and FEM solutions along the same segment (shown in white in Figure 9(D))

54 |

FIGURE 10 Dimensions of an object centered at the origin O’

Scattering by a group of objects

In this example, the geometric setting consists of three objects (M = 3). They are ‘torpedo-like’ in form, as shown in
Figure 10. These objects occupy the regions corresponding to Q;, Q,, and Q3 in Figure 11(A), and are immersed in the
host medium 4. The material densities in the problem are p; = p, = p3 = 8 x 10° kg/m?, and p; = 1 x 10° kg/m3. The
bulk moduli are given by K; = K, = K3 = 200 x 10° Pa, and K, = 2.28 x 10° Pa. The ‘relative’ values for the densities are
P1rel = Parel = P3rel = 8, and pa g = 1, whereas the ‘relative’ values for the bulk moduli are K oy = K o1 = K301 = 87.72,

and K4, = 1, according to (4a) and (4b).
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FIGURE 11 Scattering by a group of three objects. (A) Geometry of the problem. (B) The modulus of the meshfree solution throughout
the computational domain. (C) Real part of the meshfree solution. (D) Imaginary part of the meshfree solution. (E) Real part of the meshfree
solution in the small square region shown in (C). (F) Imaginary part of the meshfree solution in the small square region shown in (D). (G)
Real part of meshfree and FEM solutions along the segment —4.6254) <x < —4.3754¢, y = 24, (shown in white in (E)). (H) Imaginary part of
meshfree and FEM solutions along the same segment (shown in white in (F))

We choose a reference frequency of fo = 4 kHz, and the reference wavenumber k, associated with the host medium Q4
is ko = wo/c = 2xfo\/pa/Ks = 16.65 rad/m (see Section 2.2). The reference wavelength of a (hypothetical) plane wave
propagating in Q4 with frequency f is given by Ao = 2z/ko = 0.37 m. Each object is formed by a semicircle of radius Ao
connected to an isosceles triangle with base 24, (the diameter of the semicircle) and height 34y, see Figure 10. Figure
10 shows a single object drawn in a relative coordinate system x’y’ whose origin O’ coincides with the center of the
semicircle. In the absolute coordinate system xy (in which the problem is posed), object 1 is located in such a way that
O’ = (—3.50,24¢), object 2 is such that O’ = (=4, 0), and object 3 is such that O’ = (1.549, —240), see Figure 11(A).
The radius of the outer circular boundary I'x is R = 5.54¢. Regions Q1, Q,, and Q5 are simply connected, whereas region
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Q4 (the host medium) is not simply connected (see Figure 11(A)). This problem has three interfaces, indicated by I'; 4,
I';4,and I's 4 in Figure 11(A), which represent the interfaces between regions Q; and Q4, between regions Q, and Q,4, and
between regions Q3 and €4, respectively.

The actual incident field is given by a plane wave with frequency equal to the reference frequency, that is, f = fo, so that
the wavenumber of the problem is given by k = ko = 16.65 rad/m (see Section 2.2). The incident plane wave propagates in
the direction of the unit vector k = [cos 30°sin 30°] = [\/3 /2,1/2], and the expression for the incident field is therefore
given by pi"(x) = e Tkk¥ = =Ik(V3x4)/2 N /m?, x € Q.

In order to approximate the pressure fields p;, p;, ps, and ps (in regions Q;, Q,, Qs;, and Qg), and the
Lagrange multiplier fields A;4 (along I'14), 424 (along I'»4), and A4 (along I's4), we use the seven finite sphere
systems FS(Qq), FS(Q,), FS(Q3), FS(y), FS([14), FS(I24), and FS(34), respectively. The number of balls in
each system is |/3(Q4)| = 487 balls, |B(£2,)| =470 balls, |B(Qs3)| = 474 balls, |B(€24)| = 8011 balls, and |B(I14)| =
|BI'24)| = |B(T'34)] =90 balls, so that |[X| = 9712 balls (see Section 4.5). The modulus, the real part, and the
imaginary part of the total field pn = (P1:n,D2:n> P3:ns Pan) are plotted throughout the computational domain in
Figure 11(B)—~(D), respectively. We examine the fields closely in a small box placed at the front end of object 1
(see Figure 11(C),(D)). This square box is centered at the point (—4.540,24) (the front end of object 1), and its
side is Ao/2 in length, so that it corresponds to the region —4.7510 <x< —4.254, 1.7549 <y <2.254¢. A zoom is
applied to this region, and the fields are shown in Figure 11(E),(F). The interface I';4 cuts through this box, and
the line segment described by —4.62540 <x< —4.3754¢, ¥y = 24, by its turn, crosses the interface I'; 4 as illustrated
in Figure 11(E),(F). This segment is shown in white. Meshfree and FEM solutions (using a fine mesh of triangular
quadratic Lagrangian elements) are calculated along this line segment, and the results are given in Figure 11(G),(H).
Again, the meshfree solutions are able to reproduce the discontinuity in the gradients, without oscillations close to the
interface.

6 | THE INF-SUP CONDITIONS

The well-posedness of problems (12a) and (26) is described by the classical theory of mixed (or hybrid)
formulations.-23%-41828586 When the results of this theory are specialized to the scattering problems studied in this
work, it can be shown that the well-posedness of the finite-dimensional problem (26) is governed by the following
theorem:

Theorem 1. Consider the finite-dimensional subspaces X, C X and Y, C Y. Leta : X x X — Candb : X x Y — C
be the two bounded bilinear forms introduced in (12b) and (12c), respectively. The finite-dimensional saddle-point
problem (26) is well-posed (i.e., its solution exists, is unique, and depends continuously on the data) if and only if the
following two conditions are satisfied:

1. There is a constant a;, > 0 such that inf sup M > ap,
wiekerB, v ckers, |WhllxllVallx
w70 v, #0
b(vy,
2. There is a constant f, > 0 such that inf sup M > B,
W€V viex, [[HullyllVallx
W70y, 20

where the spaces X, Y, Xy, and )y, are given in (8a), (8b), (18a), and (24), respectively. These are referred to as the (discrete)
inf-sup conditions. [ |

In (32a), By, is the operator By, : X, — Y*, which is defined as: For any (v,p,,) € X X Y,

(Buvi) | 1y Yy, = (Vi ). (33)

The kernel (or nullspace) of B, is denoted by ker B;, and V" is the dual space of y),.4041.80.82 Thege conditions are discussed
in detail in another paper.’? In that work, we touch on subjects like the non-coercivity (or non-ellipticity®’) of the bilinear
form a derived from the Helmholtz equation,® and also on ways to overcome the difficulty of dealing with norms in
the fractional Sobolev space H~/2, which are embedded in the norm of the space ), according to (8b), (10b), and (11b).
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Then we finally derive’? stronger and simplified inf-sup conditions, in which only real-valued numbers (i.e., real-valued
vectors and matrices) are used (we no longer use complex numbers). These are given by:

~T— ~
1. There is a constant a, > O such that _inf  sup wAY > ap, (34a)
weR* BeR* ~T— ~  [T— ~
wE0  po wDw\v Db
. %' Bb
2. There is a constant f, > 0 such that  inf sup > b, (34b)
ueR24m & Ry o= [T~
u#0 D#O u M u v X »

where K is the dimension of By,.”? We show’? that condition (34a) is sufficient to imply condition (32a), that is, if (34a)
holds true, then (32a) also holds true. In the same way, (34b) is sufficient to imply (32b). These new conditions form the

basis of the inf-sup testing procedure, described in Section 7. The matrices A, D, BB, M, and X are given by

A E Re(T¥ AW Iy}, (35a)
DY Re(TL ¥ SV I¢), (35b)
B < Re(Tgimy, B Jaimy, ). (35¢)
M & Re{jgim thTé_IN Taimy, ). (35d)
X< Re{jZim xhg Tdimx, ), (35e)

where the matrices A and B in (35a) and (35c¢) are the same as those in (27a) and (27b), respectively. The matrices & D,
M, and X are symmetric. Specifically, the matrices D, M, and X are used in appropriate norms.” The symbols Jx, ¥, S
Jdim X, Tdim Vo N, and Q denote other auxiliary matrices.”?

El

7 | INF-SUP TESTING

7.1 | First inf-sup condition

—T
In order to evaluate if condition (34a) holds, we first verify if ker A = {0}.

—T ~ ~ —T~
Case 1. ker A # {0}. This implies that there are vectors w € R?X such that v # 0 and A = 0. If we pick up one of
~ ~ ~T— e ~T—T ~
these vectors w, it follows that for any vector » € R?K, it is the case that mTA D= bTA w = 0, and (34a) cannot be
satisfied.

T
Case 2. ker A = {0}. In this case, it can be proven***! (since we are left with real-valued matrices and vectors)
that

inf sup wAD = \/omin(h), (36a)

weRX & Rk ~T— ~  [~T— ~
0 ”’;;0 wDw\d Db

where onin(h) is the smallest eigenvalue in the problem:

AD A o = oD oy (36b)

This smallest eigenvalue depends on the matrices A and ﬁ, constructed with basis functions from spaces &, and Y, in
(18a) and (24), respectively, which are characterized by the discretization length h (29b). So omin can be ‘indexed’ by
h, and we write omin(h). Therefore, according to (36a), condition (34a) is satisfied if 1/omin(h) > 0, that is, the choice

ap = \/ omin(h) satisfies (34a).
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7.2 | Second inf-sup condition

—T
Condition (34b) is verified likewise, that is, we first check if ker B = {0}.

—T - . - —T )
Case 1. ker B # {0}. This implies that there are vectors & € R?4™m Y such that 1t # 0 and B u = 0. If we pick up one

~ . ~ . . T~ ~T=T _
of these vectors 1, it follows that for any vector » € R24m%: it is the case that i B5=%B 1 = 0, and (34b) cannot be
satisfied.

—T
Case 2. kerB = {0}. In this case, it can be shown that

~TH =~
. B
inf  sup 2O (), (37a)
HeRMMYy §opodny, Tr= T [feT— ~
ii#0 520 u Muyv Xbp

where 7, (h) is the smallest eigenvalue in the problem:

—_— —-1—T —
BX B ﬁi = TiM 1~1i. (37b)

According to (37a), condition (34b) is satisfied if \/tmin(h) > 0, that is, the choice f;, = v/Tmin(h) satisfies (34b).

7.3 | Stability analysis and testing

In the stability analysis, we are concerned with the ability of the discrete problems to retain their well-posedness as the
finite-dimensional subspaces X}, and Y, are successively refined, or as the discretization length h becomes successively
smaller.3%%0 In order for the discrete problem (26) to retain its well-posedness, four hypotheses must be satisfied. They
are:

1. kerA = {0}, forall k>0,
_T
2. kerB = {0}, forall h>0.

These two hypotheses come from Case 2 in Sections 7.1 and 7.2, respectively. If they hold true, the inf-sup values \/oyin (1)
and \/Tmin(h) in (36a) and (37a) can be calculated for any h. The third and fourth hypotheses are:

3. 1hn£ vV Umin(h) >0,
>

4, }lng V Tmin(h) > 0.
>

The last two hypotheses guarantee that the inf-sup values do not approach zero as h becomes smaller.

From a practical viewpoint, it is unreasonable to directly verify these four hypotheses for all i > 0, because the number
of tests to be performed is infinite. In the practical stability testing, we do not prove that the third and fourth hypotheses are
satisfied, but evaluate the likelihood that they will not be violated.! This is accomplished by verifying the four hypotheses

above for a finite sequence of K, values for h. If it is the case that the kernels of KT and ﬁT are always zero, it suffices
to investigate the smallest eigenvalues o min(h) and i, (k) until a trend is detected. Ideally, these terms should ‘lock’, or
stabilize at a given value greater than zero, which allows us to conclude that the third and fourth hypotheses are unlikely
to be violated. In this case, we say that the inf-sup test has been passed. Experience shows that a choice of K5 between
5 and 10 is sufficient to reveal the trend.

The first ideas concerning the practical stability testing were introduced by Chapelle and Bathe,? and then discussed
and successfully applied in later works®*°%% in the context of FEMs. We make the following remark: According to (35a),
the matrix A depends on the matrix A. The matrix A in turn depends on the wavenumber k, since it comes from the
discretization of the bilinear form a, see (12b) and (27a). But k = w/c, where @ = 2zf and c is a constant (the speed of
sound in the host medium, see Section 2.2). In this way, A depends on the frequency f of the incident field. Therefore,
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the smallest eigenvalue oy in (36b) also depends on f. We write omin(h, f) in order to show the dependence of o, on
h and f. These testing procedures will now be applied to the four examples studied in Section 5.

8 | NUMERICAL EXAMPLES: THE INF-SUP TEST

—T —T

We report that in all four examples examined in Section 5, the matrices A and B have only the zero vector in their
kernels, for each one of the K, times the tests were performed. In this way, the first and second hypotheses from Section 7
have been verified. The next subsections are devoted to testing the third and fourth hypotheses.

8.1 | Solution of a model problem (Section 5.1)

In this example, we use K,y = 7. The sequence of finite sphere systems is such that the number of balls over Q;
varies from 57 to 164, the number of balls over Q, varies from 90 to 240, and the number of balls over I'; ; varies from
25 to 43.

In Section 5.1, we chose a unitary frequency, or f = 1 (dimensionless), so that the wavenumber associated with the
host medium Q, becomes k = w/c = 2zf\/p>/K, = 2z (see Section 2.2). In testing the first inf-sup condition, the entries
in matrix A are calculated using this value for k. We plot the values 1/omin(h, 1) from (36b) in Figure 12(A). They are all
positive and stabilized around a positive value as h decreases, so that the third hypothesis (Section 7.3) is satisfied. In
Figure 12(B) we plot the values \/zmin(h) from (37b) relative to the second inf-sup condition. They are also all positive
and stabilized at a positive value, so that the fourth hypothesis (Section 7.3) is satisfied. We conclude that the inf-sup test
has been passed, or that this problem keeps its well-posedness as h decreases.

8.2 | Scattering by a kite-shaped object (Section 5.2)

For this example, we have K = 9. The sequence of finite sphere systems is such that the number of balls over Q, varies
from 64 to 275, the number of balls over Q, varies from 389 to 1763, and the number of balls over I'; , varies from 31 to 67.

In Section 5.2, the incident plane wave has a frequency of f = f, = 5 kHz, so that the wavenumber of the
problem is k = ko = 20.81 rad/m. When testing the first inf-sup condition, we consider a range of frequencies
from 1.5 to 15 kHz, with increments of 500 Hz. For each value of frequency f, we determine the wavenumber k =
w/c = 2xf\/p2/K> (see Section 2.2) and calculate the smallest eigenvalues omin(h, f) in (36b) for the sequence of
Kisr = 9 discretizations. The graph corresponding to the values y/omin(h,f) is shown in Figure 13(A). We observe
that for each frequency f, they are positive and stabilized around a positive value as h decreases. At any given
point on the graph, there is variation in the direction of f, but not in the direction of h. The graph shows a pro-
file with almost parallel lines along the h axis, as shown in Figure 13(A). The results allow us to conclude that
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FIGURE 13 The inf-sup values, scattering by a kite-shaped object (Section 5.2). (A) First inf-sup condition, log,,/omin(h,f) as a
function of log;oh and f. (B) Second inf-sup condition, log; 4/ 7min(h) as a function of log;oh

for any given fixed frequency f, the inf-sup values do not decrease with h. In this way, for each fixed frequency f,
the third hypothesis (Section 7.3) is satisfied. In Figure 13(B) we show the values 4/znyin(h) relative to the second inf-sup
condition. They are all positive and stabilized at a positive value, so that the fourth hypothesis (Section 7.3) is satisfied.
‘We therefore conclude that for the range of frequencies considered, the inf-sup test has been passed.

8.3 | Scattering by a cladded object (Section 5.3)

In this example, we use K. = 8. The sequence of finite sphere systems is such that the number of balls over Q; varies
from 45 to 140, the number of balls over Q, varies from 97 to 279, and the number of balls over Q3 varies from 274 to 821.
In what concerns the interfaces, the number of balls over I'; ; varies from 20 to 40, and the number of balls over I'; 5 varies
from 37 to 67.

In Section 5.3, the incident plane wave has a frequency of f = 3f, = 3 kHz, so that the wavenumber of the problem
is k = 12.48 rad/m. In order to test the first inf-sup condition, we consider a range of frequencies from 500 Hz to
5 kHz, with increments of 125 Hz. We proceed as in Section 8.2: For each value of frequency f, we find the wavenum-
ber k = w/c = 2zf\/p3/Ks (Section 2.2) and calculate the smallest eigenvalues oin(h, f) in (36b) for the sequence of
Kys = 8 discretizations. The graph corresponding to the values \/omin(h,f) is shown in Figure 14(A). For each fre-
quency f, they are positive and stabilized around a positive value as h decreases. Therefore, for each fixed frequency f,
the third hypothesis (Section 7.3) is satisfied. We observe the same pattern described in Section 8.2, that is, the values
vV omin(h, f) vary with f, but there is almost no variation with & (a parallel profile along the h axis). In Figure 14(B) we
show the values 1/ 7pin(h) relative to the second inf-sup condition. They are all positive and stabilized at a positive value.

It follows that the fourth hypothesis (Section 7.3) is satisfied. For this range of frequencies, the inf-sup test has been
passed.

8.4 | Scattering by a group of objects (Section 5.4)

In this example, K5 = 8. The sequence of finite sphere systems is such that the number of balls over Q; varies from 54 to
135, the number of balls over Q, varies from 57 to 137, the number of balls over Q3 varies from 56 to 138, and the number
of balls over Q, varies from 767 to 2115. In what concerns the interfaces, the number of balls over I' 4, > 4, and I'; 4 varies
from 27 to 45.

In Section 5.4, the incident plane wave has a frequency of f = fy, = 4 kHz, so that the wavenumber of the problem is
k = ko = 16.65 rad/m. When testing the first inf-sup condition, we consider a range of frequencies from 2 kHz to 10 kHz,
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FIGURE 15 The inf-sup values, scattering by a group of objects (Section 5.4). (A) First inf-sup condition, log,,/omin(h, f) as a function
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with increments of 250 Hz. The procedure is the same as that from Sections 8.2 and 8.3: For each value of frequency f,
we find the wavenumber k = w/c = 2xf\/ps /K4 (Section 2.2) and calculate the smallest eigenvalues o i (4, f) in (36b)
for the sequence of Ky, = 8 discretizations. In Figure 15(A) we plot the graph with the values \/omin(h, f). For each
frequency f, they are positive and stabilized around a positive value as h decreases. In this way, for each fixed frequency f,
the third hypothesis (Section 7.3) is satisfied. We again observe the same pattern described in Sections 8.2 and 8.3, that is,
the values /omin(h, f) vary with f, but there is almost no variation with & (the profile is essentially parallel to the h axis).
Figure 15(B) shows the values 1/znmin(h) relative to the second inf-sup condition. They are all positive and stabilized at

a positive value. Therefore the fourth hypothesis (Section 7.3) is satisfied. For the range of frequencies considered, the
discretization passed the inf-sup test.

9 | CONCLUDING REMARKS

The focus of this work is on the design of a completely meshfree procedure able to deal with the problem of discontinuous
gradients in acoustic scattering. The procedure does not depend on any kind of adjustable parameter. We used the MFS



3166 Wl LEY NICOMEDES ET AL.

as the underlying meshfree method, extending it for the first time to problems posed in nonhomogeneous media. Other
meshfree methods could of course also be used as the underlying method. But the ease in constructing basis functions
(no need for inverting matrices as in the moving-least squares shape functions®) and in incorporating local enrichment
functions, together with its superior performance (as attested by a number of earlier works, see Section 1), make the MFS
an attractive choice.

The discontinuous gradients are treated with Lagrange multipliers, and the final variational problem is written as
a saddle-point problem (mixed formulation). The solutions provided by our method are in good agreement with those
provided by the FEM, and the meshfree solutions present no oscillations close to the interface.

The second part of the paper deals with the inf-sup stability of the discrete mixed problems. The well-established
general theory of inf-sup stability of mixed methods is specialized to our mixed formulation of the acoustic scattering
problem, which is a two-field problem, posed in terms of the pressure fields and the Lagrange multiplier fields. Two inf-sup
conditions are needed, since the standard bilinear form originating from the Helmholtz equation is not coercive. Based
on stronger inf-sup conditions that are sufficient to imply the original conditions,’”> we move next to the linear algebraic
level, and a subsequent application of the inf-sup test reveals that the discrete problems are inf-sup stable. A variety of
geometries is investigated (considering both simply connected and not simply-connected domains).

In future works, different functions (e.g., plane waves) can be added to the collections of local enrichment functions®>
(in addition to the quadratic functions used here), as done for the OFE,?*2? and their possible impact on the inf-sup
stability of the discrete problems can be evaluated. The solution technique described in this paper can be extended to
three-dimensional scattering problems,'® but the required numerical operations may be large. Other directions of research
include inquiries into the connection between the characteristics of the bilinear forms involved in our problem and the
inf-sup constants.”® Another line of investigation is the application of the proposed method to scattering problems posed in
nonhomogeneous media in which the interfaces are open curves (as in Figure 2(B)). Despite the fact that the discretization
procedures proposed in Section 4 could in principle yield good results, we point out that the treatment of open curves may
lead to different function spaces. The Lagrange multiplier fields may no longer be elements of the Sobolev space H™'/2,
but may belong to the Lions-Magenes space Ho_ol/ ? instead.3? Since the derivation of the correct inf-sup conditions may
depend on these spaces, further theoretical work is required.
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APPENDIX A. THE TRACE THEOREM

Let D be an open and bounded subset of R2. We introduce the spaces of continuous functions””:

C(D) o {u : D — C | uis continuous on D}, (A1)
') L (u e CD) |ou/ox, du/dy € C(D)}, (A2)
—  def
CD) = {u € C(D) | sup u(x) < oo} , (A3)
xeD

1Dy e c®y| sup XU
xyeD |x -yl
Xy

(A4)

In (A3), D = DU aD. If u € C(D), then u can be continuously extended to the boundary,®” that is, there exists a function
U : D — R such that U|p = u. Moreover, for any point x € dD and any sequence of points (y,), <y in D converging to

~, . def _. . . .
x, the limit limu(y,) is well-defined, and we can define ui(x) = lim u(y,). The Trace theorem’7>%7 affirms that if D is
n—oo n—oo

a bounded and open subset of R? with a Lipschitz continuous boundary oD, then there is a continuous linear operator
vop : HY(D) — L*(0D), whose image is H/?(0D) c L*(dD), and such that y,p(u) = U|sp, for any u € H (D) n C*'(D).
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APPENDIX B. THE SPACE H'/?

Let D be an open and bounded subset of R? with Lipschitz continuous boundary dD. A function t € L?(dD) belongs to
the fractional Sobolev space W'/%2(aD), usually denoted by H'/2(aD), if the Slobodeckij seminorm

def 1) — ()2 :
|l 0p) = ( / %dl‘,ﬂl}) (B1)
ondop IX=YIl

is finite, where dI'y and dI', denote the length measure on dD parametrized by x and y, respectively.”® The norm in
H'2(D) is given by.

def
2 2 >
”t“Hl/2((3D) = (”t”LZ(oD) + |t|H1/2(aD))2' (Bz)

For any t € H/?(aD) and for any subset I'y € dD (with nonzero measure), it follows from (B1) that the restriction of t to I’y
belongs to H(I'y), that is, t|r, € H/*(Ip).



